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Introduction

The finite element approximation of elastic initial-boundary value problems results in
solving initial value problems for very large systems of ordinary differential equations. In
the stepwise integration of these problems, the discretization of the time derivatives has
to be carefully treated, since in the practical computation several hundreds or thousands
steps are necessary to obtain useful information and in such process, the accumulation of
truncation error may have serious influence on the results.

The purpose of the present paper is to propose the use of an extrapolation technique
to improve the accuracy of the time-discretization without adding extra computation time
so much. In particular, it is shown that an extrapolation applied to the one step central
difference (CD) scheme (the so-called B—scheme [4], choosing 8 = 0), which is called
the eztrapolated central difference (ECD) scheme in this paper, is most practical both in
saving the computing time and in improving the accuracy.

The application of the technique of extrapolation to ODE’s has a long history and
a lot of research papers which indicate its efficiency has been published. We refer, for
example, to D.C.Joice survey paper [5] for details and its references. Nevertheless, as
far as the authors know, it is not so widely utilized in the actual computation of very
large systems in science and engineering. This is probably due to that these research
do not necessarily take the size or special character of the systems into account. As a
consequence, the interest is limited mainly to the accuracy and the discussion has been
directed to the behavior of the extrapolation as the extrapolation step size tends to zero.
However, for very large systems, what is important is the balance between the accuracy
and the computing time.

The idea of the extrapolation is simple. Consider a one step method to solve an initial
value problem. Let At be the basic step size and ya be the approximate value obtained by
using the step size A = At, At/2,At/4,- --. Assume that the error permit an expansion
of the form

ya =y + aiA? + @At + -

We seek an approximate value g; for y; from the equations

Ya: = B + A

1
Yatj2 =0 + al(EAt)2
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Then, since
1
h = _(4yAt/2 —yat) = y1 + O(AtY)

the error reduces to O(At*). The value y; is the approximate value obtamed in one
extrapolation.

If we use the approximate value ya:/4 and add the O(A) term, then we can get a
higher extrapolation with higher accuracy. As is seen in §5, the higher order extrapolation
seems to have no practical use for very large systems due to too much computation time.
However one extrapolation applied to the CD scheme has the same accuracy as the fourth
order Runge-Kutta method and the computing time is about twice that of CD.

In Section 1 we introduce a one-step integration scheme equivalent to the standard
CD scheme, which is known as the f— scheme. In Section 2 the simplest extrapolation
formula for the CD scheme is derived. Section 3 is devoted to give a difference expression
for the solution of the ECD scheme. In Section 4 we give a sufficient condition to ensure
the stability of the ECD scheme in the sense of energy. Finally in Section 5 we present
some numerical results which show the practical efficiency of the ECD scheme.

In the actual computation the algorithm of ECD is slightly modified, so as to save
the computing time. Thanks to this modification, the computing time of ECD scheme
becomes 1.3 ~ 1.4 times that of CD, since the restriction on the time mesh At is relaxed
in ECD. The modified version of ECD is called MECD.

In this paper we treat only linear systems to examine the basic properties of the ex-
trapolation in detail. However, this technique is applicable to non-linear problems too
and our results will give useful suggestions for such cases.

§1. Derivation of one-step scheme equivalent to the central dif-
ference scheme

Consider an initial value problem for N ordinary differential equations
(1.1) My" + Ky = f(t)

derived from a finite element approximation of the equation of motion to describe a linear
elastic vibration. Here M and K are the mass and stiffness matrices, respectively. We
assume that M is diagonal and K is symmetric and positive definite. The right-hand side
of (1.1? is assumed to be zero in this paper, since this term has no essential influence on
the following discussion.

We also assume the inverse inequality [2]

c
(1.2) lyllx < TollyllM (lyl% = (Ky,3))

where h is a parameter to denote the size of the finite element. In order to apply the
extrapolation technique we rewrite the central difference scheme to a one step scheme
known as ” 8— scheme”. Introduce A = —M 'K to write (1.1) as

(1.3) y"' = Ay.

