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REFINEMENT OF CARR AND JOHNSON’S RESULTS ON
P A-COMBINATORICS

MENKRFLFEH PIE E5h  ( Yoshihiro Abe )

P.A LD combinatorics iZ#1} 5 Carr OEE %3 L, Johnson O REICEA ML [EE
2522, LEBESOERIZOMERRSZ &2 5. 12720, AX TR, £ 13 regular
uncountable T, A ¥ £ XY K&\ cardinal &9 5. i, PA={zCA:|z| <k} T,
lz] 1 = @ cardinality TdH 5.

1. Carr OFEEIZDIVT.

Carr 13 2] KEWTROEH L LBXRTINS.
Theorem. (Carr) If P, — (SNST,)?, then & is almost A-ineffable.

CITHVWOLRTNT, KX THEILNLODOEREBRS.

Definition. (1) z € PAICHUT, 2={y € P.A:z Cy}.
(2) X C P.A #% unbounded EIZRDOIETH 5.

Ve € PA (XN #0D)

(3) I,y = {X C P.A: X is not unbounded }.
(4) X k@ function f A% regressive &i, RO ETH 5.

Ve € X (f(z) € z)

(5) SNS. = {X CPuA:3f : X — ([ is regressive and f|Y is not constant for any
unbounded Y C X)}.

(6) I C P(PA) XL, IT=PPN-LI"={X CPA:PA-Xe€l}

(N X CPAIHL, XP={(z,y) e X xX:2 Gy}

B)XCPAETCPPA) KL, X - I} LBUTOILETHS.

VF :[X]? - 2 3H € P(X)NI* (F|[H)? is constant)
(9) X E® function f 7% set regressive &i, RO ETH5.

Ve e X (f(z) C z)
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(10) X C P.X % almost A-ineffable &3, RO & TH 5.
Vi: X — P.A [(f is set regressive) — JAC A ({r € X : f(z) =z N A} € I:,\)]
23, Car LRIURKENSIHDT, IV LBOEREHID. TODHOEHFEL
T, WSO DEHEICHMOoNTBELB~RS.

Definition. (1) I C P(P.A) A¥ideal TH 5 &1, ROFZH (a)~(d) 272 & TH 3.

(a)PeIAPAE]

B XCYAYel—Xel.

()6 <k AN{Xo:a <8} CI— UycsXy €1.

(d)Va< A ({zePAr:ad¢z}el).
() NP(I) = {X C Pa: X ()2},
(3) I A normal EIFRDIETH 5.

VXelITVfi: X -\ [(f is regressive) — Y € P(X)NIT (f|Y is constant)] :
(4) X C P D closed LIZRDZ ETH 5.
Vo< k V{zo:a <6} CX[Va< VB <6 (24 Cag) — Upcsta € X]

(5) X C PA & club &id, X 2 closed and unbounded TH 5 C &.
(6)NSex ={X CPA:3C (Ciscluband CNX =0)}.

Fact 1. (1) NP(I) is an ideal on P.X for any ideal I on P.A.

(2) NS,y is the minimal normal ideal on P.A.

( ) In)\ 9 SNSNA ; NSnA

(4) If any regressive function on X is constant on some Y € P(X) NSNS}, then X €

NSH.

Lemma 1. NS, C NP(SNS,»).

Proof. X € NP(SNS.\)" T, f: X — X I3 regressive &9 5.
F:[XP-2%2RDEIICEDS.

if z
Fle.y) = { (1) othefv(vis)e> 1)

REICED, % HeP(X)NSNSH BNEFEFELT, F|[H]? id constant TH S, Woh
i F'HE={1} Th3. ¥1bb, £ED z,yc HIIXL,

zCy— f(z) < fly)
2T, He SNSL e, TePH)NIL bidb-T,

fIT s constant
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Hnzi £T f I constant

ThbdLIMzec HDBHFLET LI ENGD 5.
HN#e SNSH 7255, Fact 1-(4) ickb, X e NSH, TH5. O

Definition. (1) A: A x A — X iIZH L,
Crh={zePA:h'zxzCz}
(2) X CPADEE, f:X — \x )\ regressive &1,
Vz € X (f(z) €z x )

Fact 2. (1) Cy is club for any h : X x A — A.

