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26.

On the Weights of Simple K3
Singularities
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Let X be a normal 2-dimensional analytic space. Then the singular points of X are discrete.
There are rational singularities, quotient singularities, elliptic singularities, cusp singularities and
so on. In the theory of two-dimensional singularities, simple elliptic singularities and cusp singu-
larities are regarded as the next most reasonable class of singularities after rational singularities.
What are natural generalizations in three-dimensional case of those singularities. They are purely
elliptic singularities. When X is a two-dimensional analytic space, purely elliptic singularities are
quasi-Gorenstein singularities. In higher dimensions, however, purely elliptic singularities are
not always quasi-Gorenstein. Simple elliptic singularities and cusp singularities are characterized
as two-dimensional purely elliptic singularities of (0,1)-type and of (0,0)-type, respectively. The
notion of a simple K3 singularity is defined as a three-dimensional isolated Gorenstein purely
elliptic singularity of (0,2)-type.

Example. Let f(x,y,z,w) be a quasi-homogeneous polynomial of type (p,q,r,s:h) with p+q+r+s=h,
and suppose f(x,y,z,w) = 0 defines an isolated singularity at the origin. Then the origin is a simple
K3 singularity.

Yonemura calculate the weights of hypersurface simple K3 singularities by nondegenerate poly-

nomials and obtained examples such that the polynomial f is quasi-homogeneous and that f=0
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has a simple K3 singularity at the origin.The minimum number of parameters in the polynomial

is less than or equal to 19 and is associated with the moduli of the K3 surface with singularities.

We try to impose Mathematica programs to construct the weights of simple K3 singularities.

f=z2+y5+:c6+w6y+zyxw

The follwing vector means {z,y,x,w}

{2,0,0,0}, {0,5,0,0}, {0,0,6,0}, {0, 1,0, 6}

z= 2, y=0;x= 0, w=0;fl=az+by+cx+dw+e

z= 0 y=5, x=0;w=0;f2=zaz+by+cx+dw+e

z= 0, y=0;x=6; w=0;f3=az+by+cx+dw+e

z= 0 y=1,x=0;w=6;fd4=az+by+cx+dw+e

S= Solve[ {f1,£2,{3,f4}=={0,0,0,0},{a,b,c,d} ;

T= { Part[S[[1]}{[1]},2],Past[S(L([4)}2), Part[S[(L)(2]},2],PareISILI([3]].2] )
T /. e —» LCM[2,5,6,15] * (-1)

{15, 6, 5, 4}

{2,0,0,0}, {0,5,0,0}, {0,0,6,0}, {0,0,2,5}

z= 2, y=0;x=0; w=0;fl=az+by+cx+dw+ e

z= 0, y=5;x=0; w=0;f2=zaz+by+cx+dw+e

2= 0, y=0;x=6; w=0;f3=az+by+cx+dw+ e

z= 0, y=0;x=2;w=5;fd=zaz+by+cx+dw+e

S= Solve[ {f1,f2,£3,{4}=={0,0,0,0},{a,b,c,d} ];
T=Part[S[[1]][[1]},2],Part(S[(1]][2]],2], Part[S[(1]}{[4]],2),Part[S[[1]][[3]}2] };
T /. e =» LCM|2,5,6,15] * (-1)

{15, 6, 5, 4}

{2,0,0,0}, {0,5,0,0}, {0, 1,0, 7}, {0,0,2, 5}

z= 2, y=0;x=0,w=0;fl=az+by+cx+dw+ e

z= 0, y=5;x=0;w=0;f2=zaz+by+cx+dw+ e

2= 0 y=1;x=0,w=7;f3=az+by+cx+dw+ e

z= 0, y=0;x=2;w=5;f4=az+by+cx+dw+e

S= Solve[ {f1,f2,£3,f4}=={0,0,0,0},{a,b,c,d} ]; -

T= { Part/S[{1]]([1)},2),Pact(S(L{[3]),2], PartIS{[L[2]l2},PastiSINI41.2) };



T /. e = LCM[2,5,14,35] * (-1)
{35, 14, 15, 8)

