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Abstract

Let C be a nonempty weakly compact convex subset of a Banach space
which has normal structure and let S be a semitopological semigroup such
that RUC(S) has a left invariant mean. Then we prove a fixed point theorem
for a continuous representation of S as nonexpansive mappings on C.
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1 Introduction.

Let S be a semitopological semigroup, i.e., 5 is a semigroup with a Haus-
dorff topology such that fér each a € S , the mappings s — sa and s — as
from S into S are continuous and let RU C(S ) be the space of bounded right
uniformly continﬁous functions on S. Let C be a nonempty subset of a Ba-
nach space and let § = {T; : t € S} be a family of self-maps of C. § is said

to be a continuous representation of S as nonexpansive mappings on C if the

following conditions are satisfied :
(1) Tyz = T,Tix for all t,s € S and z € C;
- (2) for ea,ch':v € C, the mapping s — Tz from S into C is contiunous.

Let F(S) denote the set of common fixed points of Ty, s € S. Fixed point
theorems for noncommutative families of nonexpansive mappings on C have
been investigated by several aﬁthors ; see, for example, Bartoszek([1], Holmes-
Lau[2,3], Lau[4,5,6], Lau-Takahashi[7,8], Lim[9,10], Mitchell[11,12], Taka-
hashi[13,14,15,16], Takahashi-Jeong[17] and others. Among these, Lim[9]
pi‘ove‘d‘that if S is left reversible (i.e., any two closed right ideals in S have
non-void intersection) and C is weakly compact, convex, and has normal
structure, then & has a common fixed point in C.

In this paper, we prove a fixed point theorem for a continuous represen-

tation of S as nonexpansive rﬁappings on C in the case of which RUC (S)
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has a left invariant mean and C is weakly compact, convex, and has nor-
mal structure. It is well known that left reversibility and existence of a left

invariant mean on RUC(S) do not imply each other.
2 Fixed point theorem.

Let S be a set and m(S) be the Banach space of all bounded real-valued
functions on S with the supremum norm. Let X be a subspace of m(S)
containing constants. Then g € X* is called a mean on X if ||g|| = p(1) = 1.
Let p € X* be amean on X and f € X. Then we denote by p(f) the value of
¢ at the function f. According to time and circumstances, we write p;(f(t))

the value pu(f). As is well known, 4 € X* is a mean on X if and only if

inf f(s) < u(f) < sup f(s)

for evéry f € X. If S is asemigroup, a € S, and f € m(S), define (¢, f)(t) =
f(at) and (raf)(t) = f(ta), t € S. I £a(X) C X for all a € S, then a mean
pon X is left invariant if u(€,f) = p(f) for alla € S and f € X. Let S
be a semitopological serhigroup. Let C(S) be the Banach space ‘of bounded
continuous real-valued functions on S. Let RUC(S) dénote the space of
bounded right uniformly continuous functions on S, i.e., all f € C(S) such
that the mapping s — r,f of S into C(S) is continuous. Then RUC(S) is a
closed subalgebra of C(S) containing constants and invariant under left and

right translations (see [12] for details). A closed convex subset C of a Banach
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space is said to have normal structure if for each closed bounded convex
subset K of C , which contains at least two points, there exists an element
of K which is not a diametral point of K. It is well known that a closed
convex subset of a uniformly convex Banach space has normal structure and
a compact convex subset of a Banach space has normal structure. Lim[9]
also proved the following.

Lemmal9]. A closed convex subset C' of a Banach space has normal
structure if and only if it does not contain a sequence {z,} such that for
some ¢ > 0, ||z, — zm|| £ ¢, ||[Tn41 — Tl 2 c—;l-z— foralln > 1, m > 1,
where T, = %gm,

Now we can prove a fixed point theorem for noncommutative families of

nonexpansive mappings in Banach spaces.

Theorem. Let S be a semitopological semigroup, let D be a weakly
compact subset of a Banach space B which has normal structure and let
S = {T, : s € S} be a continuous representation of S as nonexpansive
mappings on D. Suppose RUC(S) has a left invariant mean. Then S has a

common fixed point in D.

Proof.  We first prove that for any ¢ € D and y € B, a function A
defined by h(t) = || Tz — y|| for all t € S is in RUC(S). In fact, we have, for
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s,u €S,
Ik = rohll = sup|(rk)(t) — (ruk)(t)] = sup |h(ts) — A(tuw)|
teS teS
= sup || Tz — y|| - [|Ttuz — yll| < sup || Tesz — Tuz||
tes tes
S| Tz — Tuz|.
Let

E={K Cc D: K is nonempty, closed, convex, and T,-invariant }.