The central difference approximation of this system is

Yier —2yi +¥i1 .
(1'4) A2 = Ay; (Z =12,-- )

Introduce {z,} (:=1,2,---) by 20 =4'(0)

1 .
(1.5) Ziy1 = 2 + EAtA(y,'.H + y,-) (1, = 0’ 1,2, .. )
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Theorem 1 The sequence {y;} determined by (1.4) satisfies
(1.6) Yigr = Ui + Atz + %Atszi (i=1,2,--),
provided y; is given by
(1.7) Y1 = yo + Atzg + %Atszo. ]
Substitution of (1.6) into (1.5) leads to the equation
tiar = %AtA(ﬂ + —;—At2A)y,~ +(+ %AtzA)zi.

Therefore the central difference equation (1.4) is written in matrix form as

(18) ( Z:: ) = Qar ( Z ) » @a= ( ;Liﬁi LA A) IA:—I larzA ) ’
provided y; is determined by (1.7). The computation proceeds as follows.

zo = y'(0)

Yis1 = (I + -;—AtzA)y,- + Atz; 1=0,1,2,---

1
Zip1 =z + -2-AtA(y.-+1 + i)

Note that the computation of the type Ay;, which includes the computation of the stiff-
ness matrix K, appears only one time at each step if the vector Ay; is stored.

§2. Extrapolation of the central difference scheme.

In order to derive an extrapolation formula we have to know the asymptotic expansion
of the error. In our case, however, the extrapolation formula is easily determined.

Assume that Uy = ZO is given as an initial value of the CD scheme and let
0
0, = ‘? and U, = ( ‘1._221 ) be the values after At with.step—size At and At/2,
1 : 1
respectively, that is,
(2.1) U1 = QatVo, U1 = Qi

Q.. = I+ 3A8%A + LA A Atl + AP A
A2\ AtA+ 2ALAT+ LASA T+ 1A2A+ 2A0A% )

Taking the relations zo = ’(0) and y” = Ay into account we have, from equation (2.1),

1 1
1 =Y + 'Z‘At2Ayo + Atzg = yo + Aty'(0) + §At2y”(0)

<
fon
Il

1 1 1
Yo + EAtszO + 5‘2-At4A2yo + Atzg + gAtBAZo

1 1 1
= o+ Aty + S ALY + gAt:"yéS’ + giAt“yé“’,
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k

where y{®) = 4y(0 .
dt

Therefore hold

71— y(At) = —¢ ALY — Jrartyld + o(at®)
(2.2)
B — y(A) = —gr AP — deAttyl) + O(AP).

Similarly we have

z1 = 20+ Atyl + A% + LAy

21 =20 + Atyl + A% + ALY + Aty 4 Searsy.
Therefore hold

&~ y'(At) = AR — S Ayl + 0(at%)
(2.3)
1 —y'(At) = zlgAtsy((f) - -gle-At4y((,5) + O(At5).

If we set

21

1, = _
U, = ( N ) = 3(40: - Oy),
then by (2.2) and (2.3) the terms of O(At?) and O(At*) vanish, and we have
_ [ y(AY) N
U, = ( ya ) +O(AB).

The vector U, is the next approximate value in our extrapolation. The integration scheme
consisting of the process

U — Ui=Qal, Ui=@Q3 U - Uy
is called the extrapolated central difference (ECD) scheme in this paper.

§3. Finite difference expression of the extrapolated central differ-
ence scheme |

The vectors {y;} determined by the above process do not satisfy the central difference
equation (1.4). In this section we seek a difference equation which governs the extrapolated
solution. Let Uit = (¥i1, zi41) be the extrapolated value determined by the starting
value U; = (y;, ) : '

(7i+1 = QAtUi, [=ji+1 = QzAt/zUi
1, = _
Uiy = §(4Ui+l — Uitr).
Each component is determined as follows.

(3.1) Yiv1 | _ [ 1+ 3A82A+ LA A Atl + 1APA Yi
' zigr ) T\ AtA+ LAPAT + LAPAY T+ IAPA+ LABAY |\ 2

The extrapolated central difference scheme is expressed in the following form.
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‘Theorem 2 The vectors {y:} determined by (3 1) satisfy the following dzjference equa-
tions.

