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1. Introduction

Let $H$ be a Hilbert space, let $C_{1},$ $C_{\sim},,$

$\ldots,$
$C,$ . be nonelnpty closed convex subsets of

$H$ and let $I$ be the identity operator on $H$ . Then the probleln of image recovery in a
Hilbert space setting may be stated as follow: The original (unknown) image $z$ is known a
priori to belong the intersection $C_{0}$ of $r$ well-defined sets $C_{1},$ $C_{\underline{)}}..,$ . . $‘’ Cr$ in a $\mathrm{H}\mathrm{i}\mathrm{l}\mathrm{b}\mathrm{e}\mathrm{l}\cdot \mathrm{t}$ space
$H$ ; given only the llletric projections $P_{i}$ of $H$ onto Ci $(i=1,2, \ldots, r)$ , recover $z$ by an
iterative schenle.

Ill 1991, $\mathrm{C}^{\mathrm{t}}1^{\cdot}\mathrm{o}\mathrm{m}\mathrm{b}\mathrm{e}\mathrm{Z}[4]\mathrm{p}_{1}\mathrm{o}\backslash \cdot \mathrm{e}\mathrm{d}$ the following: Let $T=c \backslash _{0}I+\sum_{i=1}^{t}c\downarrow i\tau_{i}$ with $T_{i}=$

$I+_{/}\backslash _{i}(P_{i}-I)$ for all $i,$ $0</\backslash _{i}<2,$ $\mathfrak{a}_{i}>0$ for $i=0,1,2,$ $\ldots,$
$\uparrow,$ $\Sigma_{i=0}\Gamma C\mathrm{t}i=1,$

$\mathrm{w}\mathrm{h}\mathrm{e}\mathrm{l}\cdot \mathrm{e}\mathrm{e}\dot{\zeta}$)$\mathrm{C}\mathrm{h}P_{i}$

is the metric $1$) $\mathrm{r}\mathrm{o}\mathrm{j}\mathrm{e}\mathrm{C}\mathrm{t}\mathrm{i}_{0}\mathfrak{U}$ of $H$ onto $C_{i}$ and $C_{0}= \bigcap_{i=1}^{\Gamma}$ Ci is $\mathrm{n}\mathrm{o}\mathfrak{U}\mathrm{e}\mathrm{n}1\mathrm{p}\mathrm{t}_{v}\backslash$ . Then $\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{l}\cdot \mathrm{t}\mathrm{i}\mathrm{n}\mathrm{g}\mathrm{f}\mathrm{i}\cdot \mathrm{o}\mathrm{m}$

an $\mathrm{a}\mathrm{r}\mathrm{l}$) $\mathrm{i}\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{l}\mathrm{y}$ element $x$ of $H$ , the sequence $\{T^{\iota_{X}}’\}$ converges weakly to an element of $C_{0}$ .
Later, Kitahara and $\mathrm{T}\mathrm{a}1_{\overline{1}}\mathrm{a}\mathrm{h}\mathrm{a}\mathrm{s}\mathrm{h}\mathrm{i}[9]$ dealt with the $1^{)1\mathrm{o}\mathrm{b}}1\mathrm{e}\mathrm{n}$ ) of image recovery by convex
combinations of sunny nonexpansive retractions in uniformly convex Banach spaces. In
[9], they proved that an operator given by a convex combination of sunny nonexpansive

$\mathrm{r}\mathrm{e}\mathrm{t}1^{\cdot}\mathrm{a}\mathrm{c}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}\mathrm{s}}$ in a uniformly convex Banach space is $\mathrm{a}\mathrm{s}\backslash ^{\prime \mathrm{n}1}.1^{\mathrm{J}\mathrm{t}\mathrm{o}}\mathrm{t}\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{y}$ regulal and the set of
fixed $1$) $\mathrm{o}\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{S}$ of the $\mathrm{o}\mathrm{p}\mathrm{e}\mathrm{l}\cdot \mathrm{a}\mathrm{t}\mathrm{o}\mathrm{l}$

. is equal to the $\mathrm{i}_{11\mathrm{t}\mathrm{c}\mathrm{t}}\mathrm{e}1^{\cdot}\mathrm{s}\mathrm{e}\mathrm{i}_{0}11$ of the $1^{\cdot}\mathrm{a}\mathrm{n}\mathrm{g}\mathrm{e}\mathrm{s}$ of sunny $\mathrm{n}\mathrm{o}\mathrm{n}\mathrm{e}\mathrm{X}\mathrm{l}$) $\mathrm{a}\mathrm{n}\mathrm{S}\mathrm{i}\mathrm{v}\mathrm{e}$

$1^{\cdot}\mathrm{e}\mathrm{t}1^{\cdot}\mathrm{a}\mathrm{c}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}\mathrm{s}}$ . $\mathrm{F}\mathrm{u}\mathrm{l}\cdot \mathrm{t}\mathrm{h}\mathrm{e}\mathrm{l}\cdot$, using the $1^{\cdot}\mathrm{e}\mathrm{s}\iota \mathrm{l}\mathrm{t}\mathrm{S}$ , they $\mathrm{P}^{\mathrm{l}\mathrm{O}\iota \mathrm{e}\mathrm{d}}$ some $\backslash \backslash \cdot \mathrm{e}\mathrm{a}1_{\overline{1}}\mathrm{C}\mathrm{O}\mathrm{U}\backslash \cdot \mathrm{e}\mathrm{l}\cdot \mathrm{g}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{C}\mathrm{e}\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{l}\cdot \mathrm{e}\mathrm{l}\mathrm{l}\mathrm{E}\mathrm{f}\mathrm{o}1^{\cdot}$

the $0_{1^{)\mathrm{e}1^{\cdot}\mathrm{a}\mathrm{t}\mathrm{O}}}1^{\backslash }$ which $\mathrm{a}\mathrm{l}\cdot \mathrm{e}$ conllected with the $1$) $1^{\cdot}01\supset 1\mathrm{e}111$ of illlage $1^{\cdot}\mathrm{e}\mathrm{c}\mathrm{o}1^{\cdot}\mathrm{e}1_{\sim}\backslash$ . See also Reich [12].
In tllis $\mathrm{p}\mathrm{a}_{\mathrm{P}}\mathrm{e}1^{\cdot}$ , we also deal with the $\iota \mathrm{J}1^{\cdot}01\supset 1\mathrm{e}\mathfrak{U}1$ of inlage $\mathrm{r}\mathrm{e}\mathrm{c}\mathrm{o}\backslash \cdot \mathrm{e}\mathrm{l}\cdot \mathrm{y}$ ill Baliach $\mathrm{s}_{1}$) $\mathrm{a}\mathrm{C}^{\cdot}\mathrm{e}\mathrm{S}$

setting alld $\mathrm{i}_{\ln_{1^{)1^{\cdot}0}}}1\prime \mathrm{e}$ solne $1^{\cdot}\mathrm{e}\mathrm{s}\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{t}\mathrm{S}$ in [9]. $\backslash l^{r}\mathrm{e}\mathrm{f}\mathrm{i}1^{\cdot}\mathrm{s}\mathrm{t}1$ ) $1^{\cdot}\mathrm{O}\backslash \cdot \mathrm{e}$ two weal\v{c} $\mathrm{c}\mathrm{o}\mathrm{n}\backslash \cdot \mathrm{e}\mathrm{l}\cdot \mathrm{g}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{c}\mathrm{e}\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{l}\cdot \mathrm{e}\mathrm{m}\mathrm{s}$

