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On Asymptotic Solutions of
Nonlinear and Linear Abel-Volterra
Integral Equations. II

Megumi Saigo* [FE#5 ] (R AFEEER)
Anatoly A. Kilbas! (~35 1 — v Eiz k%)

Abstract

The nonlinear Abel-Volterra integral equations

agePm=1) /3 o(t)dt
o (z

() = T s+ (@) (0<z<dS w)

with > 0,p = —-1,0,1,---,m # 0,—1,—-2,.--,1 € Z (in particular if m = 1, linear
equations) are considered. The asymptotic behavior of the solution ¢(z), as £ — 0, is
obtained provided that f(z) has the special power asymptotic behavior near zero.

1. Introduction

In [9], we have studied the asymptotic behavior of the solution ¢(z) of the nonlinear
Abel-Volterra integral equation, as 2 — 0

_a(z) = (t)dt

"(z) = 0< d = 1.1
o) = 55 [ AN + 10 (0<z<dS o) (11)
with & > 0,m # 0,—1,—2,-- -, which is, in particular if m = 1, linear equations, provided
that a(z) and f(z) have the asymptotics
a(z) ~ z°P™ Y arz** (z — 0) (1.2)
k=-1
with a_; # 0, and
f(z) ~ 2™ 37 fyz®* (z —0) (1.3)
k=—n
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with f_, # 0, where p = —1,0,1,---,l,n € Z, where Z is the set of integers. We have
showed that under the certain assumptions on parameters m,p,! and n the solution ¢(z) of
the equation (1.1) has the asymptotic expansion

o) ~ 3 ous™ (2 0) | (14)
k=s
with s = — 1, where the coefficients ¢}, are expressed via a; and fi.

The equation (1.1) belongs to the equation of Abel’s type which has many applications
(see the theory and applications in the books [3] and [13]). Especially equations of the form
(1.1) are arisen in the nonlinear theory of wave propagation [7], [14] and in the nonlinear
theory of water perlocation [11]. The problem to find the solution of the equation (1.1) in
closed form or its asymptotic solution near zero or d £ oo is of importance. When a(z) is
a constant and f(z) = 0 the solution of (1.1) in closed form was found for m > 1 in [14]
(see also [1]). The asymptotic behavior, as ¢ — 0 and z — oo, of the solution ¢(z) of the
Abel-Volterra integral equation (1.1) with a(z) = 1 of the form

ote) = g [ TOI ) (2 (15)

with a > 0,m > 1 in the cases when f(z) has the general power asymptotics near zero and
infinity was studied in [6] and [12] for & = 1/2 and in [2] for any o > 0 (see also [4] in this
connection) and several first terms of asymptotics of p(z) were obtained. It should be noted
- that the asymptotic behavior of solutions of more general nonlinear Volterra equations than
(1.1) (with the kernel a(z)(z — t)*~!/T(a) being replaced by k(z,t)) was studied by many
authors (see the results and bibliography in the book [5]), but most of the results gives only
" the first asymptotic term of solutions. ' - '

This paper is a continuation of the previous one [9]. Stating preliminary results of [9] in
Section 2, we apply results from [9] to find the asymptotic behavior of the solution ¢(z)
of the equation (1.1) with a(z) = az*®™~) (a # 0), as z — 0. Section 3 deals with the
nonlinear equation '

az*®em= cz o(t)dt
I'(a) Jo (z—t)—°

witha > 0,p=-1,0,1,--- ,m#0,—1,-2,---,1 € Z, provided that f(z) has the asymptotic
behavior (1.3). Section 4 is devoted to the linear equation

o™(z) = + f(z) (0<z<d< ) (1.6)

aza(P“I) z
o(z) = T(a) o (mpftt);t_a + f(z) (0<z<dZ o0) (1.7)

with @ > 0,p = —1,0,1,---,] € Z, provided that f(z) has the asymptotics

f@)~ o™ 3 fua* (o — 0) (1.8)

k=—n

with n € Z, f_, # 0. In Sections 5 we show then in some cases the asymptotic solutions
coincide with the explicit solutions of the linear equations considered.
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The results in Sections 4 and 5 are generalizations of some statements in [8]. The results
in Section 3 are applied to find the asymptotic solutions of the nonlinear equations (1.6) with
quasipolynomial free term f(z) in the paper [10] where example are considered. It should
be noted that in some cases asymptotic solutions ¢(z) of the nonlinear equations (1.6) give
their exact solutions. In what follows R stands for the real number field.

