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Euzptic Y - matrix sgsfem/s,
0»“4}"4. Ll'e‘qucl«uu,, ard pfwg'ech‘ve
rnepruaetations of He braid grevp
a{ H\.e tow

Pavel EfinM
( Vale University )

Reference : "Rapuscufaﬁmw of affene Lie alygcbian,
eliphc  7-malux  systems , ard special fumdmw

ba P. EM , Ao opfeat w Cammuml‘”alﬂ’/‘y"
( dop-th 93030/8)

1. Clovs/cal T onatricesn

M A dassical - matuX 4 a meomopbuc

é,wm,ﬁw rez) sn a mu‘a.g.&m&crd of Hie

044:34/\‘4 wn C with valuer am 79?‘ ( whace

7 AL a W Lie JM«) whblich oa.ﬁ'sﬁv'%

He clasical Yamg ™ Baxte. 2guah'or .

[ 72 (2)-22) . 23(23,- 23)) +0r.(2-22). Ra3(22-20]F
[72)3 (Ri- 23D, 7Zaa (22-23)]= 0O

in V()83 Heww 2iz= 2@41, Rzz=107

Ra= Si2(1817) Si2, Siz - He permudehon

o 4-st ard 2-nd fad‘on.‘
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2. W‘ua Loote al” Lanoical r- maj/um?

(A) Rp (2> - quantum K- matiix (sebushon
A Rn(2d= 4+ 4 reced+ O#2) , Hun
n2) v a cAdaesrcal - matrex (Sbejano'n).

(B) Lt Vi, ---, Vo Le 9 —modubles .

M. . of —> End (V) - Ha Co rreajpondomnyg Lre
alg,dr\a. /AMM%W , /Zg' (2)=me® Un (r(2)
Ny ——> Ernd (V4 ® - & Vo).

Comnider He 4- form

f (2 — 2 '
“= % % ng(ti—2; ol cei-2;) «<eC
¢

Obsenve dew = 0 .

daim rC2) oahsPies He clacorcald VB

€quahon & [w. wl=0 ( Cherednite D
cunahure cowubn‘:o—n_ o(w+ [w, w =0 J?Q’l
He conme chon V= o+ w

3. Clasoicel r- matalx sysfm

We aee Hat r(2d ackspes Ha clacercal
VB equahonn il lhe syctemn of olifdemetral
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equahons d{ + wf=o0 with aopech Lo

a Vi® - @ Ui ~valued Pumchion {21 ---.2.)
has dim (Vi@ @ Un ) Limeandy incependet
poludions . This syetom s callest Ha r-mob

sygrem Covies pendivg L 2.

& C(w,f.cdzw 4 claasi cal /I'MaJu'aA

I. 1982 A.Bavin and V. D, felod
showvel Hat <) n(zd & a Lassical 7+—
ki bich a amvedhble an a map g*—ég
dor a  gemeric 2 e C Hew nrn2), uwp L
ar o,uoufa.P&Mce nelation o 7 oM_e,af Hoe
Hree W . nahomal , Mgcmorm_d/u.lc ,
and -&b&pﬁc Eéecphc mm’otz,?zm_z_,v,a R —
mnabd s ot ofwe-d *oﬂ 7 =A€M y M
M—uj wenr /f-ruM_pl '417 Ecéawﬁ«. M/QI“’LJWM
TMWAA:C - palbiicer exwt +!M Ay
g O wrena c?amt'f»'e'( 1’; Belaviin armol
Drodardt aw 1382 . e i mo s ificerin
ai rahoval - prmadaican
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5 Exww»pew o{ L~ madtniceAr

A
—_— An P/xazmp& 01 o nahenal rn-malux

w Hu Yamys - rmakalx

/T, ot (2):% ,

n = 2; Xe ® X ) {X;)‘ 2 an o~thomouot
Aaae 4— g’ with respect Lo He K«M
ffom <, > . Tha com’oomdx)ng ’Z-h'\aj»u‘}(
Lyotem wu Hu sysfem d{ fﬁuaﬂ,mk -Zamalool hbas
e,qu.d')m,