(2) If any regressive function f: X — XA X A is constant on some unbounded subset of X,
then X € NS¥,.

Lemma 2 (1) Let h: A x A — X be a bijection. If X NC} € SNSH, then X € NST,.

Proof. g : X NC — X x X & regressive &3 5.
hog:XNCp— Ak XNC, L0 regressive function &30, X NC, € SNST, IR

ED S,
Jy eI, (Y c XN ChA(hog)lY is constant)

LA D, h T bijection 726,
glY s constant
f-T, Fact 2-(2) &b, XNCre NSE. O

Lemma 3. NP(SNS,;)\) = NP(NSR,\)

Proof. Lemma 1 &M S, NS C NP(SNS.) C NP(NS.y) TH5.

X€NP(SNS,¢>\)+ 6‘:'3—5
D bijection b : A X A = A 2 U, Lemma 1 & Fact 2-(1) o, Cp € NS, C

NP(SNS.) ThBEH 5,
XNC,eNP(SNS,)*

2ED,
VF:[X NCy? — 2 3H € SNSY, (F|[H]? is constant)

T, H=HNC, € SNSH #2005, Lemma2ickb, He NS, 285, §U4bE,
VF : [X]* — 2 3H € NSY, (F|[H]? is constant)
Ehd, X € NP(NSo)t. &-T,
NP(SNS.,) D NP(NS,) O
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ULEho, ROZHENER I
Theorem 1. P\ — (SNSY)? if and only if PA — (NSH)2.

P — (NSH)E D oI3, & H% Mineffable TH 2 Z E#EHhh 3.
Definition. (1) X C P\ 2% A-ineffable & 3RO Z & TH 5.
Vi: X - P [(f is set regressive) — FJAC A ({z € P : f(z) =2zn A} € NS:,\)] .

(2) & A% A-ineffable &id P.A &' A-ineffable THBEZ L ET 3.

Kamo [6] TIE, & A% Mineffable T&H 3 Z &, almost Mineffable TH B &L, &
HENHMORETH B 2 LRI T A, ZhidE e, Theorem 1 WA~ 7z Carr
ODEBLD BEBICRVERTHELILEEKRLTNA.

2. Partial answer for Johnson’s question.

[5] T Johnson IIRD & HWHEMZ LT3,
Is I\ (X, 2)-distributive if k is mildly M-ineffable ?
CHiZH UT, Theorem 2 THAMLMELEZ 5.

Theorem 2. One can not prove in ZFC that 1,y is (\,2)-distributive whenever x is mildly
A-ineffable.

Y, EREbBRB,
Definition. (1) X C P\ ?% mildly A-ineffable &i, RO Z & TH 3.

Vf: X — PA[(f ts set regressive) — JA CAVz € PA Iy e XN (fly)Nz=znA)

(2) W 28 Ae It @ I-partition TH 5 &1L, KD (a)~(c) AWl TIETHAB.
(a) WCPANITT.
b) VIX,Y} C W[ (X £Y) — (X NY €1)]
(c)VBePANIT3IZeW (BNZ eIt
(3) 4 F7 IV 1M () 2)-distributive & i3,
V{W, :a < A}[Va < XA (W, is an [-partition of A A|W,| < 2)

— 3B e P(A)NI+ Ya < X 3IX, € W, (B - X, € 1)

Johnson’s question M 8. mildly A-ineffable &S #EIE, weak compactness D—
BikEZEZ o b, HE,



63

k is weakly compact if and only if & is mildly s-compact
B HILD. EIAT,
k is weakly compact — I, is (, 2)-distributive
T3 5. Johnson’s question [IZDERTHRBLEDENZB7ZA9.