2. Preliminaries

The following Lemmas were established in [9]

Lemma 1. Letp € Z,a € R and {p:}32, be a sequence of real numbers. If m is a real
number such that m # 1,0,~1,-2,--- and

o) ~ 3 pra* (= 0) (2.1
=p
then -
() ~ 23 Bzt (@ = 0), (22)
k=0

where the coefficients ®, . are expressed via the coefficients py:

m
‘Dp,l = ( 1 )<P;)n Pp+1;
m\ ,.— m o
®,, = (1)% 1<Pp+2 + (2)S0;" 2S0,2,+1;
o . = (™) m-1 m\ (2\ ..o mY m-3 3 .
p3 = 1 Pp  Pp+3 + 2 1 Yo  Por+1Pp+2 + 3 Py Ppt+1r
A m\ mY m-21 2 2
Q. = 1 Pp  Pp+s T 2 Yy Pp+2 + 1 Pp+1Pp+3| 5

m\ (3\ -3 2 MY -4 4 |
+ 3 1 (Pp <pp+l¢p+2+ 4 Sop (Pp+1)

m m-—1 m 2 HM—2
(:[)p’5 = ] Pp  Ppts + 9 1 Pp [‘Pp-H(Pp+4 + (PP+2(PP+3]

m~3 3 2 3 2
©p 1 Pp+1Pp+3 t+ o | Pr+1¥p+2

4 - m\ .-
(1) Py 490,3>+1‘Pp+2 + (5)% *Ph41s etc. (2.3)
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Lemma 2. Letp € Z,a € R and {p}32, be a sequence of real numbers. If m = 2,3, - - -
~ and the asymptotic expansion (2.1) holds, then, as z — 0,

P (z) ~ TPy By 2k, (2.4)

r=0

m!

—_ W, 01 2 L b
‘I)P,O = Pp P,k - E z z 15,141 i,g(lop Pp+1Pp+2 Pp+ss (2’5)
t0=0 1,49, -+,5; "0°%1:%2+ v .
where the summation is taken over all nonnegatwe integers 1y, 13, - -, 1; such that

3. Asymptotic Solutions of Nonlinear Equations

In this section we obtain the asymptotic solutions ¢(z) of the equation (1.6) provided that
f(z) has the asymptotic expansion (1.3). First we consider the equation (1.6) in the case
.0 < a< 1. From Theorems 1, 2 and 7 in [9], we arrive at the following statements.

Theorem 1. Let0 < a < 1,m # 1,0,—-1,--- and n = 0,1,2,---, let f(z) have the
asymptotic expansion

f@) ~ ™ 3 fis* (2 —0) (3.1)

k=—n

with f_, # 0 and let the coeflicients @, satisfy the relations

al'(ak + 1)px

I‘(ozlc+oz+1)+fk—n+1=0 (k=-1,0,---,n—2) | (3:2)
al'(ak + 1)px

Dy sy = oy (E=n—1,n,--7), 3.3)-

1,k—n+1 P(ak+a+1) +fk +1 ( n n ) ( )

if n > 0 and the relations

al'(ak + 1)px
ok +a+1)

D_yx41 =

+ fk+1 (k = *17 0) o ')a (34)

if n =0, where ®_; _,41 are expressed via ¢y by (2;2) and (2.3) ifm #1,2,3,--- (2.4) and
(2.5) if m=2,3,---. Then the integral equation

a(m+n)
o™(z) = / (:_(ttdt f(z) (0<z<d< o) (3.5)
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is. asymptotically solvable in the space of locally integrab]e functions on (0,d) with 0 <
d £ oo, and its asymptotic solution ¢(z) has the form

o(z) ~ 2 orz®* (z — 0). | >(3.6)

k=-1

Theorem 2. Let0<a<1landm#1,0,—1,---, let |,n and (I — n)m be integers such
that l > n and (I —n)m+n 2 0. Let f(z) have the asymptotic expansion (3.1) and let the
coefficients ¢y, satisfy the relations

al'(ak + 1)py
I(ak +a+1)

+ frm41=0 (k=l—-n—-11l—-n,---,(I—-n)m+1-2), (3.7)

al'(ak + 1)px
Mak+a+1)

(k=(l=n)m+I-1,(1-—n)m+1,--),

D) p—1k—l41=(1=n)m = + fr—141 (3.8)

if (I = n)m +n > 0 and the relations

al'(ak + 1)px
F(ak+a+1)

