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Zero sets of solutions of the heat equation

%E—%ﬂ%‘kfﬁ(ﬂé‘ﬁi Kinji Watanabe )

1. Introduction. The purpose of this note is to study

the zero set
Z(u) = {(x,t) e @x(-T,T) 3 u(x,t) = 0 }

of an analytic solution u of the following equation
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satisfying the Dirilchlet condition
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2
+ I b, 3% 4w in ex(-T,T), (1,1)

u = 0 on QX (~T,T). (1,2)

Here { 1s . a bounded domain in 1}R? with boundary 3% of

analytic class, aj K b, and c¢ are analytic functions and
3

J
( a5 ) is symmetric and positive definite in Qx(-T,T).
3

When the space dimension is equal to 1, i.e. , Q = (0,1),

Angenent [1] proved , without assumption of analyticity , the
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finiteness and the nonincrease with respect to t of the

number of
Z(u(t)) = {xe @ 3 u(x,t) = 01}

for classical solution u. Moreover Watanabe [2] showed that

near each point (xo,to) in the singular part S(u) of Z(u)
S(u) = {(x,t) € Z(u) 3 gggd u(x,t) = 0 }

Z(u) 1is equal to the union of 2& or 2% + 1 continuous curves

for some £ 2 1 such that

- = - + £ i £
X X Yt -t A {t AZl,j + 0(1) }, 1 €3 £ 4, as t ¢t ty
or
- = - * < j £
X X Yt,-t A {z A22+1,j +o(1)} , 1 _AJ S %, as t o+t
x - x_ = o(/Te=t |) as t » t _.
o o o)
Here A 1is a non zero constant and xk,j , 1 £ < [k/2] ,

are the positive roots of the k-th Hermite polynominal of one
variable.

On the other hand,on account of complexities of zero
sets of Hermite polynominals of several variables , which are

defined as polynominal solutions of Hermite “s equation

n
2 AH - I X 82/3X3
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we encounter difficulties to see zero sets of solutions of
equations similar to (1,1) in the case of the space dimension > 1.
One of important facts concerning Hermite polynominal H '

of two variables of the form

m
_ m , m-J
H(xl,xg) = x; + -§ hj(x2) X4
Jg=1
is the following.
Lemma 1. The discriminant as polynominal in X, of H
is not identically zero.
2. Nodal line. To analyse the zero set Z(u(t)) we use
. the following notation. o
Definition 1. Let . f be a non constant analytic function
in @ and U an open subset of Q . A curve vy 1is said to be

a nodal line of f in U if it satisfies the following two
conditions. (1) It is a connected continuous curve in
Z(f)yU with arc length s such that for each Y(so) in the

singular part S(f) of Z(f) we have as germ of set at 0
{T(Y(S)—Y(So));ls—sol small} = {(X(C),Cd);CEC,lal small} (y R?

for some rotation T around the origin , an integer d 2 1 ,
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and a holomorphic function A near ¢ = 0. (ii) It contains
at least two points and maximal with respect to the inclusion

relation in the set of all curves satisfying (i).

Example 1. Let p be a non constant homogeneous

polynominal and set

k

W(x,t) = I El-, £% 4K p(x),H(x) = W(x,-1),H*¥(x) = W(x,1).

These mean that W 1s a solution of wt = AW and H 1is a Hermite
polynominal. When we put Z(p) = { 6 € [0,7) ; p(cos6,sin6) = 0 }
and denote by v(6) 1its vanishing order at 6 , Z(H) is not empty
and the number of all unbounded nodal lines of H ( resp. H**)

~in R? 1is equal to

z v(e) , ( resp. #{86 € Z(p) 3 v(6) 1is odd } ).
8eZ(p)
This is a consequence of Lemma 2 in the next section. By the

maximum principle H¥ has no bounded nodal domain, i.e. , each
connected component of R?*\Z(H¥) is unbounded and hence there

is no compact nodal line of H¥ in 1R2.

Example 2. Put u(x,t) = xi - xg(l - xg) + 12txg + 12t2.
Then u 1is a solution of up = A u

lines in 1R? 1is not nonincreasing with respect to t.

and the number of its nodal
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3. Results. Let u be a non trivial analytic solution
of (1,1). We assume that (0,0) be in S(u) and u can be

written near (0,0)

b
oz

u(x,t) = ug {‘xm + uj(xz,t) XT~j } (3,1)

J=1

for some ug # 0 , uj(0,0) =0, mz 2.

