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ERIBG#ERED Ry N —BD 5 7 8 DRI EE

HBR SATOSHI GOMYO

BLHIZ

BugEEa /7 N -8B G OWMKT 7 OWKESEEIL A. Borel and J. de
Siebenthal ([1]) ik D, HFINT B, TNODELEHI, HB orderp (p=
2,3,5) @ automorphism o 2L

G ={z€G|o(z)=12z}

EERBEEINEZEPFMOoNTN S, BHSIZKD ([6][7][8]) « Ga, Fy, Es, Er BlD

E&lT. G7 BT RTEAMICERINTNW S, EBlDE X3, ThEh
Ay x E7, Dg, As, Ay X Ay, Ay x Eg,

R BDEET B EEBENS - EAHISNTUS ([1]) A5 Ax x By TE Dy
B, HHSICXD ([2][5][6]) BAMICERINTWS, TITREH»D G D

BARRFERZITIL D,
type (Es)° order of &
As SU(9)/Zs 3
As x Ay (SU(5) x SU(5))/Zs 5
A, x Eg (SU(3) x Eg)/Zs 3
# i

C" ODRHERZ €1, ,en  (X,Y) & (ei,¢5) = bi; 12K DEFEI NS ARRIER
HISNEL T 5o C" O kEABNFZH AF(C™) (0 <k <n) LiTPE%E
(Xl/\"'/\xkayl/\"'/\Yk):»det((xian))v kzla
(a,b) = ab, a,be A\°(C™) = C,

53
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WKL DEET S, ue A¥(C) ot LT #(u) e A" F(C™) %
(x(u),v)=(uAv,e1 A Aep) for ve A"F(C™),
Eirc g KIICEET B,
p & dp % SL(n,C) & sl(n,C) DA*(C™) (k=1,-- ,n) LDFEH

p(A)(x1 A+ Axp) = Axq A -+ N Axy,

k
dp(X) (X1 A AXp) =D X1 Ao A XX A AXy,
j=1

EL.AYCH =C LoEHE
p(A1=1,  dp(X)1 =0,
3:'3_50 E{T\ ga%p & dp (i%\ﬂ}ﬁﬁ"éo
u,ve AF(C") (1<k<n),icdLTC" LOE#HBuxv %

norh —k

uxv:ze*(vAx(uAz))+(-1) (u,v)z, (ze€Cm),

EEET D, §H5Euxvidsln,C) DEiis,

§1 Subgroup SU(9)/Z3 .

N AV
a=s(9,C)d A*(C”) d \*(C?)

I, EE
(X, u,v) :[(le ulavl)a (X2v uz, VZ)]

(9
(1
o)

u=Xju; — Xou; + x(vy Avy),
v=—-Xvy +Xyv, — *(111 A 112)7

{ X=[X1,X2] +u; x vy —ug X vy,
LD EET S E. g lTERY *—fﬁﬂif&ég 51T, IROFEENKD LD,
Theorem 1.1. The Lie algebra g is a complex simple Lie algebra of type Es.
g RICHERAER v LAE < R, Ry > %
(X, u,v) = (=X7, -V, —),
< Ry,R; > = —B(R1,7R»),



55

kY EFET S, ZZT B i g D Killing form TH 53, g @ Killing form {3
B((X1,uy,v1),(Xs,uz,v3)) = 60trX; X3 + 60(uy, vo) + 60(uz, vy),
LD, BT -
< (X1, u1,v1), (X2, ug,v2) >= 60trX; X7 + 60(uy,05) + 60(v1,V3),
(L IEE M Hermite NEEE 155,
93 & [3] @ Theorem 23 & [HEIC, B
Eg = {a € Aut(g) | < aRy,aR, >=< Ry, R, >}
W3 B RUBEE /Ny MY —BEETL B,
1 D=FFR w = exp(27¢/3) ZANT Eg Dt w &
w(X,u,v) = (X,0u,0>v)
EEHEL (0P =1), SOIHAR (B)Y &
(Es)” = {a € Eg | aw = wa}
ET 5,

Theorem 1.2. The subgroup (Eg)" of Ej is isomorphic to the group SU(Q)/Z3.