D) n—1k—1414n = + fraqr (k=l-n—-11-n,...), (3.9)

if (I —n)m+n = 0, where ®_,_1 k_141-(1—n)m are expressed via ¢, by (2.2) and (2.3) if
m#1,2,3,--- (2.4) and (2.5) if m = 2,3,---. Then the integral equation

-—a(m+l)

" (z) = T(a)

/ o (t)df_a + f(z) '(0 <g<d< o) (3.10)

is asymptotically solvable in the space of locally bounded functions on (0,d) with0 < d < oo
and its asymptotic solution ¢(z) has the form

o(z) ~ k_lf: orz®* (z — 0). (3.11)

Now we consider the equation (1.6) with & > 0. From Theorems 3 - 5 and 10 in [9], we
arrive at the following statements.

‘Theorem 3. Lét a > 0 and m #1,0,~1,---, and let p 2 0 and n Z p+ 1 be integers.
Let f(z) have the asymptotic expansion

f(z) ~ zoP™ io: frz®* (z = 0) (3.12)

k=p~n+1
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with f,_n41 # 0 and let the coefficients y satisfy the relations
al'(ak + 1)px

Tak+a+1) e =0 (F=pptl-n=2), (3.13)
¢ —-n = —_ k=n— ], b )y .
pk—n+1 Tak+at 1) + fr—ns1 ( n n,---) (3.14)
ifn > p+ 1 and the relations -
al'(ak + 1 ‘
e ( Jox +fip (k=p,p+1,--), (3.15)

Pk=P = T(ak + a + 1)

ifn=p+1, where tI’,,,k_;, are expressed via ¢y by (2.2) and (2.3) if m # 1,2,3,--- (2.4) and
(2.5) if m = 2,3,---. Then the integral equation

azoFm—n) 2 :
o) = Cs / (m“’_(?;’f_a +f(z) (0<z<ds o) (3.16)

is asymptotically solvable in the space of locally bounded functions on (0,d) with0 < d £ oo,
and its asymptotic solution ¢(z) has the form

o(z) ~ }oi orz®* (2 — 0). (3.17)

k=p

Theorem 4. Leta>0,m#1,0,—1,---andp=0,1,2,---,let |,n and (| —n—p—1)m
be integers such that [—n—1> p and (I—n—p—1)m+n 2 0. Let f(z) have the asymptotic
expansion

f(z) ~ zoP™ f: frz®* (z — 0) (3.18)

k=-n

with f_, # 0, and let the coeflicients ;. satisfy the relations

al'(ak + 1)k
Iak+a+1)

+ froi41 =0 (k=l;n—l,l—n,--',(l-—n—p—1)m+l—2), (3.19)

al'(ak + 1) ¢
T(ak+a+1)

k=(l-n—p—1m+l-1,(I—-n—p-1m+1,--),

D1 k—t41-(l—n—p—1)m = + fi—111 (3.20)

if(l—n—p—1)m+n >0 and relations

al'(ak + 1) s
ok +a+1)

‘I)l—n—l,k—l+1+n = + fk—1+1 (k =l-n-1l-n,-- ‘)) (3-21)

if(l—n—p—1)m+n=0, where ®_,_1 x_14+1-(1—n—p—1)m are expressed via @y by (2.2) and
(2.3) if m#1,2,3,--- (2.4) and (2.5) if m = 2,3,---. Then the integral equation

oy az®®™D rz o(t)dt
® (3}) - I\(a) 0 (:L.__t)l—a

+ f(z) (0<z<dZg o) (3.22)
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is asymptotically solvable in the space of locally bounded functions on (0, d) with0 < d < oo,
and its asymptotic solution ¢(z) has the form (3.11).

Theorem 5. Let o > 0,m > 0 and p = —1,0,1,--- and let | be an integer such that
p+1—1>0and (p+1—1)/mis an integer and g = p+ (p+ 1 —1)/m. Let f(z) has the
asymptotic expansion

f(z) ~ z°P™ i frz®* (z — 0) (3.23)

k=p+1-1

with fp41-1 # 0, and let the coeflicients @i satisfy the relations

Qq,k+l—p—1 = fk (k=p+1 -'l)p—l""7q_l)a (324)
_ aI‘[a(k + l bt 1) + 1]<pk+l—1 _
®Q,k+1—p'—1 - I‘[a(k + l) + 1] + fk (k =4q +1 l) q +2 l, : ')7 (325)

where @, r4+1-p—1 are expressed via ¢y by (2.2) and (2.3) if m # 1,2,3,--- (2.4) and (2.5) if
m = 2,3,---. Then the integral equation (3.22) is asymptotically solvable in the space of
locally bounded functions on (0,d) with 0 < d £ oo, and its asymptotic solution ¢(z) has
the form

o) ~ 3 orz™ (2 0). (3:20)

k=q -

Letting p = —1 and ! be —I, we have:

Corollary 5.1. Let o > 0,m > 0 and | be a positive integer such that l/m is an integer
and ¢ = —1+ l/m. Let f(z) has the asymptotic expansion

f(z) ~ '"if (z - 0) (3.27)

with f; # 0 and let the coefficients ¢y satisfy the relations

q’q,k—l = fk (k=l,l+1,°",l+Q), (328)

aI‘[a(k -1 1) + 1]<pk_1_1
Tla(k — 1) + 1]

where ®,,_, are expressed via @i by (2.2) and (2.3) if m # 1,2,3,--- (2.4) and (2.5) if
m = 2,3,---. Then the integral equation (3.22) for p = —1 is asymptotically solvable in the
space of locally bounded functions on (0,d) with 0 < d < oo, and its asymptotic solution
¢(z) has the form ‘

o(z) ~ i orz®® (z — 0). (3.30)

k=gq

(Dq,k—lz +fk (k=Q+l+15q+l+2:"')) (329)
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Corollary 5.2. Let o >0 and m =2,3,---, let f(z) has the asymptotic expansion

f(z) ~ gj iz (z = 0) (3.31)

with fo # 0 and let the coefficients ¢y satisfy the relations

al(ak — a+ 1)pry
[(ak + 1)

(DO,O = an Qo,k = fk (k = l, 21 o ')J (332)

where ® ;. are expressed via @y by (2.4) and (2.5). Then the integral equation

_a [T p(t)dt
T T(a) Jo (z—t)t-e

o™(z) +f(z) (0<z<d< o0) (3.33)

is asymptotically solvable in the space of locally bounded functions on (0, d) with0 < d < oo,
and its asymptotic solution ¢(z) has the form

o(z) ~ fj orz®* (z = 0). (3.34)

k=0

4. Asymptotic Solutions of Linear Equations

We obtain the asymptotic solutions ¢(z) of the linear equation (1.7) provided that f(z)
has the asymptotic expansion (1.7). As in Section 2, we first consider the case 0 < o < 1.
From Theorem 11 and Corollaries 11.1 - 11.2 in [9], we obtain the following results.

Theorem 6. Let 0 < o < 1,1 and n be the integers such that | 2 n and let f(z) have
the asymptotic expansion

fl@)~z7* Y frie®™ (z —0) (4.1)
k=—n
with f_, # 0.
a) Let! 2 0 and! = n and the coeflicients i satisfy the relations

al'(ak + 1)px

F(ak+a+])+fk—l+1=0 (k=l—ﬁ—],l—n,...’21_n_2)’ (4.2)
_ al(ak +1)p; B
P = Tk v at ) + fieipr (k=20—n—-121—n,.."), (4.3)

if t > 0 and the relation (4.3) if | = 0. Then the linear integral equation

+ f(z) (0<z<dZ o0) (4.4)

ax—a(l 1) ,z
(P(:L‘) = i /0 ( (p(t)dt

I'(a) T —t)l-=
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with 0 < o < 1 is asymptotically solvable in the space of locally integrable functions on
(0,d) with 0 < d £ 0o when | = n, and in the space of locally bounded functions on (0, d)
with 0 < d £ co when | > n, and its asymptotic solution ¢(z) has the form

e(z) ~ Y (pkz‘f"‘ (z — 0). (4.5)
k=l—n-1
b) Let 0> | 2 n and the coefficients ¢y, satisfy the relations
ox = firs (b= —n—1,—n,,—n—1-2), (46)
al'(ak + al + 1)pis
T(ak+al+a+1)

Then the linear integral equation (4.4) is asymptotically solvable in the space of locally
bounded functions on (0,d) with 0 < d < oo, and its asymptotic solution ¢(z) has the form

Ok Hfisr (k=—n—1—1—n—1--"). (4.7)

o5)~ 3 pratt (- 0). (48)

k=—n-—1

Remark 1. The relations (4.2) and (4.3) can be represented explicitly in the following
form:

& Tlak+ 1450 +1]) |
Prls = Z_:,) (,‘:II,—.‘ Tla(k +30) + 1] a7 7 fr—t414(s=iNs (4.9)

(k.=l—n—l,l—n,-'-,2l;n—2;s=0,1,2,---).