$\mathrm{f}\mathrm{o}1^{\cdot}$ all $0_{1}$) $\mathrm{e}1^{\cdot}\mathrm{a}\mathrm{t}\mathrm{O}1^{\cdot}$ given by a convex combination of $\mathrm{n}\mathrm{o}\mathrm{n}\mathrm{e}\mathrm{X}\mathrm{l}$) $\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{S}\mathrm{i}\backslash \cdot \mathrm{e}1^{\cdot}\mathrm{e}\mathrm{t}\mathrm{l}\cdot \mathrm{a}\mathrm{C}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{S}$ in a $\mathrm{s}\mathrm{t}\mathrm{l}\cdot \mathrm{i}\mathrm{c}\mathrm{t}\mathrm{l}\mathrm{y}$

convex and $1^{\cdot}\mathrm{e}\mathrm{f}\mathrm{l}\mathrm{e}\mathrm{x}\mathrm{i}\mathrm{V}\mathrm{e}$ Ballach space. In the $1$) $\mathrm{r}\mathrm{o}\mathrm{o}\mathrm{f}_{\mathrm{S}}$ of the theorelns. it is $\mathrm{C}\mathrm{l}\cdot \mathrm{u}\mathrm{c}\mathrm{i}\mathrm{a}\mathrm{l}$ that the
$0_{1})\mathrm{e}1^{\cdot}\mathrm{a}$ ( $\mathrm{o}\mathrm{r}$ is $\mathrm{a}\mathrm{s}_{\mathrm{J}^{\mathrm{m}}1^{)\mathrm{t}\mathrm{O}\mathrm{t}}}\mathrm{i}\mathrm{C}\mathrm{a}\mathrm{l}1\}^{r}\mathrm{r}\mathrm{e}\mathrm{g}\iota\iota \mathrm{l}\mathrm{a}\mathrm{l}$alid the set of fixed $1$) $\mathrm{o}\mathrm{i}_{\mathfrak{U}\mathfrak{c}\mathrm{S}}$ of the $0_{1}\supset \mathrm{e}1^{\cdot}\mathrm{a}\mathrm{t}\mathrm{o}1^{\cdot}$ is equal to
tlle $\mathrm{i}\mathfrak{U}\mathrm{t}\mathrm{e}1^{\cdot}\mathrm{s}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}}$ of ranges of nollexl\supset irnsil $\cdot$e retractions. One of tlle $\mathrm{C}\mathrm{l}\cdot \mathrm{u}\mathrm{c}\mathrm{i}\mathrm{a}\mathrm{l}$ results is $1$) $\Gamma \mathrm{O}\mathrm{V}\mathrm{e}\mathrm{d}$

using Edelstein alld $\mathrm{O}’ \mathrm{B}_{1}\cdot \mathrm{i}\mathrm{e}\mathrm{n}[5]01^{\cdot}\mathrm{I}\mathrm{s}\mathrm{l}\mathrm{l}\mathrm{i}\mathrm{l}\overline{\mathrm{c}}\dot{c}\iota\backslash \backslash \cdot \mathrm{a}[\overline{/}]$ alld tlle othel$\cdot$ is obtained using Bruck [1].
$\backslash \backslash \mathrm{e}$ also $1)_{\dot{\mathrm{C}}}\iota_{\text{ノ}}.\backslash \cdot$ attention to tlle situatioll wllere thc $\mathrm{c}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{S}\mathrm{t}\mathrm{l}_{\dot{\zeta}}\iota \mathrm{i}11\{_{\mathrm{S}}\mathrm{a}\mathrm{l}\cdot \mathrm{e}$ illcollsistellt, i.e., when
tlle $\mathrm{i}_{11\mathrm{t}.\mathrm{c}}\mathrm{Q}\mathrm{l}_{)(^{\supset}}\mathrm{c}’ \mathrm{t}\mathrm{i}\mathrm{o}\mathfrak{U}$ of the scts $C_{j}(i=1.\mathit{2}\ldots.\uparrow\cdot)$ is $\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{l}$ ) $\mathrm{t}\backslash \backslash \cdot$ Finally xve collsider tlle $1\supset 1^{\cdot}01$ ) $1\mathrm{e}111$ of
filldillg a colullloll fixed $1$) $()\mathrm{i}\mathfrak{U}\mathrm{t}\mathrm{f}_{01}$ . a finite collllnutillg falllil.\ $\cdot$

$\mathrm{o}\mathrm{f}_{11011\mathrm{e}}$

ノ

$\mathrm{x}1^{)}\mathrm{a}11\mathrm{s}\mathrm{i}\iota\cdot(-\backslash 111\dot{c}\iota_{1})1^{)}\mathrm{i}\mathrm{n}\mathrm{g}‘ \mathrm{s}$ ill
a $\mathrm{s}\mathrm{t}1^{\cdot}\mathrm{i}_{\mathrm{t}\mathrm{t}}1\backslash -\cdot.\cdot$ collvex allcl reflexive Banacll $\mathrm{s}1)_{\dot{\mathrm{C}}}\iota \mathrm{C}\mathrm{C}$ .
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2. Preliminaries

Througllout this $\mathrm{p}\mathrm{a}_{1}$) $\mathrm{e}\mathrm{r}$ , we denote by $\mathrm{N}$ the set $\mathrm{o}\mathrm{f}_{1)\mathrm{O}\mathrm{S}}\mathrm{i}\mathrm{t}\mathrm{i}\backslash ’\cdot \mathrm{e}\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{e}\mathrm{g}\mathrm{e}\mathrm{l}\cdot \mathrm{S}$ and by $\mathrm{R}$ the set of
real $\mathrm{n}\mathrm{u}\mathrm{l}\mathrm{l}\mathrm{l}$[ $)\mathrm{e}\mathrm{l}\cdot \mathrm{s}$ . Let $E$ be a Banach space and let $I$ be all identity operator on $E$ . Let $C$ be
a nonempty subset of $E$ . Then, a mapping $T$ of $C$ illto itself is said to be nonexpansive on
$C$ if $||Tx-\tau y||\leq||x-y||$ $\mathrm{f}\mathrm{o}1^{\cdot}$ every $x,$ $y\in C$ . Let $T$ be a lllapping of $C$ illto itself. Then
we denote by $F(T)$ the set of fixed points of $T$ and by $R(T)$ the range of $T$ . A mapping
$T$ of $C$ into itself is said to be $c\iota sy\gamma\gamma\tau l^{J}to\dagger iC\mathrm{C}llly/\cdot ecj\iota l\mathrm{C}\mathrm{t}\mathfrak{l}$

. if for $\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{l}\cdot \mathrm{y}x\in C,$ $T’\iota X-\tau \mathrm{n}+1X$

$\mathrm{c}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{l}\cdot \mathrm{e}\mathrm{l}\cdot \mathrm{g}\mathrm{e}\mathrm{S}$ to $0$ . Let $D$ be a subset of $C$ and let $P$ be a nlapping of $C$ onto $D$ . Then $P$ is
said to be sunny if

$P(Px+t(_{\backslash }\iota\cdot-P\backslash \mathrm{t}\cdot))=P.\iota$
.

whenever $Px+t$ (x–Px) $\in C$ for $x\in C$ and $t\geq 0$ . A nlapping $P$ of $C$ into itself is said
to be a retraction if $P=P^{2}$ . If a nlapping $P$ of $C$ into itself is a retraction, then $Pz=z$
for every $:\in R(P)$ . A subset $D$ of $C$ is said to be a (sunny) nonexpansive $\mathrm{r}\mathrm{e}\mathrm{t}\mathrm{l}\cdot \mathrm{a}\mathrm{C}\mathrm{t}$ if there
exists a (sunny) nonexpansive retraction of $C$ onto $D$ . Let $E$ be a Banach space and let
$S_{E}=\{x\in E : ||x||=1\}$ be the unit sphere of $E$ . Then, for every 6 with $0\leq\hat{\mathrm{e}}\leq 2$ , the
nlodulus $\delta(\vee^{-}-)$ of convexity of a Banach space $E$ is defined by

$\delta_{E}(\underline{=})=\inf\{1-,.\frac{||\backslash \mathrm{t}+_{J}\mathrm{t}||}{2}|||x||\leq 1,$ $||y||\leq 1,$ $||x-y||\geq\vee^{-}arrow\}$ .