{2,0,0,0}, {0,5,0,0}, {0,0,6,0}, {1,1,1,1}
z= 2, y=0;x=0;w=0;fl=az+by+cx+dw+e
z=0;y=5x=0;w=0;f2=az+by+cx+dw+e;
z=0;y=0;x=6; w=0;f3=az+by+cx+dw+e
z=z Ly=Lix=l,w=1l;fd=az+by+cx+dw+ g
S= Solve| {f1,f2,f3,f4}=:{0,0,0,0},{a,b,c,d} l;

T= { Part(S([1]][(2]],2],Part{S[(1]]([3]],2], Part[S[{1]){[4]},2),Part[S[[1]][[1]},2] }; T /.

*(-1)
(15, 6, 5, 4}

{2,0,0,0}, {0,5,0,0}, {0,1,0,7}, {1,1,1,1}

z=2,y=0;x=0;w=0;fl=az+by+cx+dw+e

z= 0, y=5,x=0;w=0;f2=az+by+cx+dw+e

2= 0;y=Lix=0; w=T7;f3=az+by+cx+dw+e
z=ly=l;x=l;w=1l;f4=az+by+cx+dw+eg

S= Solve[ {f1,f2,3,f4}=={0,0,0,0},{a,b,c,d} |;

T= { Part(S[[1]]{(2]],2],Part(S([1]][[4]),2], Part[S[[1]]{[1]],2],Part[S[[1]}{[3]],2] };
T /. e —» LCM[2,5,70,35] * (-1)

{35, 14, 13, 8}

{2,0,0,0}, {0,0,6,0}, {0,1,0,7}, {1,1,1,1}

z=2;y:O;x:O;§v=0;f1=az+by+cx+dw+e;
z=0;y=0;x=6; w=0;f2=az+by+cx+dw+e

2= 0;y=1;x=0; w=T;f3=az+by+cx+dw+e
z=lLy=l,x=L,w=1l,fd=az+by+cx+dw+eg

S= Solve| {f1,f2,3,f4}=={0,0,0,0},{a,b,c,d} };

T= { Part[S[[1]}{{1]],2],Part[S{[1]}{(2]],2], Part[S[[1]][[3]],2],Part(S[[1]]{[4]].2] };
T /. e » LCM[2,9,6,9] * (-1)

{9, 4, 3, 2}
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{0,5,0,0}, {0,0,6,0}, {0,1,0,7}, {1,1,1,1}

z= 0, y=5x=0;w=0;fl=az+by+cx+dw+e

2= 0, y=0;x=6,w=0;f2=az+by+cx+dw+ e

z= 0 y=15x=0;w="7f3=az+by+cx+dw+e;
z=Ly=lix=Liw=1lf4=zaz+by+cx+dw+e;

S= Solve[ {f1,f2,{3,f4}=={0,0,0,0},{a,b,c,d} ];

T= { Part[S[[1]]{[1]},2], Part[S[[1]}[[4]],2], Part[S[[1]]([2]},2],Part[S[[1]]((3]},2] };
T /. e = LCM[210,5,6,35] * (-1)

{109, 42, 35, 24}

f:zz+y3+z7+w42+zyzw

The follwing vector means {z,y,x,w}

{2,0,0,0},{0,3,0,0},{0,0,7,0}, {0,0,0,42}

I

2, y=0,x=0;,w=0;fl=az+by+cx+dw+e;
0;
Oy=0x=7w=0;f3=az+by+cx+dw+e

y=3;x=O;w:O;f2=a2+by+cx+dw+e;

z= 0
S= Solve[ {f1,12,3,£4)=={0,0,0,0},{a,b,c.d} |
T= { Part[S[[1]][[1]},2],Part[S[[1])[[2]],2], Part[S[[1]}([3]},2],Part[S[[1]][(4]],2] };

T /. e — LCM[2,3,7,42] * (-1)
{21, 14, 6, 1}

y=0x=0,w=42;fd=az+by+cx+dw+ ¢

{2,0,0,0}, {0,3,0,0},{0,0,7,0}, {0,0,6,6)