Proof. B ¢ : SU(9) — GL(g) %-
o(A)(X,u,v) = (Ad(A)X, Au, 'A~1v)
LEHT Bo BOMIT, ¢ HERHGRTS B, FEHO Y € su(9) 1K L,
exp(ad(Y,0,0)) = p(expY) .
DRILT B DT, p(A) 1¥ g OACARERTHY, E
< @(A)R1,0(A)Ry >=< Ry, Ry >

WILT AD T, p(A) € By 185, 72 w = ¢(¢I) (¢ = exp(2mi/9)) L D
@(A) € (Es)Y bMIOGDTH B,

(Bs)¥ @ —BRiZ, |
{Reg| VR:R,wRﬁR} = {(X,0,0) e g | X € su(9)} = s5u(9),
ERENTILD. 7o (Bo)" il ([4]) 205, 0 BEHTH 5,

BRI
Kerp = {I,wl,w?I} = Z3



B SEDT,
SU(9)/Zs = (Es)”

MFoNdo,

§2 Subgroup (SU(5) x SU(5))/Zs.
N7 hIVZER

l=g0® g1 Dg2DgsDga

(1
(9
!

go = sl(5,C) @ sl(5,C),

a1 =A(C)OAY(C®), g2=A*(C)@N(C),

95 = N(CP)@ A\'(C®),  ga=N'(C°)®N*(C®),
2. anti-symmetric WAL T ORRICEET 50

[90, 90] C 9o, (X1, 11), (X2, Y2)] = ([X1, X2, [Y1, Y2)),
[90,91] C g1, [(X,Y),a®x] = (Xa)®x+a® (Yx),

[90,92] Cg2,  [(X,Y),y®@b]=(Xy)®b+y®(='Yh),

[90, 93] C g3, [(X,Y),z@c]=(-"Xz)®c+z (Ye),

(90, 94] C g4, (X,Y),d®w]=(-'Xd)®@w+d®(-'Yw),
(g1, 94] C go0, [a@x,d®w]=(—(x,w)axd,(a,d)x x w).
92,95 C g0,  [y®b,z&¢c] = ((b,c)y x 2,(y,2)c x b),

[ghgl] C g2 and [94394] C gs,

[a; ® x1,a, ®x2] = (a3 A az) ® *(x1 A X2),
l92,92) Cga and [g3,93] C g1,

[y1 ® bi,y2 ® ba] = x(y1 Ay2) ® (bi A by),
[91792] - g3 and [94;93] C g2,

[a®x,y @ b] = *(y A a) ® *(x(x) A b),
[gQag‘l] - g1 and [93791] - g4,

[y ®b,d®@w] =+(x(y) Ad) @ «(w A Db).

35 & [13HEHE graded (ie., (95,91 Cgm CZTm=k+1] mod§) U —BRIZIL
o XHIT, IRMELD LD,



Theorem 2.1. The Lie algebra | is a complex simple Lie algebra of type Eg.

[ @ Killing form (&

B(Ry, Ry) =60trX; X, + 60trY; Y, — 60(xq, w2 )(as,ds)
- —60(x2,w1)(az,d1) — 60(y1,22)(b1,c2) — 60(y2, 21)(b2, c1),
EHBE, (ZZTR; =(X,Y,a0x,y®b,zRc,d®w),) g LicHk&ERIEH
v EIEFEME Hermite N < R, Ry > %
v(X,Y,a@x,y ® b,z®c,d @ w)
=(—X*-Y*dW,zQCy®b,a®
< Ry, Ry > = —B(R1,vR») ,
= 60trX; X + 60trY; Y, + 60(x1,%3)(a1,az) + 60(y1,¥2)(b1, by)
+ 60(z1,23)(c1,€2) + 60(w1,W32)(d1,dz)

KL DEHET B,

§1 RIS, 1 OHFER n = exp(2mi/5) ZANWT, EgBIBE#E /%7
) —Bf

Es ={a € Aut(l) | < aRy,aRy >=< R;, Ry >}
DT« &
(X, Y,a®x,y®b,zQc,d®w)
= (X,Y,n(a®@x),7’(y @ b),n*(2® c),n*(d ® w)).
EREHEL (P =1) . WHBE (B) % |
(Bs)' = {a € Es | at = 1a}
&3 %, §1 Theorem 1.2 ERBEIC, ROEFEHHE SN B,

Theorem 2.2. The subgroup (Es)* of Eg is isomorphic to the group (SU(5) x
SU(5))/Zs.
§3 Subgroup (SU(3) x E¢)/Z3.