A Banach space $E$ is said to be $\mathrm{u}\mathrm{n}\mathrm{i}\mathrm{f}_{01}\cdot \mathrm{l}\mathrm{n}1_{\mathrm{Y}}.$
’ convex if

$\delta_{E(=)>}.\mathrm{o}$

for every $\epsilon>0$ . A Banach space $E$ is also said to be $\mathrm{s}\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{C}\mathrm{t}\mathrm{l}\backslash .’ \mathrm{c}\mathrm{o}\mathrm{n}\backslash \prime \mathrm{e}\mathrm{x}$ if

$||. \frac{\prime c+\iota/}{2}||<1$

for $x,$ $y\in S_{E}$ with $x\neq y$ . A unifornlly convex Banach $\mathrm{s}_{1}\supset \mathrm{a}\mathrm{c}\mathrm{e}$ is $\mathrm{s}\mathrm{t}1^{\cdot}\mathrm{i}\mathrm{C}\mathrm{t}1\backslash ^{r}.$ convex. In a strictly
convex space, $\backslash \backslash ^{-}\mathrm{e}$ also have that if

$||x||=||y||=||(1-/\backslash ).1^{\cdot}+/\backslash y||\mathrm{f}\mathrm{o}1^{\cdot}X,$ $J\iota\in E$ allcl $\lambda\in\langle 0,1)$ ,

then.$’\iota\cdot=y$ . A $\mathrm{c}1_{\mathrm{o}\mathrm{S}}\mathrm{e}\mathrm{d}$ convex subset $C$ of a Banach $\mathrm{s}_{1}$) $\mathrm{a}\mathrm{C}\mathrm{e}E$ is said to $\mathrm{h}\mathrm{a}\backslash \cdot \mathrm{e}\mathrm{n}\mathrm{o}\mathrm{r}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{l}_{\mathrm{S}}\mathrm{t}1^{\cdot}\mathrm{U}\mathrm{c}\mathrm{t}111^{\cdot}\mathrm{e}$

if for each bounded closed $\mathrm{c}\mathrm{o}\mathrm{n}\backslash \cdot \mathrm{e}\mathrm{x}$ subset $I_{\mathrm{L}}^{^{\vee}}$ of $C$ which contains at le\‘ast two points, there
exists an element of $I\mathrm{c}^{-}$ which is not a $\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{l}$)$\mathrm{l}\mathrm{e}\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{l}\mathrm{l}$) $\mathrm{o}\mathrm{i}\mathrm{n}\mathrm{t}$ of $I\backslash _{\llcorner}’$ . It is well-known that a closed
convex subset of a tlnifol$\cdot$ ml\. $\cdot$ collvex Banach $\mathrm{S}\mathrm{l}$) $\mathrm{a}\mathrm{C}\mathrm{e}$ has normal structure and a compact
convex $\mathrm{s}\mathrm{u}\mathrm{l}$) $\mathrm{s}\mathrm{e}\mathrm{t}$ of a Banach $\mathrm{s}_{1^{)\mathrm{a}}}\mathrm{C}\mathrm{e}$ has $\mathrm{n}\mathrm{o}\mathrm{l}\cdot \mathfrak{U}\mathrm{l}\mathrm{a}\mathrm{l}\mathrm{S}\mathrm{t}1^{\cdot}\mathrm{t}\mathrm{l}\mathrm{c}\mathrm{t}_{\mathrm{U}}1^{\cdot}\mathrm{e}$. The following $1^{\cdot}\mathrm{e}\mathrm{s}\mathrm{l}\mathrm{l}\mathrm{t}$ was $1$) $1^{\cdot}\mathrm{O}\mathrm{V}\mathrm{e}\mathrm{d}$

by $\mathrm{I}\backslash \mathrm{i}_{1}-\cdot \mathrm{k}[8]$ .
Theorem 2.1 (Kirk [8]) Let $E$ be a $?\cdot efl_{G}xi,p\prime cB(’,nclCll$ $spc\iota ce$

$a\prime 7,d$ let $C$ be a $nonC’o|\text{・}\mathit{1}^{Jtl}J$

bounded $cl_{J}oSedco\iota;C.\iota Snf$) $Set$ of $E\prime wl_{l}i,Chll\mathit{0},.\mathrm{s}no’\cdot/no,l,$ $Sfj’\cdot uCt’ C^{\lrcorner}$ . Let $T$ be a nonexpansi $\iota/e$

nlapping of $C$ into $it_{\text{ノ}}seljf\cdot$. The7? $F(\tau_{)}$ is $none7’\prime_{l^{Jf_{\text{ノ}}}y},$ .

Let $E$ be a Ballacll $\mathrm{s}_{1^{)\mathrm{a}}}\mathrm{C}\mathrm{e}$ alld let $E^{\cross}$ be its dual, tllat is. the $\mathrm{s}_{1}$) $\mathrm{a}\mathrm{C}\mathrm{e}$ of all contilluous
lillear functionals $f$ on $E$ . Thell tlle $1101^{\cdot}111$ of $E$ is said to be Gateaux $\mathrm{d}\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{l}\cdot \mathrm{e}\mathrm{n}\mathrm{t}\mathrm{i}\mathrm{a}$ [ $)\mathrm{l}\mathrm{e}$ if

liln $\frac{||.\tau\cdot+t_{J}\iota||-||x||}{t}$t-o.
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exists for each $\backslash ’\iota$

. and $y$ ill $S_{E}$ . It is said to be Fr\v{c}cllet differentiable if $\mathrm{f}\mathrm{o}1^{\cdot}$ each $x$ ill $S_{E}$ ,

this lilnit is attained $\iota\iota \mathrm{n}\mathrm{i}\mathrm{f}\mathrm{o}\mathrm{l}\cdot \mathrm{n}\mathrm{l}\mathrm{l}\mathrm{y}\mathrm{f}\mathrm{o}1^{\cdot}y$ in $S_{L^{\neg}}.$ . Tlle following result is a $\mathrm{d}\mathrm{i}\mathrm{l}\cdot \mathrm{e}\mathrm{c}\mathrm{t}\mathrm{c}\mathrm{o}11\sec_{1}\mathrm{t}\mathrm{e}\mathfrak{U}\mathrm{t}\mathrm{e}$

of Bruck [3]: see also [10], [15].

Theorem 2.2 ([9]) Let $E()e$ a $\prime p^{l}nifo7^{\cdot}r’|,l,ycom;(^{j},\prime \mathrm{J}i$ Banach space with a $F\uparrow\acute{e}cl_{l}et$ $diff(_{d}^{j}7^{\cdot}en-$

tiable $no\uparrow m$ . and let $C$ be a nonempty closed conuex $\mathit{8}nbset$ of E. Let $T$ be an asymptoti-
cally $reg\cdot ulat$

. nonexpansive mapping of $C$ into itself with $F(T)\neq\phi$ . Then, for $each\backslash \prime 1^{\cdot}\in C$ ,
$\{T^{t1}.l\cdot\}$ conuerges weakly to an element of $F(T)$ .

A Banach $\mathrm{s}_{1}\supset \mathrm{a}\mathrm{c}\mathrm{e}E$ is said to satisfy Opial’s couditiou [11] if $x_{?l}-x$ and $x\neq \mathcal{U}^{\mathrm{i}\mathrm{m}_{1^{\mathrm{J}1}}}$ }

$1 \mathrm{i}111|\iota-\infty\inf||x,,$ $-x||<1 \mathrm{i},111l-\infty\inf||.\iota_{\mathit{1}},-y||$ ,

where $-$ denotes the $\mathrm{w}\mathrm{e}\mathrm{a}1_{\overline{1}\mathrm{c}\mathrm{o}1}1\backslash \cdot \mathrm{e}1^{\cdot}\mathrm{g}\mathrm{e}\mathrm{n}\mathrm{c}\mathrm{e}$.

3. Weak convergence theorems

In this section, we prove two weak convergence $\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{l}\cdot \mathrm{e}\mathrm{n}\mathrm{l}\mathrm{S}$ which are connected with
the problelll of image recovery in a Banach space setting. Using Edelstein and O’Brien
[5] or Ishiliawa [7], we $\mathrm{f}\mathrm{i}1^{\cdot}\mathrm{s}\mathrm{t}1$) $\mathrm{l}\mathrm{o}\mathrm{v}\mathrm{e}$ the following lemma.
Lemma 3.1 Let $E$ be a Banach space and let $C$ be a nonempty conuex subset of E. Let $S$

be a mapping on $C$ giuen by $S=\beta_{0}I+\Sigma_{i=1}^{r}\beta iS_{i},$ $0</\mathit{3}_{i}<1,$ $i=0,1,$ $\ldots,$ $r,$ $\Sigma_{i=0}^{r}\beta_{i}=$

$1$ , such that each Si is $nonexpansi_{1^{fe}}$ on $C$ and $\bigcap_{i1}^{t}=F(S_{i})$ is nonenzpty. Then. $S$ is
asymptotically regular on $C$ .