Then by Zorn’s Lemma, there exists a minimal element C of E. Let §(C) > 0
and let u be a left invariant mean. Then, for any = € C,

A ={2 € C: p||Tyx — z|| = min p|| Tiz — g}

is nonempty, closed, convex, and T,-invariant (see [8,13] for details). So,
we have A, = C from minimality of C. Since y is a mean, there exists
a net of finite means ), such that A\, —*" u. Let 2 € C, € > O,\and

z1, 572, -, z, € C. Since A, = C, there exists ag such that

(Hao )il Tixo — || < v +€, Vi =1,2,---,n,

Nag
where r = min p4]|Tyzo — y||- That is, there exists z = Z AjTs . xzo with A, - -+
yeC ; = J
Nag
Anag = 0 and ) A; =1 such that
Jj=1
Nag
|z — z]| < Zz\jHTijo —zi||<r+e Vi=1,2,--- n. (1)

=1
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Let Cye={2€ C:||z—y| <r+e}for each y € C. Then by (1),
{C‘,c ‘Y€ C}

has finite intersection property. Since C is weakly compact, there is zo € C
such that ||z — y|| < r + € for every y € C. Since {Tyzo} C C, we have

supies||zo — Tizol|| < zgg |20 — y|| £+ €. Since

r = pif|Tezo — 20| < sup [[Tezo — 20| < sup 20—yl <7 +€
and

r= gtllﬂmo —z|| < sup | Tizo — z|| < sup ly —z||, Vze€C,
we have

< _ < i — < .
r < ;Ielcfj sgp | Tixo — || < ;Ie% zlelg ly =zl <7 +e

Since € > 0 is arbitrary, we have
r = p||Tizo — z|| = inf sup |ly — 2|, Vz € C. (2)
2€C yeC
Since zo € C' is arbitrary, for any z,2 € C, we have
r=w|Tie - z|| = inf sup [ Tiz — ul| = inf sup fly — v

So, let

Ao={z€C:sup|lz—Tz|| <r, VzeC}.
tes
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By (2), since there exists 29 € C such that

sup ||y — 2ol =,
yel

we have that Ag is nonempty. Let zy € Ap and s € S. Then putting
A, ={2€ C:sup||Tyz—z2|| <r, Vz€C},
teS
we have 2, T5z9 € A;. Further, for any z € C,

r= il Tiz — 2l = pillTuz — 2] < sup | Tsez — zo|
i €

< sup ||Tiz — 2] £ .
teS
and

r= Nt”thU - TsZOH = ,u't”Tstm - TszOH S Stlelg ”Tstx - TszOH

< sup||Tiz — 2 <.
tesS

For using Lim’s Lemma, fix 29 € Ao. Then since r = w||Tiz0 — 20||, there
exists s; € S such that ||Ty,20 — 20]| > 7 — 1 . Since 29, T}, 20 € As, and Ay,
is convex, |

1

1
_2- = 520 + §T31z0 € Asl'

Let 2, = 29 and z3 = T}, 2. Since r = p||Ty20 — T2 || = || T5, 020 — T2l|, there
1

exists sy € S such that ||Ts,5,20 — T3|| > 7 — 2 So, let 3 = T§,5,20. Then,

we have

|1 — 22|l = ||20 — T5, 20 < sup |20 — Ti2ol| = r,
te
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Nl — 23l| = ||T5, 20 = Tiys020]l < |20 = Ty 20| < 74

and

s = 21l = WTossaz0 — z0ll < sup | Tizo — z0ll = -

tes
Similarly, let
_ lx + 1 + 1:1;
T3 = — —z9 + —Z3.
3= 301+ 3%+ 3%
Then, r = p||Ti20 — T3|| = pe)|Ts, 50620 — T3, there exists s3 € S such that
1

|75, 535520 — Z3|| =7 — 3 So, let z4 = T, 5,5520- Then, we have

24 = z1]| = || Tsys28520 — 20| < sup |Te20 — 2ol =T,

€ .
“‘T‘l - $2“ = ”,_T818283z0 - T8120” < “Tszsazo - ZO“ < Stug ”tho - 20” =T,
' €
and
lz4 — @3]l = [|Ts1525520 — T35, 20| < || Tsg20 — 20} < sup | Te20 — 20| = r.
€

By mathematical induction, let x5 = T, 5,555,205 6 = Ls153555455 20, -- Lhen
we have

|zn — 2m|| 7, Vn,m and ||Ta41 —Fnl| =7 — =

Using Lim’s Lemma, C has not normal structure. This is a contradiction.
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