Z @ section Tld, EHREKRE 7 TEDT,

€ %, % Cayley algebra & LT, € O#&k% 7 TEDT,

J=33,8)={X e M(3,¢) | X = X~}

3. =

XoY = (XY +YX)

1
2

57



58

IZ& V| % Jordan algebra 1275 %, #5% Jordan algebra JC LI, HI#E (X,Y) .
IE%{E Hermite A& < X,Y >, cross product X x Y, cubic form (X, Y, Z) &
determination det X % uT@%Guﬁﬁjéo

(X,Y) = t(X o V),
<X,Y >=(7X,Y),
XxY =XoY— %(tr(X)Y +tr(Y)X) + %{tr(X)tr(Y) — (X, V)M,
(X,Y,Z2) = (X,Y x Z) = (X x Y, 2),
det X = (X, X, X).
M (6]) ISk D, B B W) —B3
e§ = {¢ € Homg(3C, )](qSXXX)_O}

EEBEIN, B

det X = det X }

Es = {a € Isoo(ffc) <aX.al >=< X.V >

(& ERE#ERE O Xy N —BTHH, 20 —BRIE

e={peceS| <dX,¥Y >+ < X,4Y >=0}.

EHATENHLNT S,
8 1R FILZER C33C Dok
Y
Y =(Y)=|Y (Y; €3°)
, Y;

E#E <, ¢ € Hom(J®,3°), X = (2;5) € M(3,C) RV Y = (V;) € C*®3C 1=t
LT, ¢Y, XY € C3@3° %

oY: 11 Y1 +z12Ys + 213Y3
oY, XY = | 201Y] + 222Y5 + 29315
¢Ys T31Y7 + z32Y5 + 7335

LEET D, ToILY =(1),Z2=(2;) e C*x3° it L. W (Y,Z), E&EH
Hermite Wi < Y,Z >, cross product Y x Z, s((3,C) Ot Y *Z R Tr e DT
YVZ %, LLTORICERT 5,

(Y,Z) = (Y1,Z1)+ (Y2, Z3) + ( '3, Z3),
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<Y, Z>=<VY1,21>+<Yy,Zy >+ <Y3,Z5 >,
_HXZ;;—ZZXYQ,
Y xZ = /3>(Zl——Z3X1/1
_}/EXZZ—ZIXYQ
- —(Yiazl) (Y'laZZ) (Y17Z3)
Y*Z=|(Y2,Z1) (Yo,Z2) (Y2,Z3)
(Y3, 2y) (Y3, Z2) (Ys,2s)

bl

1
- =(Y,Z)I
S(Y,2)1,

N7 MIVZER]
m=s((3,C) @ ¢§ @ C*03° @ C*@3°
I\ BEE

(X7 ¢7 Y._ Z) :[(le ¢I_17Y17 Z1)7 (X27 ¢27Y2> ZZ)]

ZZT
X= [Xl,Xz] + %Yl o] Z2 — iYQ,O Zl)
¢ = (41,02l + 1Y 1V Zy — Y,V Zy,
Y=01Y, — 21 + X1Y2 - XoY, —Z; X Zs,
Z=—"91Z9 + 32y — X125 + X271 +Y; X Y.
WK D EFKT 5,

OB m 3, 8] THENON TSR B B —Kef &, 5
(@(qﬁ,U, 1': V)v(X3Yr7£a77)7(Zv W,C,w),r,s,t)

v -3 3¢ —2U] [-2v
= (e —jv-r ot || Z || Y |
%77 s ——%1/—%71 X -W

WEOEBIEED, B> TRDED LD,
Theorem 3.1. The Lie algebra m is a complex simple Lie algebra of type Fx.

[ @ Killing form &

5
B(Rl, Rg) = 60tI‘(X1X2) + §Be?(¢1’ ¢2) + 15(Y1, Zg) —+ 15(Y2, Zl),

E18BH, (TR =(Xi,¢05,Yi3,Z;) £72 B i3 ¢S O Killing form Tdh 5,)
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m _EICHBERIER v & FEEE Hermite Wi < Ri, Ry > %
V(X’ ¢7 Y7 Z) = (~TtXa —Tt¢7-7 _TZa _TY)7
< Rl,Rz > = —B(Rl,’)/Rg) ‘
= 60t1‘(7‘t.X1)X2 +2Be§ (’T’t¢17’, (]52) +15< Yla Yz >+415< Zla Zz >
WKL DEET 5,
§1 ERARIC, BB /Xy MY —BF
Eg = {a € Aut(m) | < aRj,aR; >=< Ry, Ry >}

DTG § %
8X,4,Y,2) =(X,¢,wY,w*Z)

EEFEL (83 =1). o8 (E) %
(Eg)? ={a € Eg | a6 = 6a}
&9 B EL §1 Theorem 1.2 EFRIFRIC. ROEENFONSD,

Theorem 3.2. The subgroup (Ejg)? is isomorphic to the group (SU(3) x Eg)/Z3
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