Proof Define a lnapping $T$ of $C$ into itself by

$Tx= \sum_{i=1}^{1}\frac{\beta_{i}}{1-\beta_{0}}$Six $\mathrm{f}_{01\mathrm{e}\backslash }\cdot \mathrm{e}\mathrm{l}\cdot \mathrm{y}x\in C$ .

Then $T$ is $\mathrm{n}\mathrm{o}\mathrm{n}\mathrm{e}\mathrm{X}1^{)\mathrm{a}\mathrm{n}\mathrm{s}}\mathrm{i}\backslash ’ \mathrm{e}.$ Furthel$\cdot$ , since $\bigcap_{i=1}^{1}F(S_{i})$ is nonempty, for ally $x\in C,$ $\{T^{\prime l}x\cdot\}$

is bounded. So, from $S=\beta_{0}I+(1-/\mathit{3}_{0})T$ ancl $\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{l}\cdot \mathrm{e}\mathrm{l}$)$11$ in [5], we llave that $S$ is
$\mathrm{a}\mathrm{s}.\backslash _{\mathrm{j}}\mathfrak{U}11)\mathrm{t}\mathrm{O}\mathrm{t}\mathrm{i}\mathrm{C}\mathrm{a}\mathrm{l}\mathrm{l}\backslash$. $1^{\cdot}\mathrm{e}\mathrm{g}\mathrm{U}\mathrm{l}\mathrm{a}\mathrm{l}$

. on C. $\square$

The following lemlna $\mathrm{p}\mathrm{l}\cdot \mathrm{O}\backslash \cdot \mathrm{e}\mathrm{c}\mathrm{l}$ by Bruck [1] is ( $1^{\cdot}\mathrm{t}\mathrm{c}\mathrm{i}\mathrm{a}\mathrm{l}$ in the $1$) $1^{\cdot}\mathrm{o}\mathrm{o}\mathrm{f}_{\mathrm{S}}$ of $\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{l}\cdot \mathrm{e}\mathrm{m}\mathrm{s}3..3$ and
3.4. $\mathrm{t}\mathrm{l}\mathrm{e}$ give the $1$) $1^{\cdot}\mathrm{O}\mathrm{o}\mathrm{f}$ for the $\mathrm{s}\mathrm{a}1_{\overline{\mathrm{c}}}\mathrm{e}$ of usillg it in tlle $1$) $1^{\cdot}\mathrm{o}\mathrm{o}\mathrm{f}$ of $\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{l}\cdot \mathrm{e}\mathrm{l}\mathrm{l}\mathrm{l}4.1$

Lemma 3.2 Let $E$ be a $st\uparrow\cdot iCtlycon$ vex Banach space and let $C$ be a nonempty closed
convex $sub\mathit{8}et$ of E. Let $C_{1},$ $C_{2},$

$\ldots$ , $C,$. be $nonex_{l^{)}}ansi_{1\prime}e\uparrow\cdot et\gamma\backslash aCts$ of $C$ such that $\bigcap_{i=1}^{\Gamma}$ $Ci\neq Q$ .
Let $T$ be a mapping on $C$ giuen by $T=\Sigma_{i=1i}’\alpha\tau_{i},$ $0<C\downarrow i<1,$ $i=1,2\ldots$ . $,$

$\uparrow$

” $\Sigma_{i=1}^{1}a_{i}=$

$1,\mathit{8}\mathrm{t}Cli$ that for each $i,$ $T_{i}=(1-/\backslash _{i})I+\lambda_{i}P_{i},$ $0<\lambda_{i}<1,$ $w/\iota e\gamma\backslash eP_{i}$ ’is a nonexpansiue
$\uparrow\cdot edt\uparrow\cdot action$ of $C$ onto $C_{i}$ . Then.

$F(T)= \bigcap_{i=1}.C|j$ .
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Proof Let $x\in Ci.$ Then, since $P_{i}$ is a retraction of $C$ onto $C_{i}$ , there exists $y\in C$ with
$P_{j}y=x$ . So, we have $x=P_{i}y=P_{i}^{2}y=P_{i}x$ and llellce $T_{i}x=x$ . Then $x\in F(T_{i})$ . It is
obvious that $F(T_{i})\subset Ci.$ Therefore, $\bigcap_{i=1}’$ $Ci= \bigcap_{i=1}^{1}F(T_{i})$ . So, it is sufficient to show

$F(T) \subset\bigcap_{=i1}^{7}.$ ci .

Let.? $\in F(T)$ . Then, for any $y \in\bigcap_{i=1}^{l}$ Ci, we have

$||_{\mathrm{t}-}.\cdot y||$ $=$ $||Tx-Ty||$

$=$ $|| \sum_{i=1}^{1}.\alpha_{i}\tau_{i}x-\sum_{=i1}^{1}.c\lambda i\tau_{j}y||$

$=$ $||_{i=1} \sum^{\mathrm{r}}\alpha_{i}(Ti^{X}-T_{i}y)||$

$\leq$ $\sum_{i=1}^{r}\alpha i||T_{i}X-T_{i}y||$

$=$ $\sum_{i=1}^{f}\alpha_{i}||(1-/\backslash _{i})x+\lambda_{i}P_{i}x-(1-\lambda i)y-\lambda iP_{iy||}$

$=$ $\sum_{i=1}^{r}\alpha i||(1-/\backslash _{i})(_{X}-y)+/\backslash i(P_{i}X-Pi\mathrm{t}j)||$

$=$ $\sum_{i=1}^{f}.\alpha_{i}||(1-\lambda_{i})(x-y)+/\backslash _{i}(P_{i}x-y)||$

$\leq$ $\sum_{i=1}^{f}a_{i}((1-/\backslash i)||X-y||+/\backslash _{i}||Pix-y||)$

$\leq$ $\sum_{i=1}^{r}\alpha_{i((1-}\lambda j)||X-y||+/\backslash _{i}||x-y||)$

$=$ $\sum_{i=1}^{\Gamma}\alpha_{i}||x-y||$

$=$ $||.\iota\cdot-y||$ .

So, we have, for each $i$ ,

$||.\tau\cdot-y||=||P_{i\backslash }\tau-y||=||(1-/\backslash i)(\backslash \mathrm{t}\cdot-y)+/\backslash _{i}(Px-y)\dot{1}||$ .

$\mathrm{F}\mathrm{l}\mathrm{O}\ln$ strict convexity of $E$ , we $\mathrm{h}_{\dot{\mathrm{c}}\mathrm{t}}1^{\cdot}\mathrm{e}P_{j}x-.\{/=.\iota\cdot-y$ for each $\mathrm{i}$ . This $\mathrm{i}\mathrm{n}11^{31\mathrm{i}}\mathrm{e}\mathrm{s}P_{i}x=2^{\cdot}$ for
$\mathrm{e}\mathrm{a}\mathrm{c}1_{1}i$ . $\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{l}\cdot \mathrm{e}\mathrm{f}\mathrm{o}\mathrm{r}\mathrm{e},$ $\backslash \tau\cdot\in \mathrm{n}_{\dot{\mathrm{t}}}^{l}=1C_{j}$ . $\square$

Now we give the $\mathrm{f}\mathrm{i}1^{\cdot}\mathrm{s}\mathrm{t}11^{-}\mathrm{e}\mathrm{a}1\overline{\mathrm{c}}\mathrm{c}\mathrm{o}\mathfrak{U}\backslash \cdot \mathrm{e}\mathrm{l}\cdot \mathrm{g}\mathrm{e}\mathrm{n}\mathrm{c}\mathrm{e}$theorenl for $\mathrm{n}\mathrm{o}11\mathrm{e}\mathrm{x}1^{\mathrm{J}\mathrm{a}\mathrm{n}\mathrm{S}\mathrm{i}\cdot \mathrm{i}\mathrm{n}\mathrm{g}\mathrm{s}}\mathrm{v}\mathrm{e}\mathrm{n}\mathrm{l}\mathrm{a}1^{)}\mathrm{p}$ given by
$\mathrm{c}\mathrm{o}\mathrm{n}\backslash \cdot \mathrm{e}\mathrm{X}\mathrm{c}\mathrm{o}\mathrm{l}\mathrm{n}1)\mathrm{i}_{11}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{S}$of retractions. This is a generalization of [9].