Setting | = 1 in Theorem 6 a), we have:

Corollary 6.1. Let0 < a < 1andn £ 1 be the integer and let f(z) have the asymptotic
expansion (4.1). Then the linear integral equation

oe) = 2 [+ (0) (0<z<d s o) (4.10)

is asymptotically solvable in the space of locally integrable functions on (0,d) with 0 <
d £ oo when n = 1, and in the space of locally bounded functions on (0,d) with 0 < d £ oo
when n < 1. Its asymptotic solution ¢(z) has the form

w(x)~k_§: iz (2 = 0), (4.11)

where the coefficients @, are expressed via f; by the relations

Y= —
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Setting | = n = 0 in Theorem 6 a), we have:

Corollary 6.2. Let 0 < o <1 and f(z) have the asymptotic expansion

fz) ~ ™3 fus™ (z = 0) (4.13)
k=0
with fo # 0 and . |
Fak+1)a#T(ak+a+1) (k=-1,0,1,--). ' (4.14)
Then the integral equation |
S 4
ole) = B | (f_(tz)f_a +f(z) (0<z<d< ) (4.15)

is asymptotically solvable in the space of locally integrable functions on (0,d) with 0 <
d £ oo, and its asymptotic solution ¢(z) has the form

o (1 T(ak + 1)a

plz)~ 2 T T(ek+a+1)

-1
) frp12°F (2 — 0). (4.16)
k=-1

Corollary 6.3. Let0 < a<1,n=0,—1,—2,--- and f(z) has the asymptotic expansion
(4.13) and there exists j € {—n—1,—n,—n+1,---} such that

T(aj + 1)a =T(aj + oz‘+ 1). (4.17)

I f; =0, then the integral equation (4.15) is asymptotically solvable in the space of locally
integrable functions on (0,d) with 0 < d < oo, and its asymptotic solution ¢(z) has the form

: o T(ak+1)a ™ .
~ ey - @ 0 .
pla) o +k=§7k¢,-(1 r(ak+a+1)) fins™ (p=0), (418)

where c is an arbitrary real constant. If f; # 0, then the equation (4.15) does not have any
asymptotic solution of the form (4.5).

Letﬁng I =n and n be —n in Theorem 6 b), we have:

Corollary 6.4. Let 0 < o < 1 and n = 1,2,---, and let f(z) have the asymptotic
expansion

f(z) ~m‘°§sz°" (z —0) (4.19)

with f, # 0. Then the linear integral equation

_az®*®D) ez o(t)dt
p(z) = T(2) Jo (z—t)i-a

+ f(z) (0<z<dZ o00) (4.20)
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is asymptotically solvable in the space of locally bounded functions on (0,d) with0 < d £ oo,
and its asymptotic solution ¢(z) has the form

pe)~ 3 era (z—0) (4.21)
k=n-1

where
(Pk'-':fk+1 (k=n-—1,n,---,2n-—2),

-1 i =1 Tla(sn+ k) + 1]
2ol Tla(sn+ k+ 1) + 1]

G=12--k=n-1,n,---,2(n-—1)).

Pktin = Srtins1 + frajner (4.22)

1=0 s=t

Setting [ = —1 and n = —1 in Theorem 6 b), we have:

Corollary 6.5. Let 0 < a < 1. If f(z) has the asymptotic expansion
:1:) ~ g~ E frz®* (z — 0) (423)
with f; # 0, then the linear integral equation

olz) = - (a) I (m‘o(t)‘ft_a +f(z) (0<o<d< o) (4.24)

is asymptotically solvable in the space of locally bounded functions on (0, d) with0 < d £ oo,
and its asymptotic solution ¢(z) has the form

oo [k—1 INGT k—i
~hHt E [g "%ﬁﬂ + fraa| z°F. (4.25)

=1

Remark 2. Corollaries 6.2 and 6.3 coincide with Theorem 4.1 in [8].

Now we consider the equation (1.7) with & > 0. From Theorem 12 and Corollaries 12.1 -
12.2 in [9], we obtain the following results.