Yir1 — 2yi + ¥ia 1 902 4,43
3.2 — (At —ARAYy — — LAt A%y, D
(3.2) AL (A+ 33 v 12 24 ¥
Since A = —M 1K we have
1

(i1 — 2y + yi1) 2y r-1
33) M —At M~ K)y;
This is the difference expression of the extrapolated central difference scheme. Note that
a little decreasing of stiffness and a very little damping are caused by the extrapolation.
See also (4.1) below. Equation (3.3) is called the eztrapolated central difference equation.

APK(MK)?y;_, =0

84. Stability of the extrapolated central difference scheme

It is well known that the central difference scheme (1.4) is stable only under a condition

At
—<C

A 1
for a certain constant C; which depends on the constant Cy in the inverse inequality and
on elastic constants [3]l Is this condition sufficient or relaxed for the extrapolated scheme
? To discuss this problem we introduce a matrix D defined by

D=LarM-K
12

and write (3.6) as follows -

(41) ' M(yi+l "ZZZ;‘F yi—l) + I((I - D— lDz)y; + lI{Dz(y; _ yi—l) =0.

We first derive an energy inequality for this equation. The inner product of the both sides
of (4.1) and y;4; — y;_; yields

(LY g - D——D2)y.,yz+1)+ (KDz(.% Yi-1)s Yit1 = Yi-1)

At
Yi Z Yimr e — 2D 1. u:
1=k + (K(I = D 2D )yi-1, ¥i)-
Summing this equation for : = 1,2, - -, n, we have

(2) 1B, 4 (KU = D = D% yurn) + 5 (D5 — 9ima), Bors — 9icn)
t—l

Y1 — U 1
"f“?ﬂ + (K(I-D - '2‘D2)y0a Y1)-
To estimate the third term in the left-hand side we set e; = y; — y;—; and write

(€i ej) = (I{Dzei? ej)’ ||e,|[2 (ei e])

Since
n

Ylenente) = Z llell* + Z lleirs + ell® — Nlewall® — llecll®]

1=1 =1 z=1

= ——Hen+1II2+ Zlie;+1+ezllz "”61“2,

t—-l
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substituting this into (4.2), we have

Yn — Yn 1 1
(4-3) ”—ﬂA“t““‘”?u + (K(I -D - §D2)ymyn+1) - Z(KDz(yn+1 - yn), Ynt1 — yn)
1 n .
+7 > (KD*(yiy1 — Yic1)s Vi1 — Yi-1)
=1

_ "yl — Y%
At

1 1 '
I3 + (K(I = D = 5D%)y0,31) — 7(KD*(y1 = 90) 91 = %0)-
Using the identity ab = 2(a® + b?) — 3(a — b)?, the above equation can be written as
follows. '

Ynt1 — Yn 1 1 1
(44) 1B 4 (KU = D = 5DM)a,va) + (K(I = D = 5D%)ni1, ass)]
1 ' 13
- §(K(I — D)(Yn+1 = Yn)s Yn41 — yn) + 1 Z(I{Dz(yiﬂ — ¥i)s Yig1 — Yi)
=1

— 1 1 1
1P 57l + 51K = D = 5D)yo,30) + (K(I = D = 5D}y, o)
1 , .
- E(K(I — D)(y1 — %), %1 — ¥o)-

Therefore, the extrapolated central difference scheme is stable if the following conditions
are satisfied

Cc(l): K(I-D- %D2) is positive definite.

. ) ; \
C(2): l|é||ﬁ4 - E(K(I — D)z,z) is positive for any N — dimensional vector z.

Theorem 3 Let Cy be the constant appearing in the inverse inequality (1.2) and set

_ GoAt
Tk

(o4

then the following holds.
(1) The central difference scheme is stable in the sense of energy if

(4.5) a<V?
is satisfied. '
(2) The condition (4.5) is sufficient for C(1) and C(2). 0

The condition

(4.6) o? = (C"’f“)z <12(v3-1)

is sufficient for C(1) and the condition
1 N
(4.7) 1--a’+— (——t) >0

is sufficient for C(2).
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As is seen in (4.7) the stability limit is relaxed by the extrapolation. Although it is
expected that the admissible time mesh At becomes twice that of the central difference
scheme, we got negative results in our numerical experience.