Lemma 2. Assume that there is an analytic function ¢
near X, = 0 such that $(0) = ¢7(0) = 0, u(x,O)(xl - ¢(x2))_m
# 0 for |x| small enough. Then there is an open neighbourhood

U of x=0 and 6 > 0 such that the following holds.
‘(i) Z(u) Ux{0 < t < &} is empty when m 1is even , an

analytic surface of the form
x, = o(x,) = o(vVt) , as t + 0

when m is odd.. (ii) Z(u)yUx {0 >t > =6} is equal to the

union of m analytic surfaces of the forms

X, = ¢(x,) = V-t A(x,){ ¢ g ; + o(1)},1 £ S %,as t10.

Here & = [m/2], A(xz) # 0 and we have to add an analytic
surface of the form Xq - ¢(x2) = o(/-t) , as t 4+ 0, when m

is odd.
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Secondly we consider the case where S(u) M {0<t<§, |x]|<8}
is not empty for any § > 0. Since it follows from Lemma 1 that
the discriminant as polynominal in xl of (3,1) 1is not
identically zero , we have , by using the Pulseux expansion , that

Z(u)(\Z(au/Bxl)r\{O < t} is , near (0,0), equal to the union of

finitely many curves of the form
(A (e),u(e?),t%) , t > o,

Here a and b are integers z 1 , A and u are analytic

near t = 0. Take such a curve and put

v(y,t) = uly, + A(6),y, + u(s?),t").

Lemma 3. Under the notation mentioned above,there are,for

each t >0 small enough,an integer d 2 1 and holomorphic

functions Qj near (0,t) such that

d

v(y,8o,t) = vy Ty - 05(g,8)) , v # 0, ¢,(0,8) = 0.

o} (6]

When S(u)n{0 >t > -8 , |x| < 8} is not empty for any ¢,
an analogous result to Lemma 3 for t < 0O holds.

We are now ready to state the main results of this note. Let

D oy - Vi
u(Xl,C ,O) = u I (Xl -wj(ﬁ)) (332)

o}

be the Puiseux expansion of u(x,0) at x = 0 for some integer
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D 1

(0) =0

v,

j vi(2) = ¥ (2) # 0

b

L

such that as germ of

enough. We denote by the

(3,2)

in

I,
J

{(wj(a),cD) 5 ¢ €

z

5 z

choose a subset of 1

and

Z(u(0)) U {Fj 5 J €

and that Fj # Fk for Jj # k

J (=)

o z

j522
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Proposition 1.

are an open neighbourhood U

for each 0 < t < 8§ , Z(u(t))n

noncompact nodal lines of u(t)

7Z(u(t))NU 1is not empty and the

of u(t) in U is equal to JO

When u also satisfies

concerning the number J(t)

have the following.

and holomorphic functions

of

the boundary condition

of nodal lines of
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wj near ¢ = 0 satisfying

for j # k , |zl > 0 small
set of the index j appeared
set at O
c, |z| smal11} R? # {0}
such that

Iy} (3,3)

€ 22 Put

# {5 ¢ I, s vy 1s odd }

Under the notation mentioned above,there

0 S

X and. > 0 such that

U is equal to the union of Jo(+)
and that for each 0 > t > =§¢

in U

number of noncompact nodal lines

(-).

(1,2),

u(t) in £  we
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Proposition 2. J is a step function, i.e. , it is

constant in (-p,0) and also in (0,p) for some p > 0.

4, Proofs. In this section we give brief proofs of

Lemmas and Propositions.

Proof of Lemma 1. We use induction on m. Suppose that

H can be written near some point (zo,;o) in C*2

H(z,z) = (z - n(z))Y H H # 0

o °? o

for some holomorphic function h near Co and integer v 2 2.
Since BH/axl is also a Hermite polynominal , we have by

assumption of induction and Hermite equation that v = 2 and

3n(z)? _ _
Yz = 1 near Co'

So h and H can bewritten

h(g) =a+bi+o0zi, o =4%1,

H(x; + a,x, - ob)= IXILI Hi(x) in R?

