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Let W = W{ be the classical r-dimensional Wiener space:
Wi = {w € C([0,00) — R")|w(0) = 0}

and P be the standard Wiener measure on Wg§. Then w(t) = (w'(t),---,w"(t)) forw € W
is a realization of r-dimensional Brownian motion on W. Also we write w; for w'(t).
For a given finite >0 and { =1,2,..., let

A:{(él,sz),...,sl)ERIi0S81<52,...<815T}



and L*(A) be the usual L2-space of real square-integrable functions on A. Let f(s1,-.-y81)
be an L%(A)-valued Wiener functional on W such that f (s1,--.,%) is B,,-measurable for
each fixed s; < ... < s;. Define for a multi-index a = (o, -, o) with o; € {0,1,--- T}
and 0<u<v<T,

Ia(f)u,v :/ f(sl""lsl)dw:? ---dw:’

U< <<y <v
by iterated Itd’s stochastic integrals. Set, for 0 <u < s < T,

”f”u(s) = If(s)l if =1

= sup | f(s1,---,81-1,8)] if 1>1.
©<3; <. <811<38

Also we introduce the following notations for multi-indices; for a multi-index o =
(ou, @z, -+, ) with o; € {0,1,---,7}, we write I = I(a) and set n(a) = #{k; oy = 0}. If
la) > 2, we set —a = (az,- -+, ;) and a— = (ay,- -, 0_y).

Lemma 0.1. (1) Forp>1land0<u<v<T,

(0.1) E [ sup. Lo f)ual™

U

< Clu— ) [ B 1) (2)7r)ds

(2) Let 1 : 0=ty <t; <...<t, =T be a partition of [0,T]. Set || = sup;(tiy: — t;)
and m(s) = m ift, < s <tny1. Consider the following expectation for each 0 < t < T':

i 0<s<t =0

m(s)-1 - ' :
Fta =F (SUP I Z Ia(f)tm,tm-m + Ia(f)tm(,)yslzp) .
Then, forp>1and 0<t< T,

(0.2) Fe

IA

t
C | [2Pli@-1 /0 E (I fllony(s)#) ds i U(a) = n(a),

Ol @ [* B (| £l (%) ds i 1(a) # n(a).

IN

Here, C are positive constants depending on T,p and o which may vary from lines to
lines.

Proof: (1) can be proved by induction on the length I(a) of oz If I(a) > 1,
Lol Pus = [ L)oo
where f*(s1,...,8-1) = f(s1,...,81_1,5). If oy = 0, then ,
B{([ V- (£)ulds}
< =0 [ B (f)sllds
by the Holder inequality. If oy # 0, then
¢ B{([ 1a(*)uslPisl?)

Clo=up ™ [ Blla (£l ]ds

B[ sup |La(f)usl™]

u<t<v

IN

E[ sup IIa(f)u,t|2p]
u<t<v

IN

IN

174



by a standard martingale inequality of the Burkholder-Davis-Gundy type for stochastic
integrals (cf. [IW89], p.110) and the Holder inequality. The inequality (0.1) for the case
l(a) = 1 can be obtained by the same estimates. Then we can conclude the proof by
induction if we note the following facts: I(a—) = I(a) — 1, n{a—) =n(a) or n(a)—1
according as a; # 0 or g = 0 and || f*||.(t) < || fllu(s) ift < s.

Next, we prove (2). We note that

m(t)—1

t
20 = 2 TalDimtmis + Ll = [ T (el

m=0

If n(a) = l(a), then

E[osglii_’t [Z(s)[7] E { [/ot a-(f 3);”“>”lds] 2"}
C- /Ot E {{La-(/)ts} ds

m(t)

c-{3 [’"“M B {Lar (F*)om ol 7} ds.

m=0""m

IA

IA

IA

By the estimate (0.1), this is dominated by

e 32 [ e [ [ (] ar < Ol [*B [l 7] .

m=0""m tm

Since l(a—) = l(a) — 1, (0.2) is obtained in this case.
If n{a) # l(a), and oy # 0, then by the Burkholder-Davis-Gundy inequality applied
to stochastic integral Z(s), we have

Blswp [26)*) < € B{[[ Mol enirol’as] '}

C-/OtE{]I (F Yol ds.

By the same estimate as above using (0.1), this is further dominated by

A

IA

t
[l(a=)+n(a—)] 2
Clalr | B (11l ()]

Since oq # 0, we have l(a—) + n(a—) = l(a) + n(a) — 1 and hence (0.2) is obtained.
Finally we consider the case n(a) # l(a) and oq = 0. We have

0<s<t  jno

m(s)—1
Fr < C-FE { sup | Y Ia(f)tm,tm+1|2p} +C-FE {Oiugt IIa(f)i_m(,),slzp}
= I] - 12 '

and estimate these two terms separately. We first note that

L=C- E{ sup | Zk: Ia(f)tm,tm+1|2p}

0<k<m(t)~1 m=0

and Sy = 1% 0 Ia(f)tmtmy, forms a discrete time martingale. Then we can apply the
Burkholder-Davis-Gundy inequality for the discrete time martingale (cf. [Ga73]) to obtain

that
m(t)—1 4
C-E { [ Z lIa(f)im,t.;.+1 |2j| }

m=0
C-E{

I

IA

m(t)—1

> |

m=0 tm

tm+1

Ia—(fa)tm,sds‘zjl } .
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Since .
m+1 tm
l[ [a—(fs)tm,sdslz S (tm+1 - tm) / ™ |Ia~—(.fa)tm,slzds)
m tm

this is further dominated by

N m(t)—1 tmt P
Clafr-BS| Y [ |Ia_(f’),m,|2ds} }
m=0 7im
t ) 4
< O B[ [ e (Y ols] |
<

Clrl? - [ B {lFac(f oo} ds.

Then by the same estimate as above using (0.1), we deduce that the above is dominated
by

Clrlptertei [ g g, (s)77)ds.

Since I(a—) + n(a=) +1 = I(a) + n(a) — 1, I; is now dominated as desired.

As for I, we have,

i

E | sup |Ia(f)zm(,),s|2p]

0<s<t

E [sup l/s Ia_(f’)tm(,),rd'rf”]

0<s<t Jm(s)

< E — ton(s 21"1‘/s (e |?

A ey v |
m(t)

S |7l'l2p_1E

tm1AL 5
S [ (Yol
m=0"""

By using (0.1), this can be dominated by

1 .
Claf~2 - faplieytnta) [CE(| 1|, (5))ds
0
1
= Clap=t- [ttt [Cp(p), (s)7)ds.
0 |

Since p > 1, we obtained the desired estimate for I, and the proof of (0.2) is now
complete.0
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