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On Another Easy Proof of Miller and Mocanu's Theorem

By Mamoru NUNOKAVWA
Department of Mathematics, University of Gunma
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In [1], Miller and Mocanu obtained the following theorem:

n+l

Theorem. ILet g(z) = gnzn + 9,12 + --- be analytic in E ={z' |zl < l}

withg #0and n3l. If z) =r el

0 (O<r0<l)and

g(z)| = max |g(z)| =R
0

lzlsx,
then
(1) 259" (2y)

‘ g(zo) n
and "
@ 1+ Re zoz':zg’ >

where m2n2 1.
The proof of (2) was given in [1, p.290-291] and it is not easy and simple.

It is a purpose of the present author to give an easy and elemental proof

of (2).

Applying the same method as the proof of [2], we put

- R-g(z) _ n_. ...
p(z)—R+g(z) —l+cnz+ ' cn;éO
or
— 1 - p(2) -
(3) , g(z) = R Trp@ p(0) =1

then p(z) is analytic in lz|<leI .
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From the assumption of the theorem, we have

Rep(z) > 0 for lz]< lzol

and
Rep(zo) = 0.
From (1) and (3), we have
z.9'(2,)
—‘o‘z‘z“?— smzn
9%
and
(4) zg'(z) _ ._ 2zp' (z)
' g(z 1 - p(z)2
By logarithmic differentiation of (4), we have
(5) 4,7 _ zg'(z) ., , z"(z) , _2zp'(z)p(z)

g’'(z) g(z) p'(2) 1 - p(Z)Z

From the geometrical property, the tangent vector of p(z) at z = Z,

on the circle |z] =Ir0els | = Ly 0£0 < 2 moves to positive direction or

1+ re_0 2 %0
ne pl (20) 7
s
pe,)’
r(o)af
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in (5), then we have

Putting z = z

0
z.g"(z.) z g'(z,) z.p"(z,)
0 0 _ 0 0 0 0
1+Re—TW Re———g(—zoj— + 1 + Re——gi—(—z—oy—
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This completes the proof of (2) and the proof is easy and elemental.
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