Theorem 3.3 Let $E$ be a unifo$7^{\cdot}mly$ convex Banach $space\prime w\prime itll$ a $F_{\mathfrak{l}}\cdot\acute{e}chetdiffe\uparrow\cdot ent\prime iabl,e$

$no\uparrow\cdot m$ and let $C$ be a nonempty closed $con\prime ueX$ subset of E. Let $C_{1},$ $C_{2}.,$
$\ldots$ , $C_{r}$ be non-

expansive retracts of $Cs\cdot ucll$ that $\bigcap_{i=1}’$ Ci $\neq\phi$ . Let $T$ be a $lC\iota_{Ppin}g$ on $C$ given by
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$T=\Sigma_{i=1}’\mathfrak{a}_{i}T_{i},$ $0<$ $c\mathrm{v}_{i}<1,$ $i=1,$ $\ldots$ $,$

$\uparrow,$ $\Sigma_{i=1}^{r1}c\iota_{i}=1$ , such that for each $i,$ $T_{i}=$

$(1-\lambda_{i})I+/\backslash _{i}P_{i},$ $0<$ $/\backslash _{i}<$ 1, $wher\cdot eP_{i}i,s$ $a\uparrow one.\iota\tau$) $a\gamma lSi\ell\prime e\uparrow\cdot et?act/,on$ of $C$ onto Ci.
Tllen, $F(T)= \bigcap_{i=1}^{t}$ Ci and $fur\cdot tll(,\mathrm{J}7^{\cdot}$, for each.$\iota\cdot\in C,$ $\{T^{\prime 1}.\iota\cdot\}conue^{i}r_{j}\zeta$es weakly to an ele-
ment of $\bigcap_{i=1}^{1}$ Ci.
Proof Since $E$ is uniforlllly convex, $E$ is strictly $\mathrm{C}\mathrm{O}\mathfrak{U}\mathrm{v}\mathrm{e}\mathrm{X}$ . So, we llave $F(T)= \bigcap_{i=1}^{1}F(\tau_{i})=$

$\bigcap_{i=1}^{1}$ Ci by Lennna 3.2. As in the $1$) $\mathrm{r}\mathrm{o}\mathrm{o}\mathrm{f}$ of Theorenl 6 in [9], $T$ is $\mathrm{a}\mathrm{s}\mathrm{y}\mathrm{n}\mathrm{l}\mathrm{p}\mathrm{t}_{\mathrm{O}}\mathrm{t}\mathrm{i}\mathrm{C}\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{y}1^{\cdot}\mathrm{e}\mathrm{g}\mathrm{u}\mathrm{l}.\mathrm{a}1^{\cdot}$

on $C$ . So, it follows from Theorelu 2.2 that for each $x\in C,$ $\{T^{n}x\}\mathrm{C}\mathrm{o}\mathrm{n}\backslash ’\cdot \mathrm{e}\mathrm{r}\mathrm{g}\mathrm{e}\mathrm{S}$ weakly to an
element of $F(T)= \bigcap_{i}^{t}=1$ Ci. $\square$

Fulthel$\cdot$ we have following.

Theorem 3.4 Let $E$ be a $?’ e_{d}fleXi_{\mathit{0}}e\mathrm{o},ndst\uparrow ictlycon\iota ex$ Banach space $SatiSf_{J^{in}}\mathrm{t}gOpial_{S}$

condition and let $C$ be a nonempty closed conuex subset of E. Let $C_{1},$ $C\cdot$
)
$\sim’\ldots$ , $C,$. $[)e$

nonexpansine $\uparrow\cdot etraCts$ of $CS’uCl\iota$ that $\bigcap_{i=1}^{\Gamma}$ Ci $\neq\varphi$ . Let $T$ be a mapping on $C$ giuen
by $T=\Sigma_{i=1}^{\Gamma}\alpha_{i}\tau_{i},$ $0<$ $C\mathrm{t}_{i}<$ 1, $i=$ 1, $\ldots$ , ”, $\Sigma_{i=1}’t\lambda_{i}=1$ , such that for each $i$ ,
$T_{i}=(1-/\backslash _{i})I+/\backslash _{i}P_{i},$ $0<$ $/\backslash _{i}<$ 1, $wlle\uparrow eP_{i}$ is a nonexpansiue retrclction of $C$ onto
$C_{i}$ . Then, $F(T)= \bigcap_{i=1}^{\Gamma}$ Ci and furthe” for each $x\in C,$ $\{T^{n}x\}$ converges weakly to an
element of $\bigcap_{i=1}^{r}$ Ci.
Proof As in the proof of Theorelll 3.3, it follows that $F(T)= \bigcap_{i=1}^{r}$ Ci and $T$ is asymp-
$\mathrm{t}\mathrm{o}\mathrm{t}\mathrm{i}_{\mathrm{C}\mathrm{a}}11\mathrm{y}$ regular on $C$ . So, we show that for any $x\in C,$ $\{T^{n,}.\iota\cdot\}$ converges weakly to an
elenlent of $\bigcap_{i=1}^{r}$ Ci. Let $x\in C$ . Since $F(T)$ is nonenlpty, $\{T^{\iota_{X}}’\}$ is bounded. Then, sinc.e $E$

is reflexive, thele exists a subsequence $\{\tau^{n_{i\prime\iota}}.\cdot\}$ of $\{T^{\iota_{X}}’\}\mathrm{c}\mathrm{o}\mathrm{n}\backslash \cdot \mathrm{e}\mathrm{l}\cdot \mathrm{g}\mathrm{i}\mathrm{n}\mathrm{g}$ weakly to an element
$\approx \mathrm{o}\mathrm{f}C$ . To complete the $1$) $1^{\cdot}\mathrm{O}\mathrm{o}\mathrm{f}$ of $\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{l}\cdot \mathrm{e}\mathrm{l}\mathrm{l}\mathrm{l}3.4$ , it is sufficiellt to $1$) $1^{\cdot}0\backslash \cdot \mathrm{e}$ that $z \in\bigcap_{i=1}^{\Gamma}$ Ci
and if another $\mathrm{s}\mathrm{u}\mathrm{b}_{\mathrm{S}\mathrm{e}}\mathrm{q}\mathrm{u}\mathrm{e}\mathrm{n}\mathrm{c}\mathrm{e}\{\tau^{n_{j}}x\}$ of $\{T^{\prime \mathrm{t}}X\}\mathrm{c}\mathrm{o}\mathrm{n})r\mathrm{e}\mathrm{l}\cdot \mathrm{g}\mathrm{i}\mathrm{n}\mathrm{g}$ weakly to an elelllent $\approx’$ , then
$.b\sim=\approx’$ . First, we $\mathrm{p}\mathrm{r}\mathrm{o}\backslash \cdot \mathrm{e}\approx\in F(T)=\bigcap_{i=1}\dagger$ Ci. We assullle $\sim-\neq T_{\sim}^{\sim}.$ Sinc.e $T$ is $\mathrm{a}.\mathrm{s}\mathrm{y}\mathrm{n}1\mathrm{p}\mathrm{t}\mathrm{O}\mathrm{t}\mathrm{i}_{\mathrm{C}}.\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{y}$

regular on $C$ , we also $\mathrm{h}\mathrm{a}\backslash \cdot \mathrm{e}$ that $\{\tau^{n_{i}+1_{X}}\}\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{v}\mathrm{e}\mathrm{l}\cdot \mathrm{g}\mathrm{e}\mathrm{s}\mathrm{L}^{-}\mathrm{e}.\mathrm{a}1\mathrm{i}1_{u}1’\cdot \mathrm{t}\mathrm{O}\approx$ . Further sinc.e $\mathrm{E}$ satisfies
Opial’s condition, then we have

$1\mathrm{i}\mathrm{l}11i\mathrm{i}\mathrm{n}\mathrm{f}||\tau^{n_{i}}x-\approx||$
$\leq$ $1 \mathrm{i}_{111i}\inf(||T^{\gamma\iota_{i}}X-Tn_{i}+1X||+||T^{tl_{1}+}1x-\approx||)$

$=$ $1 \mathrm{i}\ln_{i}\inf||\tau^{n_{\mathrm{i}}+1}x-\sim-||$

$<$ $1 \mathrm{i}_{\mathrm{l}11i}\inf||\tau^{t\iota_{i}+1}X-\tau\vee\sim||$

$\leq$ lillli inf $||\tau^{ll_{\ell}}\backslash \tau\cdot-\sim-||$ .