Lemma 4. If I is (), 2)-distributive, then I|X = {Y C P : Y NX € I} is also (),2)-
distributive for any X € IT.

Proof. Ac (I|X)*, a < A iIZR LT W, it A ® I|X-partition T [Wo| <2 &7 5.
B=ANX eIt TH5b. U,={ZNX:ZeW,} &95&, U, I B D I-partition {Z
WAZENRDLIICLTHEI OGNS,
(@)U, CP(B)NIT THBH &I,

ZeW, — ZePANIX)* —ZnXePB)nIt

(b) X8

()Y e P(B)YNIT &F5. YCBCX XD YePUANIIX)" TbHD. WRIT,
ZeW,TYNZe(|X)t THELONHEHETS.

ZInXelU, TYNZ)nXelt&hs, YN(ZnX)el".

ZIT, Belt iz I () 2)-distributive THEIELEZBMAT S L,
Va < X3S, e W, (C— S, €1)

THBLSK, CeP(B)NIT BEET 3.
CePANIIX)r T, Sa=TaNX THB T, cW, 2EZB &,

C-T)NX=CNnX-T,NnXCC-5,¢€l
b, C-T,cllX ®¥Fohsd. O
Definition. (1) Jo, = {X CPA:36 <A 3f: X — §x & (f is regressive and f|V is

not constant for any Y € P(X) N I%)}.
(2) I ' seminormal &3, KO ENRHILDIETHS.

VX € It V6 < AVf: X — 6§ [(f is regressive) — JY € P(X) NIt (f|Y is constant )].
(B)h:8x 8- PAIIHLT,
Ch={z €PX:Va,8 €N (h(a, ) C )}

(3) I % A-generated &I
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F{Ga:a< A} (I ={X CPA:3a < AX C G}
(4) It — (I*)? EBKROZETH 5.
VX € I+ VF : [X]* — 2 3H € P(X) N I* (F|[H)? is constant ).
WD Fact 3 i3 Johnson [4] DERTH 3.

Fact 3.(Johnson) (1) If A is regular, then J,y is the minimal seminormal ideal on P, A.
(2) If \<* = X, then for all X € J}, there exists a Y € P(X)NJY, such that Jo,|X = L.,|X.
(3) If I is seminormal \-generated and (), 2)-distributive, then It — (I7)2.

(4) If I is seminormal A-generated and P.\ — (I1)?, then for any set regressive f : P —
P\, there is a set A C X such that for each § < ),

{rePA:flz)Né=zn AN} eTt.

Fact 4. (Abe [1]) (1) If X is regular, then J, is generated by {PA—Ch:h:6x 86 — P.A
for some § < A}.

Lemma 5. If \<* = X and I, is (), 2)-distributive, then & is §-ineffable for all § < A.

Proof. Fact 3-(1), Fact 4 & X<* = X XD, X I regular T Jiy I& seminormal T A-
generated TH B Z &8 5. I 51T, Fact 3-(2) 2D &, |

I=J,|X =1,]X

LB X e IT, Wb b, L, i3 (A 2)-distributive TH S EWIHREE Lemma 4 6,
I = L,|X 13 () 2)-distributive THB. Fz, Jon & {Go ta < A} DEKTELETS
E, {GoUPA—X)ta< A} T X =1 %%EKTHDT, I  A-generated TH
D, seminormal 7 WO THS. L ENS, I id seminormal A-generated (A, 2)-
distributive T#H B DT, Fact 3-(3) &b, I — (IT)? B HILD. KT,

P — (I+)2

Th5b.
XT, §< AT, f:P.,6— P i3 set regressive 12E&3 5.

g9(z) = f(z N )
Tg:PX— P A2EHTBE, gl set regressive 720 5 Fact 3-(4) £ 0,
{tePA:glz)Né=znANE} eIt