2=2y=0;x= O w=0;fl=az+by+cx+dw+ e
z=0y=3ix=0,w=0;f2=az+by+cx+dw+e
z=0y=0;x=T,w=0;f3=az+by+cx+dw+e

z= 0, y=0;x=6; w=6;fd=az+by+cx+dw+e

S= Solve[ {f1,f2,£3,f4}=={0,0,0,0},{a,b,c,d} |;

T= { Part[S[[1]]{[1]],2],Part[S[[1]][[2]],2], Part[S[[1])([4]],2],Part[S[[1]]{[3]},2] };
T /. e = LCM[2,3,7,42] * (-1)

{21, 14, 6, 1}



{2,0,0,0}, {0,3,0,0}, {0,0,0,43}, {0,0,6,6}

z=2;y=0;x=0;w=0;f1=az+by+cx+d‘w+e;

2= 0 y=3;x=0;w=0;f2=az+by+cx+dw+eg

2= 0, y=0;x=0; w=43;f3=az+by+cx+dw+e
z:0;y=0;x=6;w=6;f4=az+by+cx+dw+e;

S= Solve| {f1,f2,f3,f4}=={0,0,0,0},{a,b,c,d} |;

T= { PartS{LI[1),2],PastS{L[2]).2], Part[S[[11]([3]}.2),Part[S[(1]}({4]}.2] };
T /. e = LCM|[2,3,258,43] * (-1)

{129, 86, 37, 6}

{2,0,0,0}, {0,3,0,0}, {0,0,7,0}, {1,1,1, 1}

z:2;y#0;x=0;w=0;fl=az+by+cx+dw+e;

2= 0 y=3;x=0;w=0;2=az+by+cx+dw+e

2= 0 y=0,x=T;,w=0;f3=az+by+cx+dw+e
z=Liy=lix=l;w=lfd=az+by+cx+dw+e

S= Solve| {f1,f2,{3,f4}=={0,0,0,0},{a,b,c,d} |;

T= { Part[S[[1][[2]},2),Pact(S[[L)[3)},2], Part(S{[1]{[4]2),Part[S[[1]]([1]].2] };
T /. e = LCM[2,3,7,42] * (-1)

{21, 14, 6, 1}

{2,0,0,0}, {0,3,0,0}, {0,0,0,43},{1,1,1,1}

z=2,y=0;x=0; w=0;fl=az+by+cx+dw+e;

2= 0, y=3;x=0;,w=0;f2=az+by+cx+dw+e;

2= 0 y=0;x=0; w=43;f3=az+by+cx+dw+e
z=lLy=l,x=l;w=1fd=az+by+cx+dw+e

S= Solve| {f1,f2,3,f4}=={0,0,0,0},{a,b,c,d} };

T= { Part[S[{1]]((2]],2],Part[S[[1]}{[3]],2], Part[S[[1]]{[1]],2],Part[S[[1]}{[4]}.2] };
T /. e - LCM[2,3,258,43] * (-1)

{129, 86, 37, 6}

240



241

{2,0,0,0}, {0,0,7,0},{0,0,0,43}, {1,1,1,1}

2, y=0;x=0;,w=0;fl=az+by+cx+dw+ e
0;y=0;x=7,w=0;2=zaz+by+cx+dw++e¢;
O;vy=0;x=0;w=43;f3=az+by+cx+dw+e;
Ly=Lix=l,w=1f4=az+by+cx+dw++e

Solve[ {f1,f2,3,f4}=={0,0,0,0},{a,b,c,d} };

{ Part[S[[1]]{[2]),2],Part[S[{1]}{{1]},2], Part[S[[1]]{[3]],2],Part[S[[1]]([4]},2] };
T /. e - LCM[2,602,7,43] * (-1)