X QL = ____J_ e = T 3
F¥ :%4. 2 -2 ‘f Q‘J-meTg @)

ut C T te a Carlaw subalgebra,

B
7== %—@f ®nt e Hae Carlas o(ewm'bo.siﬁ’w,
Lot & be a P~ egenlaroio of mt, Afu
Ao He duat dneis of M with aumpecdt
<, >, « €A+_ Lef {Hc} Ae ar anthonermed
Abaae of é with soped— Lo <, >
nN' =3 eofu + o 2 H:® He
N == f.®6 +4+ >, H®He
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Her Ha Afﬂ'r\’be%_t ilu;o/mmduc - mada’x

3 2 +~ N
R g () =€

% com.u.s}oom.ab}nﬂ_ = mmalai< SY etew [N
He pyotem o( Lu';omuac KZ eyu-af’m

Faof : TMWM‘C K Z can e Aecueed
Ao nabomal (wswar) K2 »&at a  cumple

€ Aut (7) —lre Zuro Comrn,u}u—\? elevrens
with. mo ecommen Lnmvmiad new 3eio
M Am g lqn? Auch pan can e
neduced 4y a  eonjugahion b

o1, 1 .
/3: = Ad (o 804 Y = AQ’( € E-‘zo
e o ’ O ~gFNJ

W E b a prmibve  N-# neot of
Weiewlraans eliphe ¢ - j emctron |

§(alr)=—;j+ o Z [2 m-pT (m+ff)}

M-> oco -Msm,
m2+ ’->o

(teC™)
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'T&e/vv_
Mo (2> = N & (2lT) +

) (10 gP7™) () X

osm, psn-1
m2+ p* >o

[¢Ce-22ps o) - ¢ (- 22k |2) ]

as  am lliphc n-maltaix Belavin awsl
’wa'»{_d’(. rbhest Hal any lipbc 71—
makaix v ((up o a cowstarnd Otaahm. D
c7m‘c/a€&uz“ To thas ome. M a He
7m4:o€mical W 0{ He Baxln-Belawu,
9 — vedesre maded et (2) & u»u7uula/,

1) Ry (2) i msoamoghic s C awst
/A.a/;m,o o thar Mgadwa% tHhamn MP’Q
W s (’"'-"‘Pt)»//\/, M,PGZ
with necduwes (1® gYy-™>(n) ;

2) Nyp (D45 = — 22p0e (—2)54

¢ Mw:lwu#} condihonm )
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He Lathce 4 periods 4 Tpe (2D ‘1;5 Bppannesl |
4»? 4 amd T, arvd b Adattice of poler &
,opa.mu-d. b, 4/N anal TN

6. Statewewt o] He protlem

R abomal arst MWMC KZ2 qu—ﬁm
are pabisfiedl by He  comeletion fumchons
ol He Wess - 2umino - Willin covformal frelol
M-wmj, which are makuix edomends 0{
wFerlwineny operalars Lelveen mozludss
over offume din olgibon . A matural
7:4_0)'}1‘914 Py U

Doen Huae et  _such amn wwbspadzhov
_ﬁ'\ He 2lliphe - mmakuix A"?ﬁ—"w?

L.l'e ﬁ&&\l Ae/v((r:>
9= My (C). §-gellet']®Coc
[at)+ Ac, 4>+ puc] = [ace), 4]

.._’--—- ’ -4
t i § <alce), 6(t>> 2 dt . C

Iiti=1
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(moma-&gahmo{ <, > d,.X>=2,

Lot E= €N de a pawmibve N-th

oo e O Y= AdC
I Y Y@= CacC™
A A . A A :
"J, C v 7:—{a(t)+z\(‘e?’l a(et)-)/(a(g-%
4 |
Baocio of o Ey . wxd, ASsc N,
| Hi = Ecec — Ec}c-l,c'-o-‘ll
4 £ N-1,

A

Baswo of % . Eg®t"", Het" C

A —-c+
Baos of 9y . Eg @Y,
Het™ ¢

N

Lemr}\a éx = ?‘

B, #(gy ot *mN ) = Ej@E™
P (H®E™ ) = H. ®t™ m#*0
¢ (H;) = H—— P ()= =

gm»% am As'wmo«.p&m
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8. Moduleo cven é\‘y

, A A A
5]; (s opanned 4y alt) € $7 with ac)=0
Gy o opanned 4y act) € &y with a(e=d=0

A .
Vef/ma mooludes ouwen 7, .