To explain this fact, we rewrite (4.7) as follows.

1 1

1
1— ~a + vhta > 0 -
g TR >0, 7= 24 (CoCh)"

By solving this inequality we have
2 4
a’ < .
1+ +/1—16+A%

Therefore o < 2 is the best possible estimate for the extrapolated central difference
scheme, so far as the above analysis shows. Compare this result with (4.5).

§5. Modified ECD and Comparisons

The original ECD scheme is written as follows. Let Uy = (yo,20) and Uy = (y1,21)
be the initial vector and the next vector to be obtained in one step of the extrapolation,
respectively. Three intermediate vectors V5, V] and V; are introduced as follows :

Vi [Po ) ¥+ %AtQAyo + Atzg
0 Jo 20 + §AtAy0 + %AtApo

Vo= [ P1) = ( %ot gAttAye+ ALz
Q zo + 7AtAY, + i‘AtApl

v=[P )= Pt %‘AtzAPl +1%At(h '
92 q + 3AtAp, + 3AtAp,

v=(%)=(1mzn)

If Ayo is stored in the preceding step, the vectors to be calculated in this step are Apg, Ap;
and Ap,. Here we note that the vectors pg, p; and p; and, therefore also y; are determined
independently of Apy and Ap,, and that p, and p, are the approximations to y;. We
therefore introduce the following algorithm.

Then U, is determined by

1
Po=1Yo + EAtszo + Atz
P1=Yo+ gAt Ayo + EAtzo

1 1
=2+ ZAtAyo + ZAtApl

1 1
p=p+ gAtzApl + é‘Atql

1
=(4p2 — po)

y1:3

: 1 1
do = 2o + -2'AtAy0 + §AtAy1
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1 1
@2=q+ ZAtApl + ZAtAyl

1
571 = §(4Q2 - QO)-

In this modified version the calculation of the stiffness matrix appears only in Ap, and Ay;.
We will call this scheme the Modified Eztrapolated Central Difference (MECD) scheme.
The stability analysis of MECD can be treated by the same way as for ECD and the
similar results are obtained. We note only that the MECD scheme is governed by the
following finite difference equation.

(Yit1 — 2yi + yi1)
M
At?

where D is the matrix defined in the preceding section.

The approximation methods compared here are CD, MECD, Midpoint method (MP),
Extrapolated Midpoint method (EMP) and 4-th order Runge-Kutta method (RK). As
the material we supposed a steel plate in plane stress state. Its configuration and the
finite element idealizations are shown in Fig.1 and the mechanical constants are listed in
Table 1. The plate is assumed to be fixed at the bottom and the response is observed
at the point P. The right-hand side of the differential equations are calculated from the
exact solution which is given in advance.

Case (1) : Fig.2 shows the displacement-time diagrams for the case of the coarse
mesh, that is, for small systems. In this case the used time mesh At = 2, thought the
stability limit for CD is about At = 8. Table 2 shows the maximum relative error and
the computing time for each method.

Case (2) : Fig.3 shows the case of the fine mesh. The used time mesh is At = 0.5,
where the stability limit for CD is about At = 1. Table 3 shows the maximum relative
error and the computing time.

It is observed that in both cases MECD has the same accuracy as RK, but the com-
puting time s about half, and about twice that of CD.

1
(5.1) + K(I — D)y; + EKD2(ZI£ —¥i-1) =0,

P P Table 1: The mechanical constans

Young’s modulas | 206
Poisson’s ratio 03
Density 7.85 x 10°

Table 2: The max.relative errors and comput.time

- | The max.relative errors | comput.time
CD 6.05 x 10~° 0.23 sec
MECD 1.04 x 10~! 0.53 sec
MP 1.43 x 107° 0.45 sec
EMP T 5.89 %1078 1.50 sec
RK 1.04 x 101 0.72 sec

Table 3: The max.relative errors and comput.time

The max.relative errors | comput.time
CD 4.17 x 107! 66.33 sec
MECD 4.34 x 1074 139.20 sec
MP 1.04 x 107! 172.88 sec
EMP 2.77 x 10~° 512.97 sec
RK 439 x 10° 271.89 sec

Fig.1 Finite element idealizations
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