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Fenchel duality O JiF
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In this paper, stochastic control processes have been investigated as dynamic pro-
gramming models with an infinite horizon. In many cases, it is our main purpose
to seek for an optimal policy under the various conditions. However, optimal pol-
icy may not exist under weak conditions. Then, under such weak conditions, we
introduce a modified form of the dynamic model, which we want to call as dual
dynamic one, and show that optimal value of the model is equal to one of the dual
model. Moreover, we show that there exists an optimal policy for the dual model.
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1 %I D.P EFI)L OB LER

RO &SI D. P TV (S,A,B,H,p,r,B) ILDOWTEETS. kKL,
1) 5 ={1,2,3,--,i,-- -}, yx%A@#ﬂtﬁEg‘zF‘aﬁ.

2) A, B, /XTAU)fﬁJ{fﬂ]WF'ﬁ'C Z Banach space.

3%%) K%zeSkﬂmT%#ﬁﬁ@%AAUcA
@Hg%&%zeStﬁﬁ?é@&ﬂﬁﬁ%@fieMAB)

5) p, & (1, H;a) € S x BIZXIGd 5 S EORER,

6)( a), BRUTEHMEREEH r: Sx A - R

(7) B, BI5IHF 0< B < 1.

ZOR, HEBEK ©~= (fi,fo,ft,7), i : S—= A, DHBITODVTERL,
BHE fi,t=1,2,3,- iﬁﬁﬁfwﬁ%GékWﬁﬁévw:7ﬂ@&Wiﬂ
Tk, 2D &S5 ﬁﬂmﬁ%@éﬁt%.ﬁvﬁ I TEY. B, KMPWRE . €S &
HIHBOR © € T ICWIGT 2K REL %

Zﬂ(t VE St,ft(St))lsl = Z]

t5z2oh3. = Dk, HEREBE {St}t=1,2,..‘, ¥ Markov chain ##l L T4, Z
T, xELMBEZRDO L HICEBT 3 : : '

(MP) minimize I(7)(z) subject to = € L.
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Definition 1 Z® (MP) M&ET
1(5) = inf 1(x)(0)
AT T() RAINHREE § € S 1o B Rl SRS AE & 1T 3
Definition 2 Z® (MP) BT, b U I(:) = I(7)(2) Z#M7z T HIBBER 7€ I 2
TR, S0 7ell Z0MRE i € S IKHIET 5 Bl HBEE & 3. B

S0 7 eIl B2 TOAMRE i € S ISHIET BRENMEETH 5 & %, BITR
S BB & OF 3¢

2 WBIEELEFEIBOIAA

AHOT UMY EEEETHOIREEL A BIIRODETZH NS, ZOELBL
TS LOBREBEREO LK% B(S) L&, ue BS) IKHLTROLIBSE
LEEAEATS

L. F(iya,u) = r(i,a) + B ;esu(i)p(ilt, Hia) = r(2,a) + BG(H;a,u)(2)
2. v(1) = infoca) F(¢,a,u)
3. r*(i,p) = sup,eay (0, p) — r(3,0)], pE€ A T T A" 13 A DKM

4. (BG(,u)(i))"(q) = Bsupyep[(§,0) — G(b,u)(i)] = BG*(§,u)(z), g€ B~ Z
T B* I3 B OXRK2ZEfH

5. F*(iyq,u) = (i, —H7q) + BG*(%,w)(i), Hy W& H, ORBEAEMET Hr €
L(B*, AY)

6. v*(¢) = inf,eps F™*(7, ¢, u)
Z DB, v(i),v*(¢) IZ Fenchel DAERXZ#EA LT, ROMBEHENFENS.
Lemmal £TD i€ SITHLT,

v(z) +v™(z) > 0.
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Proof %1€ S,u€ B(S)IZDWT, £2TDac Aqge B iZH LT, Fenchel ®
AEXE#EA LT

F(i,a,u) + F*(i,q,u) = T(i>a)+ﬂG(Hia,U)(i)+T*(i,~HZ‘q)+5G*(%aU)(i)
> (-Hq,a) +ﬂ<%7Hia>

FORERTac AL g B ILOVWTTREMAFLDHEHROAERNES

ns. ' O

RIT, & 1€ ST LT, domr*(4,-) = A*(7), domG*(-, u)(¢) = B*(2) I LT,
UTDOXIBH5HEM#ELZFTATS

U, : A*(i) x B*(i) - R x A*

Vi(p,q) = (r*(i,p) + ﬂG*(%, u)(¢), p+ Hé"q)

Q =1[0,00) x {8} C R x A*

EDOEH %R, Fenchel DIHEHE Z R AMDOHENO—TBEZEH L, KD
M EENFOND.