MA,& = IM%‘Z%?@C-C XA,k
Xn. e - 21— diim fr‘,*eaj@d?-c;mwd.u&
gorerated by A 4 € Xatk

a;*ﬂk*-‘O, ’AU}\‘*=<'\,£>U}\“

CUn b= * Vas

(whdm W AbW'Pe‘J&’m ¢’ M’\‘* yod
M/\,K, . rlandandl VW muoduds owen
gj w it N\ = A+ »{gf , f.__iz O(,

-Zdea_.,
K= N+% _

Evaluathon nepregeud ahiont of 7/';

V- fAmd;l- Wﬁa«ae 9[,‘, — modade
Vied>=V® Cl=.27"]
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o/i o.ots An I/(Z)
[(a(t)—t- Ac)*zf](z) = acz) u2) i‘é(]:x.

C. .V >V & dek

Ance
Cealw ( C= (;E-!‘-i'~>>

lé(a) {u(z)e V(z) I v(Eg) = Cv(a)}

Obsswve . Ve (2) & stable ionden Ha achon
A A
o Yr < 4.

Fack . Undu Ha isomoygdubm P Vo)

A

oven Yy goen Lo V(2) ouver 7

Gradung | ot 9 e the o,mdm of-
,Pmupal Fraclabon |
[9 , a(t)+Ac] = ta't). a+ice C?y

A ‘

Om  Wetz> [ Dduie> - 2 ey
Om M, & . IX = —AA> | g, (x)
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where X o »&.am?.oy«.wu)&
24, (2) - He parme ancdule an Vo (),

bt 2 adr o»
| 9v=a%+4v (A e C)

9. Interiwiners

- We want o /"’"“("j ‘?,—M}h'éufm'ng_‘

o’oerai onA

p _ <v, vo> — <), A>
4 2Ct+1)

od MOV densley Hu complered lenson
’omledC.

T'&eorw é(ZD (%’l gersric Parmaf%)
o o 4-4 co/m.w/aﬂ'nd.buc.e with vedors
ann l/o% weigtld A—v, awdt P(z) L
umiquely oleterminest Hu Adgher N
maktuix cocjpieient <y, Pz)V p > €l
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10. Produds of inlertwinen

§t~,apo4-e we Pace .
‘V, (2
@, . My —> My 1 9 2 )
&

§2 (22) . M/\z,k - MAglk

- - -

| | o
P, (2n) . Mx, e — Mi,., 4 & 2. "V, (2n)

PM'AMJ é'(zl) - ém (?n) .
(MMWW new 2y, ~~-_,. Zn € C* )
Brnswer . VYes , we camn 4

12,0 > 1221 > --- > 12al
Y/ everny makiix elemend 4 Mdbfrw-(ud"
w & convergeud  power Aeras
s , we Hhave amn operaton
P=¢4-¢ | My, o> M, ,eve-el,
(ICI W e complehon of M witth nevpaet
depends o1 21, ..o, To  omd b W
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o Hu negd o7 120> 1221 > - > 124,
Nete Hrial™ 2 wllh , an W\.ﬂl) Le a

VAl
a fa,d'o/z 281 .- 2, ™

A, Aed>—<ALAD
( as 2(kt1) )

In KZ theony we shudy He Hhighedt
mataix  edemend (U 4 PuLa) o P
oamd pnove Hal L pahispes e W‘?(mowc.ba‘c
K2 e,c,uaJ'fOM.

11. He B-- operaion

T the CM.L g YN J’ﬁ\.z :Dbmjnm
dia gram o] 7 admls an  ouler audvmophim,
04 ordes N. It Co/t/tl/rr»omd/s o am ondes

ondomonpludm B 1 Gy —> 5, It asluds
Lo He praviounly ambroduced pB o 4' C?X

B . Mi sk —> Mg, 4
(BN BdY= X (£8)

4—; Bva,g = Vg cr), 4 A
Bav = Bca) Bv, ac9Yy

W\m BY = 4
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12. Tn.acu's

Assume Hhat An= ﬂ(Ao), Frx 2. lg <A
Comnider e trace
F(Zl,-"a -a..,'z)