EHilcd AC A DEET .
B={zné:zc A} £T3L, FED z€ BIZHLT, flz)=cnNADKDHILD.
7, p(l) %



65

Xep(I) if XCPsS and {z€PA:znéeX}el

TEDBE, p(I)iE P.6 LD normal ideal T B € p.(I)* TH 5. #iZ B € NS, ( Fact
1-(2) ) THAHDT, ki b-ineffable I T EPyrEhiz. O

Z Z T, large cardinal {261} A EEKWLEREL RS,

Definition. (1) # C P(P.)\) #° fine ultrafilter on PN EIROEHZ#MIT I LT
H5.

(a) 0 & U.

by XeUNXCY —Y el

()6 < kAN {Xa:a <8} CU— NuesXs €U.

(d)Va < XA ({z € PA:a €z} el).

(e) VX CPA (X eUV PA-X €U).
(2) A fine ultrafilter 2 on P\ is normal if any regressive function f : P.A — X is constant
on some X € U. .
(3) k is \-compact if there is a fine ultrafilter on P.\. & is strongly compact if £ is

A-compact for all A > «.
(4) x is A-supercompact if there is a normal ultrafilter on P.\. & is supercompact if «

is A-supercompact for all A > .
(5) k is measurable if « is kK-compact.

Fact 5. (DiPrisco and Zwicker [3], Magidor (8], [9])

(1) If & s " _ineffable, then & is A\-supercompact.

(2) It is consistent that the first strongly compact cardinal is the first measurable.
(3) If k is A-compact, then £ is mildly A-ineffable.
(4)

4) If & is 2"-supercompact, then £ is not the first measurable.

Proof of Theorem 2. ZFC + V& Y\ ( is mildly M-ineffable — I, is (A, 2)-distributive)
EF 5. Fact 5-(2) 1A 5N 5 L5 k B strongly compact T the first measurable Tdh
% ZFC @ model %% 5. Fact 5-(3) & Lemma 5 £ ¥ « i3 2% -ineffable TH Y, &
512 Fact 5-(1) £ b & 1 2"-supercompact TH 5. Fact 5-(4) 25 &, « (I the first
measurable THWZ LI DREICFIET 5. o

RIS EATRO Z RSN 5.
Theorem 3. ZFC V/ Vk [k is strongly compact — YA (I} — (I5)*)].
3. Complement.

Iy B8 (A, 2)-distributive THNHAIZTDVOTHELT 5.
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Theorem 4. If A< = 2%, then I, is not (), 2)-distributive.
CORHEDIZHIZ, Johnson [4], [5] IZHBNSNTNBNL DHODEEREEIF 3.

Definition. [ 2% strongly normal &3ROI EThH 5.
VX eIt Vf: X - P [Vze X (f(z) CzA|f(z) <|znkl
— Y e P(X) NI (f]Y is constant )]

Fact 6. (1) (Baumgartner) If there is a v < & such that vt < k, ¥ = 2* and for each
1<k, n" <K, then I;,|X is normal for some X € I,.

(2) Il X is not strongly normal for any X € I, if k is weakly inaccessible.

(3) Suppose that & is inaccessible. If I is normal and (u, \)-distributive for any p < &,
then I is strongly normal.

(4) If I.x is (A, 2)-distributive, then k is mildly A-ineffable.

Proof of Theorem 4. A<* =2* T [, 1 (), 2)-distributive &3 %. Fact 6-(4) XV &
(& inaccessible T, Fact 6-(1) OZHDRKDILD. £ I T, L,\|X ¥ normal THB L H7
Xelf #&3%. I,]|X 13 Fact 6-(3) D%MH4i72 LT3 DT strongly normal {275 -
TUZEW, Fact 6-(2) ICKT 5. ]

1] Ti3 L.y & SNS., OHFED ideal ® hierarchy WEEIN T B, FHHIZo0
T Theorem 1 O —fF{LINKINT B.
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