2
for some real numbers a , b and polynominal Hl . Let p

be the initial form of H(x  + a,x, - ob) at (0,0). Since

2

p has a factor |x|? , this gives a contradiction to the

harmonicity of p which follows from Hermite”s equation.
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Proof of Lemma 2. We introduce a parameter 1 with
|| small. Put
k_a
_ t7x",9 (k.3 ya
W(T,X,t) - L k!a!(as) (ay) u(yl+¢(y2+T)3y2+T,S)

2k+|a|=m y=0
s=0

Then it follows from (1,1) that W(t) satisfies

~
2

j k(T)Bxaax >
J J‘ k

A

[l
W M

Jrk=1
for some symmetric and positive definite matrix (Aj,k)'
Since the initial date of W(t) 1is independent on Xy 5 W(T)
is also independent on X5 and hence it is determined by

Hermite polynominal of one variable. So we can easly see Z(u)
by using the relation as lel + |t] > 0,

u(xy + ¢(1),1,8) = W(t,x,t) + o({|x1|2 v ||y (ml)/2y

Proof of Lemma 3. Take the maximum Vv of k such that
{(A(t),u(ta),tb) 5 £ > 0. small enough } is contained in the
intersection of Z((%; )ju), J = 0,°+°,k. Since the
discriminant as polynominal in Vi obtained by the Weiefstrass
preparation theorem for v near (0,0) , does not vanish for
Y5 # 0, t > 0, there are holomorphic functions ¢j’ 15 j< vy in
{ (g,t) e CxR 3 0 < arg ¢ < 2m,|¢]>0,|t - T| small enough }
such that V(¢j(c,t),c, t) = 0. So we have for some permutation

0 of {1,-+,0} and an integer d that pd = identity and
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lim ¢.(rei(2TT - e),t) = 1lim ¢

.\ (re
640 9 svo P(J)

When we put for 2km <£d8 < 2(k + 1)m , 0 £ k < d,

= »t),
pk(J)

i
o.(re
J(

it is easy to see an expression of v.

Proof of Proposition 1. We verify the claim of this
proposition for t >0. Take % >0,j=1,2,s0 small that
the Puiseux expansion (3,2) of wu(x,0) and (3,3) hold in
{ x 3 lle <2 € } and that u(%e,x,,0) # 0 for |x2| S €,
Set U ={ x ; lle < g }. When J_(+) =0, i.e.,
72(u(0))MNU = {0} , by the maximum principle we have that
Z(u)VUx (0,8) is empty for small 6 > O. Assume that J_(+) > 0.

For § > 0 small let
{Z(w)NZ(3u/3x )} Ux (0,8) = L){sj 3 j = 1,++,N}

be the decomposition into its connected components and we

denote by YA[t*] the union of closures in U of Sj{\ {t = t¥},
j e A for a subset A of {1,-++,N}. Then YA[t*] is not

a closed curve for any A and hence there is no compact nodal
line of wu(t¥) in U. On the other hand it follows from Lemma 2
that the number of non compact nodal lines of wu(t*) 1in U is

equal to JO(+).
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Proof of Proposition 2. We show that nodal lines of
u(t) in U , which is the neighbourhood of x = 0 given 1in
the proof of Proposition 1 , depend " continuously " on t > 0.
We use the notation in Lemma 3 and its proof. By the method
of constraction of ®j we assumevwithout lose of gencerality that
d is even and that Im ¢j(r,t) =0 in {(r,t) 3 0 <r ,|t - t|
small }. Then we claim that there is a complex number w and
o =+ 1 such that for each t with |t - t| small we have
as germ of set &t O

{(®-(€,ﬁ),cd);C‘€ C,lz| smal1l 1} R3
’ (4,1)

= {(®j(r,t),rd);0 <r small}y, {(¢j(wr,t),ord);o < r smalll.

For each t with |t - t| small,this equality (4,1) holds with

some w = w(t); o = o(t), wd = 0. Put

I(+) = {t 3 o(t) = 1} , I(-) = {t ;5 o(t) -1}
When t 1is an accumulation point of I(+) , we can replace w(t)

by a number w = exp(2kmi/d) independent on t so that (4,1)

hold for any t with 0 < [t - f| small enough. We have to

check the case where ®j(r,€) = ®j(wr,f) for any r > 0. But
we have by definition of ®j
¢j(r,€) = QJ(P,E) = ¢j(wr,f) = ¢pk(j)(r,€)
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and hence j = pk(j) , ¢j(r,t) = ¢j(wr,t) for any (r,t)
which imply a contradiction. When t is an accumulation point
of I(-) , it is easy to verify (4,1).

By the assumption of analyticies of coefficients in  (1,1)
and 9df8 , we have that u 1s analytic in some neighbourhood
of @x (-T,T) and hence we obtain the " continuous dependence "
on t e (0,8) ,for & small enough, of nodal lines of wu(t)

in 2
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