—_ -2
= T;z ‘MAo,‘k ( ¢, (2)) --- ¢M (2n) B ? )
cém',w. Wio 4o convu?l«uf whear
120l > 1220 > --- > 120l > g2/
S’D/ d dlfl/h% a M/\P&AC fHMCAH'OI?t.
wn His negion . ( Notahiow : 9= )

13. Main Heorem

2F Log¥ ~loy%

('k+ 1) ZJ gzd 7%, 2m(N w ( &‘n‘»c ’Ntd.LF
o o equx\wzfawt Lo He lliphc N-makdx
/uf‘fm — we M Aave Ao mehe a ng,(

Lo Fon Wc Para,wu:,f'm w‘ Iy
toke all poseidle Ao, Ay, .. i awst
atl mww adetwinews with  Huee Ao,
(JY¥ ) W Vvery mmuck Aaas af He npa ce
a—f At oans o{ He ellphc N-mabux syshem
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dferewhal equabom - of He 4oram

OF .
;—i— = (Wm&ﬂwnﬂ an)-F-

B&fwu- we wake it olown , indrcoluce ¥OIme

New variobles, i = %%j-
T = %;f- L x = kA PCylt) =i r;_a(,-?-,[m)

%L, we ‘A.MQ He -2lUphc - maku'x SYerem

2F _
< 28 == B (ayleF

Ler sCyl<) = f" 2L(>IT) ol =

0 2T
(e wkeqrald & weld - definesl Hmer cell
Ww‘tuo 0{ g-_g- at secersl oOralen
s with  neatdiue o) Abo, L(T)a
& q4® Y v alied ”Wa,,”aam(,ﬁw
which forn o= Mz eyuals |
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qzm-r-f ( 4_'_240«1-3)

gni l(z) = — 2> — (eve+f®@f)

m>p (4_74--+z):

- 2 - (e® f + foe)

mzo (4_24”:17)2
2 ( 8 +*§a (4.,.21:.‘)2 )'k ‘A

< 2B =3 LG(OF +2 si(9-y1OE

T ~,j=1 a<c
( fewe Lec(Tt) &8 da—/(m.ut. ac'wrwu,'u? p o
He nule (a® 8)ec = Ti(a) T (4D
a, £ € 9 T L G > Ena (V)

Ao, we 98 am extewded aytem of n+4
corvisatend auﬁma‘wal e,qu.aah'om . let w>
call _t Ha eliphe KZ zzu.a./'»am.&

Lonstlary 771]”%*' (By ) =1
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m=4 — dthern we emlj Arae Hwe maull
e7u.nJ)'0M., but A oub-ﬂ-n-da: M&‘M .
V= Vi= 2-d /u.,o,._“_a‘.d-d\a—y, 4 4.(2_ .

T @) Moy 4 —> My 2oV

¢ (2) ! M.y + —> M-y ®V
We cam comnider Jun Arlubhosns
_— ! + B q-?
"2 My (¢22>B7")

Aoluing e elliphc KZ, we gof

-r

[ LZ) =

2
Tag) = 7(32) 7 Vs

2eg) = 2% TT (4-3")  (Dedehinot )-fet)

mn 1

6 Fgmdm.wial 4oluho

Lt V be o fonite climensiomal I-moduls,
weV a vedon a’# weight Mo
¢l > . Mate —> MA+/4.k ® Viz) A<
He mtertuiner fon whuch
(Uapd, @ wrD>- 2% (1+ O)
F 2 —> O
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D 1 W fundamentad arbibion of Hu

wMiphc K2 equatonn s the Ena (V,® --- @ Vo) -

vabusd fumchion F of &, - 2, g wuch Kot

A = U ® - @ U € V4@ BV, 4 a

vecton of weighd Mo dhen u J Bﬂ)
(¢ te0>--- ¢ ¢2,)Bg

Fa. - 2 lgdu= 72] o a
wharn Ao = (p-13" ().