{301, 201, 86, 14}

v N8N N N N
','[3 T T A [

{0,3,0,0}, {0,0,7,0}, {0,0,0,43},{1,1,1,1}

z= 0, y=3;x=0;w=0;fl=az+by+cx+dw+e

z= 0 y=0;x=T;,w=0;f2=az+by+cx+dw+e

z= 0, y=0;x= 0, w=43;f3=az+by4+cx+dw+ g

z= Ly=l;x=l,w=1lifd=az+by+cx+dw+e

S= Solve| {f1,f2,3,f4}=={0,0,0,0},{a,b,c,d} ;

T= { Part[S[[]([1]],2],Past[SLN([2],2], Pact(SILN[3),2], PartiSI1}([4]1,2] )
T /. e = LCM[903,3,7,43] * (-1)

{452, 301, 129, 21}

f=z2+azy' +w15+w71+2ymw

The follwing vector means {z,y,x,w} |

{21 070»0}) {0v41170}a {0»0a5a 1}» {0’ 0»17 7}

z= 2; y=0; xiO;WZO;f1=a2+by+cx+dw+e;

z:O;y=4;b'x= l,w=0;f2maz+by+cx+dw+ e

z= 0, y=0;x=5 w=1;f3=az+by+cx+dw+e

z= 0 y=0;x= L, w=7fd=az+by+cx+dw+e

S= Solve[ {f1,f2,3,{4}=={0,0,0,0},{a,b,c,d} ];

T= { Part[S[[1]]{[1]],2],Part[S[[1]][[2]},2], Part[S[[1]][{4]},2],Part[S[[1])[[3]],2] };
T /. e —» LCM[2,34,17,17] * (-1) '

{17, 7, 6, 4}



{2,0,0,0}, {0,4,1,0},{0,0,5,1}, {0,0, 3, 4}
2= 2, y=0;x=0;w=0;fl=az+by+cx+dw+e
z= 0, y=4;x=1,w=0;f2=az+by+cx+dw+e
z= 0 y=0;x=5;, w=1;f3=az+by+cx+dw+e
z= 0, y=0;x=3; w=4;fd=zaz+by+cx+dw+e;
S= Solve[ {f1,2,{3,{4}=={0,0,0,0},{a,b,c,d} J;
T= { Part[S([LI}({1]).2],Pact(S{1]((2]}.2), Past(S[1][[4]),2),Pact(S{L)(3]),2) };
T /. e — LCM[2,34,17,17] * (-1)
{17, 7, 6, 4}

{2,0,0,0}, {0,4, 1,0}, {0,0,1,8}, {0,0, 3,4}

% y=0;x=0;w=0;fl=az+by+cx+dw+ e
Oyy=4;x=1,w=0;f2=zaz+by+cx+dw+e

2= 0, y=0;x=1;,w=8,f3=az+by+cx+dw+ e
0;y=0;x=3;w=4fd=az+by+cx+dw+e

S= Solve| {f1,f2,f3,f4}=={0,0,0,0},{a,b,c,d} |;

T= { Part[S[[1]]([1]),2],Part[S[[1]]{[2]],2], Part[S[[1]][[4]].2],Part[S[[1]][[3]}2] };

T /. e » LCM[2,5,5,10] * (-1)

{5, 2, 2,1}

{2,0,0,0}, {0,4,1,0}, {0,0,5,1}, {1,1,1,1}

2= 2, y=0;x=0; w=0;fl=az+by+cx+dw+ e
z=0,y=4;x=1,w=0;f2=az+by+cx+dw+e¢

2= 0, y=0;x=5;,w=1;f3zaz+by+cx+dw+e
z=Ly=lix=l,w=1;fi=az+by+cx+dw+e

S= Solve[ {f1,f2,£3,f4}=={0,0,0,0},{a,b,c,d} |;

T= { Past[S(UI{[1),2},PastS{LI([21),2], Part(S{[LI)[[4)),2),Pact[S(LI(30,2] )
T /. e = LCM|[2,34,17,17] * (-1)

{17, 7, 6, 4}
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{2,0,0,0}, {0,4,1,0},{0,0,1,8},{1,1,1,1}

