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ON A SUBCLASS OF P-VALENT FUNCTIONS OF ORDER «

K. K. AOUF(MansouraX3%) and M. NUNOKARAGHiJI 2B, BEEEAZE)

ABSTRACT. Let Tn _1(a)_denote the class of functions

+p
8 4]
S o) p+k _ _
f(z) z5 o+ 3k 2 (p €N {1,2, 1)

k=1
which are regular in the unit disc U = {(z: |z| < 1} and
satisfyiﬁg

2D P71 (z))
Re > o, z e U

pP*PLle ()
where 0 £ a< p, n 1is any integer such that n > ~ p and
Dn+p—1f(z) denote the (n+p-1)th order Ruscheweyh derivative
of f(z). We show that the functions in Th+p_1(a) are p-—
valent. Further properties preserving integrals are
considered.
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1. Introduction.

Let A(p) denote the class bf functions

a oz b eN=(1.2,...1) (1.1

f(l..) | z + p+k

g

which are regular in the unit disc U = {z:|z| < 1}. Let f(=z)
be.in A(p) and g(z) be in A(p). Then we denote by f * g(z)
the Hadamard product of f(z) and g(z). that is, if f(z) is:

given by (1.1) and g(z) is given by

©
g(z) zt + E: bp+k z (p € Ny, —(}.2)
k=1
then
®
_ P _btk
f * g(z) z5 + E: ap+k bp+k z . (1.3)
k=

1

The (n+p-1)th order Ruscheweyh derivative Dn+p_1f(z) of a

function f(z) of A(p) is defined by

p,_n—-1 (n+p=1)
z*(z £(z))
Dn+p~1f(z) - :

(1:4)
(n+p-1)!

where n is any integer such that n > -p. It is easy to see

that

P

f(z) = - * f(z). (1.5)
(1 - z)n+p

Dn+p—1

In (6] Sohi introduced the classes T of functions f(z)

n+p—-1
in A(p) satisfying the condition
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n+p-1

{ch f(z))'}
Re > 0. z e U. (1.6)
n+p-1
D f(z)

Further Sohi [6] showed the basic property

Tn+p C-Tn+p*1f (1.7)

In this paper we consider the classes of functions f(z)

< A(p) which satisfy the condition

2(D" P (2)) .
Re ' >a, 0=2a< p, ze U, (1.8)

anp—lf(z)

Using the identity

n+p-1 n+p-1

z(D £(z))' = (n+p)D""Pf(z) - nD £(z) (1.9)
condition (1.8) can be rewritten as
Dn+pf(z)“ n + «
Re — > , n > -p., z € U. (1.10)
ph*tP 1f(z) n+p

In this paper we prove that Tn+p(a) < T Since

n+p~1(a)'

To(a) is the class of functions which satisfy the condition

Re{2L (2}l 5 & 0 = &« < p, z e U, it follows that the
f(z)

functions in the classes T are p-valent in U (see

n+p*l(q)r
Umezawa [7]). Further properties preserving integrals are
considered. Some known results of Bernardi [1,2]}, Goel [3}],

and Sohi [6] are'extended.
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2. Properties of the classes Tn+p_1Ca).

In proving our main results (Theorem 1 and Theorem 2),

we shall need the following lemma due to I. 5. Jack [4].

Lemma. Let w(z) be non-constant regular in U, w(0) = 0.
If lw(z)| attains its maximuﬁ value on the circle lz] = r <
1 at z,. we have zow'(zo) = kw(zo) where k 1s a real number,
k =z 1.

Theorem 1. Tn+p(a) c“Tn+p_l(a), 0 =a< p, n>-p.