Theorem 7. Leta>0andp=0,1,2,---, let | and n be integers such that n < [—p—1
and let f(z) have the asymptotic expansion

f(z) ~ 27 f: frz®* (z — 0) (4.26)

k=—n
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with f_, #0.
c) Letl—p—120andl—p—12 n and the coefficients ¢ satisfy the relations

al'(ak + 1)k
I'(ak + a + 1)

al'(ak + 1)px
I'(ak +a+1)
ifl—p—1>0 and the relations (4.28) if | — p— 1 = 0. Then the linear integral equation

+ fr-iz1 =0 (k=l—-n-1l-n,---,2l —n—p—13), (4.27)

Phtp—i4+1 = + fimtyr (k=20-n—-p—-22l—n—-p-1,--), (4.28)

az*(P=D o(t)dt
= 0< d= 4.29
oe) = | o e 0<z<dseo) (4:29)
is asymptotically solvable in the space of locally bounded functions on (0, d) with0 < d £ oo,
and its asymptotic solution ¢(z) has the form (4.5).

d) Let 0>1—p—1 2 n and the coefficients ¢ satisfy the relations

ok =frp k=p—-np—n+1,--- 2p—n-1), (4.30)
all(ak + 1 '
Phtp=it1 = r(oEk +a J):le) + fimsr (k=p—n,p—n+1,--.) (4.31)

Then the linear integral equation (4.29) is asymptotically solvable in the space of locally
bounded functions on (0,d) with 0 < d £ oo, and its asymptotic solution ¢(z) has the form

o(z) ~ E oxz®* (z — 0) (4.32)

k=p~n
Remark 3. The relations (4.27) and (4.28) can be represented explicitly in the following
form:
Lk+s(l—p—1)

Sy Dletk+1+4l—p—1)+1]\ i,
"Th ( Il Tla(k + [l - p— 1)) + 1] ) femttr4e—iyi—p-1  (4.33)

k=l-n-1l-n,---,2l—=n—p-3; s=0,1,2,---).

t=0 \j=s—t

Setting p = | — 2 in Theorem 7 c), we have:

Corollary 7.1. Let a > 0,l =2,3,--- and n be a integer such that n £ 1 and let f(z)
has the asymptotic expansion

f(:v) ~ 20D N ek (o o0) (4.34)

k=~n
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with f_, # 0. Then the linear integral equation

—2a

o(z) = ;(a) I (f_(tt);t_a +f(z) (0<z<d< o) (4.35)

is asymptotically solvable in the space of locally bounded functions on (0, d) with0 < d < oco.
Its asymptotic solution ¢(z) has the form (4.5), where the coeflicients @) are expressed via
fx by the relations

R T ek + 1) + 1] .
pr== ) T[a(k—1)+ 1)

1=0

fk+1 1—s (k =l-n-— 1, l— n,-- ) (436)

Setting | —p— 1 =n = 0 in Theorem 7 c), we have:

Corollary 7.2. Let a >0,/ =1,2,--- and f(z) have the asymptotic expansion

f(z) ~ zol-D i frz®* (z — 0) (4.37)
k=0
with fo # 0 and
I(ek+1a#T(ak+a+1) (k=1-11L1+1,--) (4.38)

Then the integral equation
o az= s o(t)dt +
T(a) Jo (z—t)-=

is asymptotically solvable in the space of locally bounded functions on (0, d) with0 < d £ oo,
and its asymptotic solution ¢(z) has the form

o(z) = f(z) (0<z<dZ ) (4.39)

P~ k-_-ilozl (1 - F(FOEZ izllal)) fe-t1z®* (= = 0). (4.40)

Corollary 7.3. Leta > 0,l=1,2,---,n=10,—-1,-2,--- and let f(z) have the asymp-
totic expansion (4.37) and there exists j € {{—n—1,l—n,l —n+1,---} such that

F(aj+1)a=T(aj+a+1). (4.41)

If fiy1 =0, then the integral equation (4.39) is asymptotically solvable in the space of
locally bounded functions on (0,d) with 0 < d < oo, and its asymptotic solution o(z) has
the form

: kad [(ak + 1)a ! k
aj a
o(z) ~ cz™ + . _s_l » (1 - T(ak 1)) fr+1-12*% (z — 0), (4.42)
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where c is an arbitrary real constant. If f;_j41 # 0, then the equation (4.39) does not have
any asymptotic solution of the form (4.3).