It is a $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{t}\mathrm{l}\cdot \mathrm{a}\mathrm{d}\mathrm{i}\mathrm{C}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{l}\mathrm{l}$ . So, $\backslash \backslash \cdot \mathrm{e}$ have $\approx\in F(T).$ Sinlilal$\cdot$ ly. $\backslash \backslash \cdot \mathrm{e}$ have $\sim-,$ $\in F(T).$ Sinc.e $T$ is
$\mathrm{n}\mathrm{o}\mathrm{l}\mathrm{t}\mathrm{e}\mathrm{x}_{1^{)\mathrm{a}\mathrm{n}}}\mathrm{S}\mathrm{i}\nwarrow \mathit{7}\mathrm{e}$ , lilnits of $||T^{t\downarrow.-}.\chi\sim\sim||$ and $||\tau^{r\mathrm{t}}x-\sim^{\gamma},||$ exist. $\mathrm{N}\mathrm{o}\backslash \backslash \cdot$ we $\mathrm{s}\mathrm{h}\mathrm{o}\mathrm{w}\approx=\approx’$ . $\backslash /\backslash /\mathrm{e}$ assulne
$\sim\sim\neq\vee’\sim$ . Then $\backslash \backslash \cdot \mathrm{e}\mathrm{h}_{\dot{\mathrm{C}}1}\backslash \cdot \mathrm{e}$

$1 \mathrm{i}_{111i}\inf||T^{\prime\iota_{i}}X-\sim-||$ $<$ $1\mathrm{i}_{11\mathrm{l}i}\mathrm{i}_{1}1\mathrm{f}||\tau^{\mathrm{t}\mathrm{I}_{i}}X-\sim\sim|’|$

$=$ $1\mathrm{i}_{1\mathrm{l}),11}||Tt\mathrm{t}\mathrm{t}\backslash \cdot-\sim|\sim’|$

$=$ $1\mathrm{i}111\mathrm{i}\mathfrak{U}\mathrm{f}|\prime t|\tau l1j.-\iota\cdot\sim|\wedge|$

’

$<$
$1\mathrm{i}111\mathrm{i}_{1}1j\mathrm{f}||\tau^{\prime 1_{J}}.\mathrm{t}\cdot-\sim\sim||$

$=$ $1\mathrm{i}\mathrm{n}\prime 11||T’\downarrow.-\sim\sim|\iota\cdot|$

$=$
$1\mathrm{i}\ln_{i}\mathrm{i}_{1}1\mathrm{f}||T^{l\iota_{\mathrm{i}}}X-\sim|\sim|$ .
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This is a contradiction. So, we $\mathrm{h}\mathrm{a}\mathrm{v}\mathrm{e}\approx=\approx’$ . Tllis colnpletes the $1$) $\mathrm{r}\mathrm{o}\mathrm{o}\mathrm{f}$ . $\square$

4. Additional Results

In this section, we first considel$\cdot$ the problem of inlage $1^{\cdot}\mathrm{e}\mathrm{c}\mathrm{o}\backslash ’ \mathrm{e}\mathrm{l}\cdot$ } to the situation $\mathrm{w}\mathrm{h}\mathrm{e}\mathrm{l}\cdot \mathrm{e}$ tlle
constraints $\mathrm{a}\mathrm{l}\cdot \mathrm{e}$ inconsistent. Then, we considel$\cdot$ the problelll of finding a conlmoll fixed
$1)\mathrm{o}\mathrm{i}\mathrm{n}\mathrm{t}$ for a finite comlnuting $\mathrm{f}_{\dot{C}11}11\mathrm{i}1\backslash .$

’ of $\mathrm{n}\mathrm{o}11\mathrm{e}\mathrm{x}1^{)\mathrm{a}\mathfrak{U}\mathrm{s}}\mathrm{i}\backslash \cdot \mathrm{e}\mathrm{m}\mathrm{a}_{1^{)}\mathrm{p}\mathrm{i}\mathrm{n}}\mathrm{g}\mathrm{s}$ . Let $\mu$ be a lllean on $\mathrm{N}$ ,
i.e., a continuous linear functiollal on $l_{\infty}$ satisfying $||\ell\iota||=1=l^{l}(1)$ . $\backslash \backslash ^{\vee}\mathrm{e}$ know that $l^{l}$ is a
nlean on $\mathrm{N}$ if and only if

$\inf\{a_{n} : ?l\in \mathrm{N}\}\leq\mu(a)\leq \mathrm{s}\mathrm{u}_{1})\{a_{n} : n\in \mathrm{N}\}$

for every $a=(a_{1}, a_{2}, \ldots)\in l_{\infty}.$ Occasionally, we use $\mu_{n}(a_{n})$ instead of $\mu(a)$ . So, a Banach
liluit $\mu$ is a nlean $\mu$ on $\mathrm{N}$ satisfying $\mu_{n}(a_{n})=\{\iota_{n}(cln+1)$ .
Theorem 4.1 Let $E$ be a refiexive Banach space and let $C$ be a nonempty closed convex
s’ubset of $E$ which has normal structure. Let $C_{1},$ $C_{2},$

$\ldots,$
$C_{r}$ be nonempty $b_{oun}ded$ nonex-

pansive retracts of C. Let $T$ be a mapping on $Cgi\prime uen$ by $T=\Sigma_{i=1}^{r}ai\tau_{i},$ $0<a_{i}<1,$ $i=$

$1,$
$\ldots,$

$\uparrow\cdot,$ $\sum_{i=1^{\zeta \mathrm{t}_{i}}}^{t}=1$ , such that for each $i,$ $T_{i}=(1-/\backslash _{i})I+/\backslash _{i}P_{i},$ $0<$ $/\backslash _{i}<$ 1, where
$P_{i}$ is a nonexpansiue retraction of $C$ onto Ci. Then $F(T)$ is nonempty. Further; ass’ume

that $E$ is strictly convex and $\bigcap_{i=1}^{1}$ $Ci=\varphi$ . Then $F(T)\cap C_{i}=\phi$ for some $i$ .

Proof Let $x\in C$ and consider a closed ball $B_{R}[x]$ of center $x$ and radius $R$ containing
all the sets $c_{1},$ $c,2,$

$\ldots,$
$C_{\text{ノ}}r$ . Then we have $\{T^{n}x\}\subset B_{R}[x]\cap c$. This implies that $\{T^{n}x\}$ is

bounded. So, define a real valued function $g$ on $C$ by
$g(y)=\{l_{n}||T^{n}x-y||$ for every $y\in C,$ ,

where $l^{l}$ is a Banach linlit on $l_{\infty}$ and set

$\underline{/}lI=\{_{-}^{\sim}\in C:_{\mathrm{f}^{l_{n}}}||\tau^{\mathrm{t}l}x-\sim|\wedge|=J\inf_{\iota\in C}.\ell\iota,\iota||T^{\prime \mathit{1}}.\mathit{1}^{\cdot}-lj||\}$ .

Then $\wedge^{/\mathrm{t}/I}$ is nollen]l)t.\J’ bounded, closed and convex. $\mathrm{F}\mathrm{u}\mathrm{l}\cdot \mathrm{t}\mathrm{h}\mathrm{e}\mathrm{r}_{-}’$] $I$ is invariant unclel$\cdot$ $T,$ $\mathrm{f}\mathrm{o}1^{\cdot}$

nlore details, see [9], [12]. So, since $T$ is $\mathrm{n}\mathrm{o}\mathrm{n}\mathrm{e}\mathrm{x}_{1}\supset \mathrm{a}\mathrm{n}\mathrm{s}\mathrm{i}\mathrm{v}\mathrm{e}$ , by Theorenl 1, we $\mathrm{h}_{\dot{\mathrm{c}}}n\cdot \mathrm{e}$ a fixed
$1)\mathrm{o}\mathrm{i}\mathrm{n}\mathrm{t}$ of $T$ in $l\backslash I$ . $\mathrm{A}\mathrm{s}\mathrm{s}\mathrm{u}\mathrm{l}\mathrm{l}\mathrm{u}\mathrm{e}\bigcap_{i=1}^{r}$ $Ci=\phi$ and let $x,$ $y\in F(T)$ . Then $\backslash \backslash \cdot \mathrm{e}$ have

$x= \sum_{i=1}^{\mathrm{r}}\mathfrak{a}i\mathrm{f}(1-\lambda_{i})_{X}+\lambda_{i}PiX\}$

and
$y= \sum_{i=1}’.c_{\mathrm{t}_{i}\{}(1-/\backslash i)y+/\backslash iPiy\}$ .