2= 2, y=0;x=0; w=0;fl=az+by+cx+dw+ e

z= 0 y=4;,x= 1, w=0;f2=az+by+cx+dw+e

z= 0 y=0;x=1;,w=8;f3=az+by+cx+dw+eg

z=z liy=1,x=1,w=1,fd=az+by+cx+dw+e

S= Solve[ {f1,£2,3,f4}=={0,0,0,0},{a,b,c,d} J;

T= { Part(S{[1][[1]].2],PastS[[1]1(21],2], Part[S[[1]}([4]},2],PartIS[(11](3],2) };
T /. e - LCM[2,5,5,10] * (-1)

{5, 2,2, 1}

{2,0,0,0}, {0,0,5,1},{0,0,1,8},{1,1,1, 1}

z= 2, y=0;x=0; w=0;fl=az+by+cx+dw+ e

z= 0, y=0;x=5w=1;2=maz4+by+cx+dw+e;

z=0y=0;x=1;, w=8;f3=az+by+cx+dw+e

z= lLiy=lix=l;w=1fd=az+by+cx+dw+e;

S= Solve| {f1,£2,£3,f4}=={0,0,0,0},{a,b,c,d} J;

T= { Part[S[[1]J[12]},2.Part(S[[1]){[1]],2], Part/S[LI(13]],2], Part(S{L])([4]},2] };
T /. e = LCM[2,78,39,39] * (-1)

{39, 17, 14, 8}

{0,4,1,0}, {0,0,5,1},{0,0,1,8},{1,1,1,1}

z= 0, y=4;x=1,w=0;fl=az+by+cx+dw+e;
z=0;y=0;x=5;, w=1;f2=maz+by+cx+dw+e

2= 0;y=0;x= 1, w=8;f3=az+by+cx+dw+e
z=liy=lix=lLiw=Lfd=maz+by+cx+dw+ e

S= Solve[ {f1,2,£3,f4}=={0,0,0,0},{a,b,c,d} ;

T= { Part[S[[1]]{[1]],2],Part(S[[1]]([2]],2], Part[S[[1]][[4]],2],Part[S{[1]]([3]},2] };
T /. e — LCM[39,39,39,39] * (-1)

{20, 8, 7, 4}



f=22+y3+...+zyxw

The number in following vector shows {z,y,x,w} Define the weight of x and w

zzlhzz] = 1/(hzz + 3)
zylhzy] = (1-(1/3))*(1/(hzy + 2))
zzlhez] = (1-(1/2)) % (1/(hzz + 2))
wwlivw] = 1/(iww+ 3)
wyliwy] = (1-(1/3)) = (1/(iwy + 2))
wzliwz] = (1—(1/2)) % (1/(1wz + 2))
zwwlheww.] = (1 -wwliww]) « (1/(hzww + 2))
zwylhzwy] = (1 - wyliwy]) * (1/(hzwy + 2))
zwzlhowz] = (1 - wzliwz]) * (1/(hzwz + 2))
wezliwzz] = (1-zzlhzz]) * (1/(iwzz + 2))
wayliwzy] = (1 -zylhay]) * (1/(wzy + 2))
wzzliwzz] = (1-zzlhzz])* (1/(iwzz + 2))

calculation
Dol[If[xx[hxx]+wwliww]l==1/6 && xx[hxx]>=wwliww],

Print[{1/2,1/3,xx[hxx] ,wwliww]}1], {hxx,1,9,1},{iww,1,39,1}];

{1/2, 1/3, 1/7, 1/42} {1/2, 1/3, 1/8, 1/24} {1/2, 1/3, 1/9, 1/18}
{1/2, 1/3, 1/10, 1/18} {1/2, 1/3, 1/12, 1/12}

Dol[If[xx[hxx]+wxx[ivxx]==1/6 && xx[hxx]>=wxx[iwxx],

Print[{1/2,1/3,xx[hxx] ,wxx[iwxx]}]],{hxx,1,9,1}, {iwxx,1,34,1}];
{1/2, 1/3, 1/7, 1/42} {1/2, 1/3, 1/8, 1/24} {1/2, 1/3, 1/9, 1/18}
{1/2, 1/3, 1/11, s5/66} {1/2, 1/3, 1/12, 1/12}