(o) . Then

Proof. Let f(2) « Tn+p
z(D" T Pf(z))
Re m—rs > o, z € U. (2.1)
D" Pf(2)

We have to show that (2.1) implies the inequality

2™ P f (z)y
Re — > oa, z e U. (2.2)
Dn+p 1f(z) o ‘
Define a regular function w(z) in U such that w(0) = 0, w(z)
= -1 by
z(0""Ple(2))'  p+(20-p)w(z)

~ - . (2.3)
ptP=le (2 14w (z)



Using (1.9), (2.3) may be written as

D" Ps (2) (p+n) + (20+n-p)w(z)

pPtP~le 2 1+ w(z)

Logarithmic differentiation of (2.4) yields

z(D"*Pf(2))"

1-w(z)

D"Pf(2) 14w (2)

2(p—a)zw' (=)

[ (p+n)+(20+n-p)w(z) ] (1+w(2))

(2.4)

(2.5)

We claim that |w(z)] ¢ 1 in U. For otherwise (by Jack's

lemma) there exists zO in U such that

z w'(zo) k W(Zo)

o

where |w(z_ )| = 1 and k =z 1. From (2.5) and (2.6).

- n+p '
z (@ f(z )

1-w(z )
= [(p—a) —° a]

n+p.,
D f(ao) 1+w(zo)

2(p—a)kw(zo)

[(p+n)+(2a+n—p)w(zo)1(1+w(zo))

1—w(zo) :
Since Ret— % = 0, k =z 1,

1+w(zo)

(2.6)

we obtain

(2.7)

27
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W(zo) o (p—a)
2(p-at)k Re{ } = ,
CLl(p#n) + (2atn-plw(z ) 1 (1+w(z))) 2(n+a)
ZO(Dn+pf(ZO))' ~ (p—at)
we see that Re F - < a4 - — < «, which
D pf(zo) 2 (n+at)

contradicts (2.1). Hence lw(z)] <1, z € U and from (2.3) it

follows that f(z) € Tn+p—1(a)'

Theorem 2. Let f(z) € A(p) satisfying the condition

z(D“*p‘lf(zn'} (p—o)-
Re — >0 - ——, ¢c >0, 0=a<p, (2.8)
p"*P g () 2 (ctat)
.then
z
p+c c=1
F(z) = — J t f(t) 4dt (2.9)
z
o
belongs to Tn+p_1(a).
Proof. Let w(z) be a regular function in U, w(0) = O,

w(z) # -1 defined by

2D P 1l 2y p—(p—2a)W(2Z)
= . (2.10)

F(z) . 1+w(z)

Dn+p—1

Using the identity



20" P FR(z)) = (c+p)D"Ple(z) - ¢ D"PTlR(z)  (2.11)

(2.10) can be rewritten as

n+p-1f(z) (c+p)+(c+2a—p)w(z)
= ) (2.12)
F(z) - (1+w(z2)) (c+p)

D
Dn+p—1

Taking logarithmic differentiation of (2.12), we get after a

simple computation

z(Dn+p—lf(z))'
n+p-1

l1-w(z)
= [(p—a) _ + a]

D f(z) 1+w(z)

2(p-a)zw' (Z2)
— : . (2.13)
{(c+p)+(c+2a-p)w(zZ)] (1+w(z))

Now we claim that [w(z)] < 1 for z € U, for otherwise (by
Jack's lemma) there exists a Z, 24 < U, such that

zow'(zo) = Kk w(zo) (2.14)
with ]w(zo)| =1 and k > 1.
From (2.13) and (2.14) we have

- (Dn+p—1
o)

Dn+p—l

f(z_ ' l-w(z )
° = [(p—a) ___O + 0(]
f(zo) 1+w(zo)

2(p—a)kw(zo)
— . (2.15)
[(c+p)+(c+2a—p)w(zo)](1+w(zo))

29
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1—w(zo)
Since Re{(————3% = 0, k =z 1,
1+w(zo)

, w(zo) (p—a)
2(p—a)k Re = ,

[(c+p)+(c+2a~p)w(zo)1(1+w(zo)) 2 (c+a)

it follows from (2.15) that

n+p-1 ,
{zo(D f(zo)) } (p—)
Re _—

1 < o - ,
pntP~ £(z,) 2 (c+at)

which contradicts (2.8). Hence |w(z)| < 1 in U and from
(2.10) it follows that F(z) e Tn+p—1(g)' This completes the

proof of Theorem. 2.

Putting p = 1 and taking n = 0 and n = 1 in Theorem 2,
we obtain the following extensions of the earlier results of

Bernardi (1] and Sohi [6].