Setting p=1{—n — 1 and n be —n in Theorem 7 d), we have:

Corollary 7.4. Let a > 0,p = 0,1,2,--- and n = Vl,2,---, and let f(z) have the
asymptotic expansion

f(z) ~ rc"‘”'i fez®* (2 —0) (4.43)

k=n

with f, # 0. Then the linear integral equation
agen=1) = t)dt
o(z) = p(t) it
['(a) Jo (z—1t)

is asymptotically solvable in the space of locally bounded functions on (0,d) with 0 < d £ oo,
and its asymptotic solution ¢(z) has the form

+(z) 0<z<dgoo) (4.49)

o(z) ~ i oz (2 — 0), (4.45)

where o = fi—p, (k=p+n,p+n+1,---,2p+n—1) and
=1 (,-_1 T[a(k + sn) + 1]

L o g ’
Pk+jn Z a H I‘[a(lc T sn + 1) T 1]) fk+tn—p + fk+]n—p, (4.46)

=0 s=3

G=12---, k=p+np+n+1,--- p+2n-1).

Setting p = [ and n = —1 in Theorem 7 d), we have:

Corollary 7.5. Leta > 0andp=20,1,2,---, and let f(z) has the asymptotic expansion

fa) ~ 27 3 e (o= 0) (4.47
k=1
with f; # 0. Then the linear integral equation
= d
oe) = s | (z‘o_(tz)f_a +f(z) 0<z<d< o) (4.48)

is asymptotically solvable in the space of locally bounded functions on (0,d) with 0 < d £ oo,
and its asymptotic solution ¢(z) has the form

oo k—p—2 .. —p=1—i
$ [Z Tlo(p + 1 +1) + 1]a*?~1 ot Sl ™ (449)

a(p+1)
o(z) ~ fiz +
(z) s v | 5 T'(ak + 1)
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5. Exact Solutions of Linear Equations

Now we show that in some cases the asymptotic solution ¢(z) of the linear equations
(4.15) with (4.13) and (4.39) with (4.37) give exact solution. First we consider the equation
(4.15). We suppose that f(z) has the form

£(2) = fonz® "D 4 fo(e?) for fo(z)= 3 fums* (n=0,-1,-2,--),  (5.1)

k=—n

where fy(2) is an entire function.
If the conditions (4.14) are satisfied, then the asymptotic solution of (4.15) is given by
(4.16). We denote by g(z) the right hand side of (4.16) and write it in the form

_ I'(—on—a+1)a - e w
g(z) = (1 T T T(an+ 1) ) f-nz + go(z?), (5.2)
where )
> T(ak+ 1a \~
— k _{+_
gO(z) - k=z_:ngkz y Gk = (1 I‘(ak Ta+t 1)) fk+1. (53)
- According to the formula
I'(z+a) ., 1)
,m—z [1+O(-z— ], |arg(z +a)| <7, |z] = o0 (5.4)

(see, for example, [13, (1.66)]), we have

( T(ak + 1)a

-1
T T(aktat 1)) ~1 k= oo (5:5)

Hence the function go(z) in (5.3) is an entire function and the asymptotic solution (4.16)
gives the explicit solution of the equation (4.15):

e T'(ak + 1)a
oz)= 2 (1— T(ok +a+ 1)

k=-n-1

)— fer12* (z — 0). (5.6)

If the conditions (4.14) are not satisfied and there exists the number j € {—n—1, —n, —n+
1,---} such that (4.17) holds and f; = 0, then the asymptotic solution (4.18) also gives the
explicit solution of (4.15):

- i T(ak+ )a \™ .
= cz® 1- ok, 5.7
o(z) =cz + =_,§l’k#( T(ak fast 1)) frn1z (5.7)
where c is an arbitrary real constant. Here
-~ T'(ak +1)a \™
_ k —(1_
a1(z) = k=§kﬁ gx2z°, Gk (1 T(ak + o+ 1)) fr+1 (5.8)
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is also an entire function. Therefore from Corollaties 6.2 and 6.3 we arrive at the following
statement.

Theorem 8. Letn=0,—1,-2,---,0 < o < 1 and f(z) be given by (5.1), where fo(z)
is an entire function. If the condition (4.14) holds, then the equation (4.15) is solvable in
the space of locally integrable functions on (0,d) with 0 < d < co when n = 0, and in the
space of locally bounded functions on (0,d) with 0 < d £ co when n < 0. Its solution
©(z) has the form (5.6) where go(2) in (5.3) is an entire function. If there exists a number
j€{-n—1,—n,—n+1,---} such that (4.17) holds and f; = 0, then the equation (4.15) is
solvable in the space of locally integrable functions on (0,d) with 0 < d £ co when n = 0,
and in the space of locally bounded functions on (0,d) with 0 < d £ co when n < 0. Its
solution ¢(z) has the form (5.7) where c is an arbitrary real constant and g,(z) in (5.8) is
an entire function.