D_el 2 Fund amoudal seludhon [ e 4—0\‘&4})614
‘3" u)”‘&l Voalbird A En_a(_ (Vo & --- a;'szJ -

| wfudq J\«Jb MQ *P/I,()P% J'N Zq " - n

7 —> o0 , Z'J/id'+4 —> oo w&;,u_

D, € End (V4 ® ~®Va) ae defrud 4y
d . )__ <A SA4- Al ,> </\ /\>u,®__.®uh

Ai= (B-1) "(Z %)+ Zx

C=4q

X Qe Hue we‘,gJJD:. 4 ud'élé-_

W d—'fvm/wm au quvwb,ud"
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/7. MOMGJL mvaalam

Fact Ho §;-part of Hu elliphe K2
pypterm v medalan invmaiand, «.e., dares net"

Ma/n?.e_m

9- = _____.__.y"‘ ’/t\= atr €
¢ ct+ o | - cT+d

A= (2 %) € mnd

FIN)={ AesL.(z) | A= Id modk N §
( Com guen ce Mjmf)

imaaiant . 9 rgu apply A € rCN),
7,014, 'AA/V\{ ﬂ: /&uae)'m&f— - ‘ef/l«.Q.M w«—&-
. o dé Vd. —47“_@'6% with Awtable

x2E _ 5 Ly (edF +2 sy (44| TOF

2T 0.'."84 " 7'< ¢
Cdv

.+
:%-ZN(CT-MD J
whor &¢ & e valus of He Canimulr
0’.} ‘7 an Vi ”\mfo«a, tre have a

Wf)amdxm.é amvmaian e reratbemend™ abo-ut
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}’aw}orw\é warvlen a  medudas btwﬁynmﬁm '
A e (2 2) € MN) a followst
| | A -—’—ﬁ:,_
}r(;f ) . '9« I T ): (CT-f-a()zmc <X
F OO, -, Yul T) X(A)D
whBee X (A) & a f)w?&cj\l/‘e/\#m@wm

of TN v V4B ---®lse s, own
covo au ch o a,ooi?«y\), ou-en...j At a#
nepnesevtaions Vy , ---, Vi of Hy o

adhen of T (ND wm e tenssa jprusciac T
Zﬁu), adhon camn e A—(M‘I"ﬂ.b‘y o Femdeal
o ar achenn of SL,(Z) 4w Ena(V®

- DYn)., Hu %WW M&\Mt&?
&Wd

/8 . Mom,oalnomg

He menodromy o‘f Ha ellphc K2
/J?/ﬁe/m with nenjpect” L tHe 2-varlalle
we €M0e‘f cornputable Auecr AL rnedu e
E M}@L@AMM aa’ M}e{fu,nw) }-—L_p_
Aame an %‘Df\ He el K2 QMM
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Fon A!z , we Aave He ”09«,-&%_7,( /\Lea.—/\&'n's'
éz\a)o (2,) é A, (2,) |
—V Ao

1V 2 ’ "1
= A*S R, 000 37087 e

e

wbee R v Hae covyfad 7l4.amﬁom R - mabeix

( without a A./oed'zul paramate. ) . Usirg
Huwr ~dabhom, we cam cw'éy grve au
Wa/mudﬂ artuhon, F cbew Y udearchenges
with Y1 ( mulhpbicahsy by o R-mabaix)
orn  when ' 5% goes arcunrdd =« &aoLL

o He tonws c/ <1, > (a
prosuct 4 R - mmatriicer arl d—«.’ag«oma—@
rmakaices ) . 7&“4) we cana e £
the /wwwoa‘wrrua FLougp o;{ Hee iphae

KZ qu.aiﬂ% Notr +hat He G
wille ( am ?.wM.m?_) Hee Laid gieup
"j He Towd bud b cendnald extensyon, A
Hae "’UA'P'}"C KZ ,e_,’u,,jwm o nel a Local
W}m on (C/<q, t>)" WWQ
PMJ:JTM Local syttern . St Ras Lo o
with Hre fa,d' Hat MMG««% Hee awtomopbion,
/3 WY o—i A'QN d%_,_,( ear b cam»wt‘
with each ot , Hu C""“PWW
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%u—" ?mr-aﬂ_ a He,uu,,,&&‘i Fraug 40,\_,444
N3 e My o4 [v(a% @ wvnpodanl
nole u e Haony of He elliphe K2
equahons, u pachcular, 4 given ncac
o a 2- cocycle on Hae braidd Fropo
M 4o inbensting thal i aer Vi aw

01 He Tonwn O/u&\/v\.g fw Hee etliphc
Double Affine Heche Algela