. . 1 - o
| Corollary 1. If f(z) is starlike of order a - e T ar
then the function
1+c z -1
F(z) = c I t f(t) dat
Zz
e
is starlike of order a, 0 £ a < 1
z) i SR Sttt S
Corollary 2. If f(z) is convex of order « (e F o)

then the function
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F(z) = — | t%1e(r) at

Theorem 3. If F(z) € T (), 0 £ a < p, and f(z) is

n+p-1

defined by (2.9), then f(2) € Tn+p—1(q) for

c +p

|z

<
/2p+1‘+02+a(d+20-—2) + (pt+l-a)

the result is sharp.

1 rd < o~
Proof. Since F(z) € Tn+p_1(a),‘0 = a < p, therefore we

can write

Z(Dn+p—1

Dn+p—1

F(z))'

F(z)
p—Ol

= u(z) (2.16)

where u(z) is regular in U and satisfies the »conditions

Re{u(z)} > 0 and u(0) = 1.
From (2.11) and (2.16) we have

DPPle(2)  (pma)u(z) + (atc) |
_ . (2.17)

F(z) (c+p)

Dn+p—1

Taking logarithmic differentiation of (2.17) and using.

(2.16), we get after a simple computation
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2™ Pt (2)): z u'(z)

P ez (p—a){um '

It is well known [5] that for |z| = r < 1,

2r
|z u'(2)| £ —— Re{u(z)}.
1 -r '

Thus from (2.18) and (2.19) we have for |z| =r

2D P 1e 2y
Re - ay Z (p—at)<1

Dn+p_1f(z)

2r _
- — } Re{u(z)}.
(1-r) [c+p+(c+2a—p)r]

n+p-1

| z(D
Thus Re hp=1

f(z))
-—ay >0
D

f(z)
if

c + p

lz| <

frép+1+c2+a(a+2c—2) + (p+l-a)

The result is sharp for the function

zl=¢ ¢
f(z) = (z'F(z))',

p + cC

where F(z) 1is given by

<

1,

}.(2.18)

(p-a)u(z) + (a+c)

(2.19)

(2.20)



zed" P e 2y 1 -z ‘
— = (p-a) + a, 0 = a< p.
DM*P1lp (2 1+ z

Putting n + p = 1 = ¢ in Theorem 3, we obtain

Corollary 3. If F(z) = S*(p,a) (the class of p-valent

starlike functions of order a (0 = a < p)) then £f(z) =

1 , * ¢ p +1 ™
54T (zF(z))' € 5 (p.e) for |z] < . e

Y 2+2p+a2 + (p+1—a)

result is sharp.

Remark 1. Putting a = 0 in Corollary 3, we get the

result obtained by Goel ([3].

Putting p = 1 and n = 0 in Theorem 3, we obtain

M

Corollary 4. If F(z) = S*(a) (the class of starlike

functions of order & (0 = & < 1)) then f(z) = —%— (zF(z))' €
: : c + 1
s™ () for |z| < . The result is sharp.

V/3+c2+a(a+2c—2)+(2—a)

Remark 2. Putting o« = 0 in Corollary 4, we get the

result obtained by Bernardi [2].

Theorem 4. If f(2) € T o, (), and F(z) is defined by

33



n+p

F(z) = — J " le(e) at, (2.21)
2
(o}

then F(z) € Tn+p(a)“

Proof. From (2.21) we have

n F(z) + z F'(z) = (n+p)f(z).

Therefore
n D"P7lr(z) + DPPTIF (2)) = (n+p) D" P lE(2)
or
n D"*P IR () + zp"tPTL ntp=le 2y, (2.22)

F(z))' = (n+p)D

Using (1.10), we conclude from (2.22) that
D"*PF(z) = D"P Tl (2). (2.23)

Taking logarithmic differentiation of (2.23) and using the

fact that f(z) € T (o) we have

n+p—1

(D" PF(2))’ 2(D
I o™r@ J o

n+p-1

f(z))'
>a, 02 a< p, z e U.
f(z)

Hence F(z) € Tn+p(a).

Remark 3. Taking « = 0 in the above theorems, we get

"the results obtained by Sohi [6].
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