Remark 4. Theorem 4.2 in [8] is the particular case of Theorem 8 for n = 0.

Using the same a,rgumenté as above we obtain from Corollaries 7.2 and 7.3 the statement
similar to Theorem 8 for the integral equation (4.39) with (4.37).

Theorem 9. Let!=1,2,3,---,n=0,-1,-2,---, & > 0 and f(z) = h(z*), where

h(z) = f: frt412* _ - (59

k=l—n—

is an entire function. If the conditions (4.38) hold, then the equation (4.39) is solvable in
the space of locally bounded functions on (0,d) with 0 < d < oo, and its solution ¢(z) has
the form

— - F(ak + l)a -1 o
=%, (1' Tak +a+ 1)) fitnz®, (5.10)
where 1
3 M(ak+1a \7',
— k _ _
ho(z) = ’°=§—1 hyz",  hy = (1 T(ok + o + 1)) Jr—1401 (5.11)

is an entire function. If there exists a number j € {{ - n—1,l—nl—n+1,---} such
that (4.41) holds and f;_;41 = 0, then the equation (4.39) is solvable in the space of locally
bounded functions on (0,d) with 0 < d < oo, and its solution ¢(z) has the form

& T(ak+1)a \ 7 -
_ ek 1 - Lok Lok, 5.12
o(z) = cz +k=l_nz_1’k#( L +1)) frriz (5.12)

where c is an arbitrary real constant and

o0

hiz)= Y, b, b= (1 T

k=l—-n—1k#j

T(ak+1)a \ 7 f
(O{k+ a+ l) k—’1+1)

(5.13)
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is an entire function.

Acknowledgement. The work was initiated during the second author’s visit to Fukuoka
University on his sabbatical leave from Byelorussian State University.

References

[1]
[2]

[3]

[5]

(6]

g

(9
[10]
[11]

[12]

S.N. Askhabov, N.K. Karapetyants and A.Ya. Yakubov: A nonlinear equation of
convolution type (Russian), Differentsial’nye Uravneniya 22(1986), 1606-1609.

R. Gorenflo and A.A. Kilbas: Asymptotic solution of a nonlinear Abel-Volterra integral
equation of second kind, Preprint No.A-6/93, Freie Universitat Berlin, 1993.

R. Gorenflo and S. Vessela: Abel Integral Equations, Analysis and Applications, Springer
Verlag, Berlin, 1991. '

G. Grippenberg: Asymptotic solution of some nonlinear Volterra integral equation,
SIAM J. Math. Anal. 12(1981), 595-602.

G. Grippenberg, S.-O. Londen and O. Staffans: Volterra Integral and Functional Equa-
tions, Cambridge Univ. Press, Cambridge-London-New York, 1990.

R.A. Handelsman and W.E. Olmstead: Asymptotic solution to a class of nonlinear
Volterra integral equation, SIAM J. Appl. Math. 22(1972), 373-384.

J.J. Keller: Propagation of simple nonlinear waves in gas filled tubes with friction, Z.
Angew. Math. Phys. 32(1981), 170-181.

A.A. Kilbas and M. Saigo: On solution of integral equation of Abel-Volterra type,
Differential and Integral Equations (in press).

A.A. Kilbas and M. Saigo: On asymptotic solution of nonlinear and linear Abel-
Volterra integral equations, (in this volume).

A.A. Kilbas, M. Saigo and R. Gorenflo: On asymptotic solution of nonlinear Abel-
Volterra integral equations with quasipolynomial free term, (to appear).

W. Okrasinski; Nonlinear Volterra equations and physical applications, Eztracta Math.
4(1989), 51-80.

W.E. Olmstead and R.A. Handelsman: Asymptotic solution to a class of nonlinear
Volterra integral equation II, SIAM J. Appl. Math. 30(1976), 180-189.



129

[13] S.G. Samko, A.A. Kilbas and O.I. Marichev: Fractional Integrals and Derivatives.
Theory and Applications, Gordon and Breach, New York-Philadelphia-London-Paris-
Montreux-Tokyo-Melbourne, 1993.

[14] W.R. Schneider: The general solution of a non-linear integral equation of convolution
type, Z. Angew. Math. Phys. 33(1982), 140-142. '