So, we obtain, as in tlle $1$) $1^{\cdot}\mathrm{o}\mathrm{o}\mathrm{f}$ of Lenllna 3.2,

$||x-\iota j||$ $\leq$ $\sum_{i=1}^{l}.c\mathrm{t}_{i}||(1-/\backslash j)(_{?-}\backslash \cdot y)+/\backslash i(Pix-P_{i}\iota j)||$

$\leq$ $\sum_{i=1}^{l}a_{i}\{(1-/\backslash _{i})||x-lj||+/\backslash _{i}||P_{i}x-Piy||\}$

$\leq$ $||.\mathit{1}^{\cdot}-y||$

(1)
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and hence

$||_{\mathit{1}}.\cdot-y||=||P_{i^{X}}-P_{i}y||=||(1-/\backslash _{j})(.\iota\cdot-y)+/\backslash _{i}(P_{i}^{I}\backslash \iota\cdot-Piy)||$

$\mathrm{f}\mathrm{o}1^{\cdot}$ each $i$ . Since $E$ is strictly $\mathrm{C}\mathrm{o}11\backslash \cdot \mathrm{e}\mathrm{X}$ , we have

$x-y=P_{i}x-P_{i}y$ $(*)$

for each $\mathrm{i}$ . Assunle $F(T)\cap Ci$ $\neq\emptyset$ . Then we have $F(T)\subset Ci.$ In fact, if $x\in F(T)$ and
$j\mathrm{t}\in F(T)\cap C_{i}$ , by $(*)$ we have

$x-P_{i}x=y-P_{i}y=y-y=0$

and hellce $x\in C_{i}$ . $\mathrm{T}\mathrm{h}\mathrm{e}1^{\cdot}\mathrm{e}\mathrm{f}_{01}\cdot \mathrm{e}F(T)\subset C_{i}$ . If $F(T)\cap Ci$ $\neq\phi$ for $\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{l}\cdot \mathrm{y}i,$ $\backslash \backslash \cdot \mathrm{e}$ have $F(T)\subset$

$\bigcap_{i=1}^{r}$ Ci. This $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{t}\mathrm{l}\cdot \mathrm{a}\mathrm{d}\mathrm{i}\mathrm{C}\mathrm{t}\mathrm{s}\bigcap_{i=1}^{1}$ $Ci=\varphi$ . $\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{l}\cdot \mathrm{e}\mathrm{f}\mathrm{o}\mathrm{l}\cdot \mathrm{e}F(\tau)\cap C_{i}=\varphi$ for sonle $i$ . $\square$

Let $C$ and $D$ be nonelllpty convex subsets of a Banach space $E$ . Then we denote by
$i_{C}D$ the set $\mathrm{o}\mathrm{f}\approx\in D$ such that $\mathrm{f}\mathrm{o}1$ any $x\in C$ , there $\mathrm{e}\mathrm{x}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{s}/\backslash \in(\mathrm{o}, 1)_{\mathrm{W}}\mathrm{i}\mathrm{t}\mathrm{h}/\backslash x+(1-\lambda)\approx\in D$

and by $\partial_{C}D$ the set of $\sim\sim\in D$ such that there exists $x\in C$ with $\lambda x+(1-/\backslash )_{\sim}^{\sim}\not\in D$ for all
$\lambda\in(0,1)$ .

Theorem 4.2 Let $E$ be a $striCtl\prime y$ convex and reflexive Banach space and let $C$ be a
nonempty closed $con\prime uex$ subset of $E\prime whi_{C}ll$ has normal structure. Let $C_{1},$ $C_{\sim}9,$

$\ldots,$
$c_{r}$ be

nonempty bounded sunny nonexpansive retracts of $C$ such that for each $i$ , an element of
$\partial_{C}\cdot C_{i}$ is an extreme point of Ci. Let $T$ be a mapping on $C$ giuen by $T=\Sigma_{i=1}^{\mathrm{r}}a_{i}\tau_{i},$ $0<$

$a_{i}<1,$ $i=1,$ $\ldots$ $,$

$\uparrow$

” $\Sigma_{i1}^{r}=a_{i}=1,$ $s\cdot uch$ that for each $i,$ $T_{i}=(1-\lambda i)I+/\backslash _{i}Pi,$ $0</\backslash _{i}<1$ ,
’where $P_{i}$ is a $S’unn^{l}y$ nonexpansive retraction of $C$ onto Ci. If $\bigcap_{i=1}^{i}$ Ci is empty. then $F(T)$

consists of one point.

Proof By stlict convexity of $E$ and $\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{l}\cdot \mathrm{e}\mathrm{m}4.1,$ $F(T)$ is a nonempty closed convex
subset of $C$ and $F(T)\cap C_{j}=\varphi$

’ for sonle $j$ . Let $u,$ $v\in F(T)$ . Then as in the proof of
$\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{l}\cdot \mathrm{e}\mathrm{m}4.1$, we have $u-P_{j}\mathrm{c}l=v-P_{j}\mathrm{t}^{f}$ . So, for any $x,$ $y\in F(T)\mathrm{a}\mathrm{n}\mathrm{d}_{/}\backslash \in(0,1)$ , we have
$/\backslash x+(1-\lambda)y\in F(T)$ and

$||P_{j}(_{/}\backslash x+(1-\lambda)y)-(_{/}\backslash Pj^{\mathrm{t}+}.\cdot(1-/\backslash )P_{j}y)||$

$=$ $||P_{j(_{/}\backslash 1-/}x+(\backslash )y)-\{_{/}\backslash x+(1-/\backslash )y\}+/\backslash .1^{\cdot}+(1-/\backslash )y-(_{/}\backslash P_{j^{\mathrm{t}+(}}.\cdot 1-/\backslash )P_{j^{l}/})||$

$=$ $||P_{j^{X}}-x+/\backslash (x-P_{j}X)+(1-/\backslash )(\iota j-Py)j||$

$=$ $0$ .

This $\mathrm{i}\mathrm{m}_{1}$) $1\mathrm{i}\mathrm{e}\mathrm{s}$ that $P_{j}$ is an one-to-one affille $\mathrm{m}\mathrm{a}\mathrm{p}\mathrm{l}$) $\mathrm{i}\mathrm{n}\mathrm{g}$ of $F(T)$ onto $C_{j}$ . $\mathrm{F}\mathrm{t}\mathrm{l}\cdot \mathrm{t}\mathrm{h}\mathrm{e}\mathrm{l}\cdot$, for any $x\in$

$F(T),$ $P_{j}.’\iota’\in\partial_{C}\cdot C_{j}$ . Ill fact, if $P_{j^{\mathit{1}}}.\cdot\in i_{C}C_{j}$ , there $\mathrm{e}\mathrm{x}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{S}/\backslash \in(\mathrm{o}, 1)_{\mathrm{W}\mathrm{i}\mathrm{t}}\mathrm{h}/\backslash x+(1-/\backslash )Pj^{X}\in C_{j}$.
Sillce $P_{j}$ is $\mathrm{s}\mathrm{u}\mathrm{n}\mathrm{n}\backslash .\cdot$ . we have

$\lambda.\iota\cdot+(1-\lambda)Pj\cdot\iota\cdot=P_{j}(_{/}\backslash \backslash \mathrm{t}\cdot+(1-/\backslash )P_{j^{l}}.\cdot)=P_{j}.\iota$
.

alld $1\mathrm{l}\mathrm{e}\iota 1(\mathrm{e}\backslash \mathit{1}^{\cdot}=P_{j}.\iota\cdot$. Tllis is a $\mathrm{c}\mathrm{o}11\mathrm{t}1^{\cdot}\mathrm{a}\mathrm{C}\mathrm{l}\mathrm{i}_{\mathrm{C}}\cdot \mathrm{t}\mathrm{i}_{0}11$. $\mathrm{L}\mathrm{e}\mathrm{t}.\iota\cdot,$ $y\in F(T)$ with $\backslash \mathrm{z}\cdot\neq y$ . Then $P_{j}x\neq P_{jy}$

alld $\mathrm{f}\mathrm{o}1^{\cdot}$ ally $/\backslash \in(0,1)$ ,

$P_{j}(/\backslash _{\mathrm{t}}\iota\cdot+(1-\lambda)y)=\lambda Pjx+(1-\lambda)P_{j}y$ .
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This contradicts that $P_{j}(_{/}\backslash X+(1-\lambda)y)$ is an extreme point of $C_{j}$ . Therefore $F(T)$ consists
of one point. $\square$ .