Do[If[xx[hxx]+wyl[iwy]l==1/6 && xx[hxx]>= wy[iwy],
Print[{1/2,1/3,xx[hxx] ,wy[iwy]}]],{hxx,1,9,1},{ivy,1,26,1}];
{1/2, 1/3, 1/7, 1/42} {1/2, 1/3, 1/8, 1/24} {1/2, 1/3, 1/9, 1/18}

{1/2, 1/3, 1/10, 1/15} {1/2, 1/3, 1/12, 1/12}
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DolIf[xx[hxx]+wz[iwz]==1/6 && xx[hxx]>=wz[ivz],

Print[{1/2,1/3,xx[hxx] ,wz[ivz]}]],{hxx,1,9,1},{ivz,1,19,1}];
{1/2, 1/3, 1/7, 1/42} {1/2, 1/3, 1/8, 1/24} {1/2, 1/3, 1/9, 1/18} {1/2,
1/3, 1/12, 1/12}

Do[If[xylhxyl+wwlivwl==1/6 && xyl[hxyl>=wwliwv],

Print[{1/2,1/3,xy[hxy] ,ww[iww]}]],{hxy,1,8,1},{iww,1,27,1}];
{1/2, 1/3, 2/15, 1/30} {1/2, 1/3, 1/9, 1/18} {1/2, 1/3, 2/21, 1/14} {1/2,
1/3, 1/12, 1/12}

Do[If[xy[hxyl+wxyliwxyl==1/6 && xylhxyl>=wxyl[iwxy],
Print[{1/2,1/3,xy[hxy] ,wxy[iwxy]l}]],{hxy,1,8,1},{iwxy,1,24,1}];
{1/2, 1/3, 2/15, 1/30} {1/2, 1/3, 1/9, 1/18} {1/2, 1/3, 1/12, 1/12}

Do[1f [xy[hxy)+wy[iwyl==1/6 && xy[hxyl>=wyliwy],
Print[{1/2,1/3,xy[hxy],wy[iwy]}]],{hxy,l,8,1},{iwy,1,18,1}];
{1/2, 1/3, 2/15, 1/30} {1/2, 1/3, 1/9, 1/18} {1/2, 1/3, 1/12, 1/12}

Do[If[xylhxyl+wz[iwz]l==1/6 && xy[hxyl>=wz[iwz],

Print[{1/2,1/3,xy[hxy] ,wz[iwz]}]],{hxy,1,8,1},{ivz,1,13,1}];
{172, 1/3, 2/15, 1/30} {1/2, 1/3, 1/9, 1/18} {1/2, 1/3, 2/21, 1/14} {1/2,
1/3, 1/12, 1/12i

Except the case of xz included in the case of xx

Do[If [xwwlhxww]+ww[iww]l==1/6 && xwwlhxww]>=ww[iww],
Print[{1/2,1/3,xwwlhxww] ,wwliww]}]], {hxww,1,12,1},{iww,1,33,1}];

{1/2, 1/3, 5/36, 1/30} {1/2, 1/3, 5/42,’1/21} {1/2, 1/3, 5/48, 1/16} {1/2,

1/3, 1/12, 1/12}

Do [If [xwy [hxwyl+uy[ivyl==1/6 && xwy[hxwyl>=wy[iwy],
Print[{1/2,1/3,xwy[hxwy],wyliwy]l}]],{hxwy,1,12,1},{ivy,1,22,1}];

{1/2, 1/3, 5/36, 1/30} {1/2, 1/3, 5/42, 1/21} {1/2, 1/3, 5/54, 2/27} {1/2,

1/3, 1/12, 1/12}

Do[If [xwzlhxwz]+wz[iwz]==1/6 && xwz[hxwz]>=wz[iwz],
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Print[{1/2,1/3,xwz[hxwz] ,wz[iwz]}]],{hxwz,1,12,1},{ivz,1,16,1}];
{1/2, 1/3, 5/36, 1/36} {1/2, 1/3, 5/48, 1/16} {1/2, 1/3, 1/12, 1/12}

The case of xz is now constructing