Lemma 2 £T®D i € S, u € B(S) iKH LT, domG(,,u)(i)=B(i) CB &K &,
6 € int(H;A(:) — B(3)), 8 € H B*(1) + A*(Y)

BT ETE. R LEE int BEAONHOLK. OB, KORXENHLTE
B f:S—>B VEETS.

fli—)ui
2 u))

Proof %4k ic S & ueB(S)KMHLT, BEOKXARKIT B OHIET 5 4
DEAET 3EAREETERRBEDS. 22T, v*() OEHEDIS v* () ITPRL, K
DX TS RES vr (1) BFET S

vi(e) = (s, —H [ (2)) + BG(

v1(0) = (i, ) + ﬁG*(%, (i),

(v2(2), Pn + Hiqn) € Wi(A™(2) X B™(2))

72720, rn=p.+Hq, EBLEE, 2TOn=12,---,iZHLT, r,=0Tdh
5. COMBRHEOFHLY, ROZHEEMITHE >0 DK B. BFEETS :

B, C int(H;A(2) — B(1))
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IT, EED 2 € BIZHLT, 2 —b—Ha&%b‘ZgaeA()beB(i)ﬁ
ﬁﬁ:'ﬂ—é ZDELDY,
) = (b = (Hoa)
= (b,qn) + (a,pn)
< (s apn)'*'ﬁG*('E yu)(#) + (i, 0) + BG(b,u)(7)
= (i) +r(i,a) + BG(b,u)(7)

DIRIT 5. OB v3(i) WIURT 305, 2TO 2 € BIAHLT
sup(z, ) < 00 |
n>0
KRIITB. £oT, o OFIRE* T80 FERD, B Db B E ¢ 1HUGET
BEAF g 0350, FBICHAT pu 1 p* = —Hrq" WHWHT 5. Bic r*, G"
5 TS TH B DS
(i, p") + 6G*(%,u)(i) < liminf r*(i, p,) + liminf ﬂG*(qﬂ" w) (i)
< liminf(r"(s, pn)+ﬁG*(— u)(z))
= Bim o}() = v"()
DKILT 5. CHHOHN SROFHHIL TS

r*(i,p%) + G (L, u)(5) = v*(3), p" + Hiq" = 8

B
DT, BieSIKHUT A1) =¢ B ZET f*: 5 - B* o h, FEEA
35, , ) - O

Lemma 3 Lemma 2 L UEBDTT, £2TD z €S ITHLT,
(—v(2),0) € ¥,(A*(¢),B*(¢)) + Q
EWHIUTOBERETS. O, £2TDie SIKHLT,
v(i) + v*(z) = 0.
Proof Lemma 2 &Z OHMEEDOEZHLIVLTD 1€ SITHLT,
—v(e) v*(2)
qien; F*(i,q,u)
F*(i,q", u)

(i, p*) + ﬂG*(%,

v

u)(3)
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WU, Bilp*+H ¢ =6 ZHilcd p* € A%, ¢* € B* BEET 5. IR, Lemma
1 XY, v(@)+v*(@) >0 85, v* () > —v(t) DRILTHELD, #HEEBEOHE R
PR ONFERIIKRD 5. | | O
Theorem 1 D.P ETF VRO EH%HIZLTHWAE. £TD i€ SITHLT,

1. 0 € HrB*(i) + A*(i), 0 € int(H;A(}) — B(:))

2. (—v(2),0) € ¥;(A*(2), B*(1))+ @, t=1,2,---,

2L, vyt = 1,2, BRO LD ICERWICIERI NS B(S) OEBEKT
»H5. :

vo =0, v(e) = aéﬁ%) F(t,a,v:1)

v =0, vi(e) = qiean* (1,4, —v(-1)))
OB, KieS EHt=1,2,--, IKWLT, ff:S—>B*T

079 = i~ 57 + (L5, ot )0

WY = (ff7f;7 o 7]?7 e ) Y L,
inf I(7)(¢) = —I"(7")(7)

well

BT B fRL,

I*(#)(3) = Jim v7(3)
Proof TEEDEZHENS

inf 1(7)(0) = Jim (i)
DAL LTWE. £-T, LORMEBROERMOK €S K5 t=1,2,---,1C
XFLUT,
) vt(i) = inf F(i7aavt~1) = —'U;(’L) = —F*(i7ft*(i)7_v:—l)

a€A(7)
EOIEE vv=0,=006, FEEt=1,2,---, IKHIVELBEHLTEHD
HEMFON, FEHIIKRDA. m|
References

[1] J.P.Aubin, Optima and Equilibria — An Introduction to Nonlinear Analysis, Springer-
Verlag, New York, 1993.

[2] J.P.Aubin, Mathematical Methods of Game and Economic Theory, Revised Edition, North-
Holland, Amsterdam, 1982.



[3] J.P.Aubin, & I.Ekeland, Applied Nonlinear Analysis, Wiley-Interscience, 1984.
[4] J.P.Aubin, & H.Frankowska, Set-Valued Analysis, Birkhduser, Boston, 1990.

[5] D.P.Bertsekas and S.E.Shreve, Stochastic Optimal Control: The Discrete Time Case, Aca-
demic Press, New York, 1978.

[6] D.Blackwell, Discrete dynamic programming, Ann. Math. Statist. 33 (1962) 719-726.
[7] D.Blackwell, Discounted dynamic programming, Ann. Math. Statist. 36 (1965) 226-235.
[8] R.M.Dudley, Real Analysis and Probability, Wadsworth & Brooks, 1989.

[9] E.B.Dynkin and A.A.Yushkevich, Controlled Markov Processes, Springer-Verlag, Berlin,
1979.

{10} I.Ekeland, On the variational principle, J.Math.Anal. Appl., 47 (1974) 324-353.
[11] I.Ekeland, Nonconvex minimization problems, Bull. Amer. Math., 47 (1979) 443-474.

[12] K.Hinderer, Foundations of non-stationary dynamic programming with discrete time pa-
rameter, Lecture Notes on Operations Research and Mathematical Systems 33, Springer-
Verlag, Berlin, 1970.

[13] K.Tanaka, On discounted dynamic programming with constraints, J. Math. Anal. Appl.
155 (1991) 264-277.

85