The following theorem related to the $\mathrm{e}\mathrm{x}\mathrm{i}_{\mathrm{S}\mathrm{t}\mathrm{e}\mathfrak{U}\mathrm{c}}\mathrm{e}$ of a $\mathrm{n}\mathrm{o}\mathrm{n}\mathrm{e}\mathrm{X}\mathrm{l}$) $\mathrm{a}\mathrm{n}\mathrm{S}\mathrm{i}\mathrm{v}\mathrm{e}$ retract is proved in
$\mathrm{B}\mathrm{r}\mathrm{u}\mathrm{c}\mathrm{k}[1,2]$ . See [9] for the existence of a sunny nonexlnsive retract.

Theorem 4.3 Let $E$ be a reflexive Banach space. Let $C$ be a nonempty closed convex
subset of $E$ and let $T$ be a $nonexpan\mathit{8}i\iota’ e$ mapping of C,into $\prime it_{Se}lf$ with $F(T)\neq \mathit{0}$ . If $T$ lla8
a fixed point in $eve7^{\cdot}y$ nonempty bounded closed convex set that $Tleaues\prime i\iota\prime a?\cdot iant$ . then
$F(T)\prime i\mathit{8}$ a nonexpansive retract of $C$ .

Using $\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{l}\cdot \mathrm{e}\mathrm{n}\mathrm{l}4.3$ , we $1$) $\mathrm{r}\mathrm{o}\mathrm{Y}\mathrm{e}$ the following.

Theorem 4.4 Let $E$ be a un’iformly conuex Banach space with a Fr\’echet different,iable
norm and let $C$ be a $nonempt_{J}lcloSed$ convex subset of E. Let $\{S_{1}, S_{2}, \ldots , S_{r}\}$ be a com-
muting family of nonexpansive mappings on $C$ with $F(S_{i})\neq\phi,$ $i=1,2,$ $\ldots$ , $r$ . Let $T$ be
a mapping on $C$ given by $T=\Sigma_{i=1}^{r}\alpha_{i}T_{i},$ $0<C\mathrm{t}_{i}<1,$ $i=1,$ $\ldots,$ $r,$ $\Sigma_{i=1}^{r}\alpha_{i}=1$ , such
that for each $i,$ $T_{i}=(1-\lambda_{i})I+_{/}\backslash _{i}P_{i},$ $0<\lambda_{i}<1,$ $\prime wlle\Gamma ePi$ is a nonexpansive retraction
of $C$ onto $F(S_{i})$ . Then. $F(T)= \bigcap_{i=1}^{r}F(Si)$ . Further, for each $x\in C,$ $\{\tau^{ll}x\}$ converges
’weakly to an element of $\bigcap_{i=1}^{r}F(s_{)}i\cdot$

Proof Since $E$ is unifornlly $\mathrm{c}\mathrm{o}\mathrm{n}1’\mathrm{e}\mathrm{X}$ , it follows $\mathrm{f}\mathrm{i}\cdot \mathrm{o}\mathrm{m}$ Theolem 2.1 that for each $i$ , Si has
a fixed point in $\mathrm{e}\mathrm{Y}^{-}\mathrm{e}1^{\cdot}\backslash$. nonenlpty bounded closed convex set that $T$ le\‘aves invariant. So,
by Theorem 4.3, $F(S_{i})$ is a nonexpansive $1^{\cdot}\mathrm{e}\mathrm{t}\Gamma \mathrm{a}\mathrm{c}\mathrm{t}$ of $C$ for each $i$ . However, as in the $\mathrm{P}^{\mathrm{l}\mathrm{o}\mathrm{o}\mathrm{f}}$

of Theorem 2 in [6], we show the existence of a nonexpansive retraction of $C$ onto $F(S_{i})$ .
Let $x\in C$ and let $\mu$ be a Banach linlit on $l_{\infty}$ . Then, for each Si, define a function $\mathrm{g}$ of $E^{*}$

into $\mathrm{R}$ by
$g(_{\mathrm{t}}?i/\mathrm{x})=l^{\iota_{n}}<S_{i}|\iota_{X,1}’\backslash *>\mathrm{f}\mathrm{o}\mathrm{l}\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{l}\cdot \mathrm{y}x^{\mathrm{x}}\in E^{\mathrm{x}}$.

Then $g$ is linear and continuous. So, we have a unique element $x_{0}\in E$ such that

$l^{l_{ll}}<S_{i^{\backslash }}^{l\downarrow.*}l,$$x>=<\backslash \iota_{0},$ $x\mathrm{X}>\mathrm{f}_{01}\cdot \mathrm{e}\backslash \cdot \mathrm{e}\mathrm{l}\backslash .\cdot x^{\mathrm{x}}\in E^{\mathrm{x}}$

Thus, $1$) $\mathrm{u}\mathrm{t}\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{g}x_{0}=P_{\mathrm{i}\backslash }’\iota$
. for $\mathrm{e}\backslash \cdot \mathrm{e}\mathrm{l}\cdot \mathrm{y}x\in C$ , by [6] $P_{i}$ is a $\mathrm{n}\mathrm{o}\mathrm{n}\mathrm{e}\mathrm{x}_{1^{)}}\mathrm{a}\mathrm{n}\mathrm{S}\mathrm{i}\backslash \ulcorner \mathrm{e}$ retraction of $C$

onto $F(S_{i}).$ Since $E$ is $\mathrm{s}\mathrm{t}1^{\cdot}\mathrm{i}_{\mathrm{C}}\mathrm{t}1_{v}\backslash \cdot$ convex, $F(S_{i})$ is nonelnpty, $\mathrm{c}1_{\mathrm{o}\mathrm{S}}\mathrm{e}\mathrm{d}$ and convex. So, by
$\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{l}$ induction, we have that $\bigcap_{i=1}^{\mathrm{t}}F(S_{i})$ is nonempty. See, for nlore details, [9].
Therefore, $\mathrm{b}\backslash .\cdot$ Lemma 3.2 and $\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{l}\cdot \mathrm{e}\mathrm{m}3.3$, we have that $F(T)=\mathrm{n}_{i=1}^{\Gamma}F(S_{i})$ and for each
$x\in C,$ $\{T^{\prime l}x\}$ converges weakly to an elemellt of $\bigcap_{i=1}^{1}F(Si)$ . $\square$

Theorem 4.5 Let $E$ be $a\uparrow\cdot efieX’i\iota e$ and $st7^{\cdot}iCt,ly$ convex Banach space $\prime wl_{l}i_{Ch}satisfie\mathit{8}$

$Opial_{S}$, condition and let $C$ be a nonempty closed convex subset of E. Let $\{S_{1}, S_{\underline{)}}.\ldots., s,.\}$

be a, $co77l/\gamma luti\prime\prime gf_{C\mathrm{t}\mathit{0}}?,ily$ of nonexpansine $mapp/,ngs$ on $Cs$ tlch that $F(S_{i})\neq ofo7^{\cdot}i=$

$1,\mathit{2},$

$\ldots,$
$’\cdot$ . Let $T$ be $\mathrm{c}\prime_{\sigma}m‘\iota pping$ on $Cgi\cdot\iota enllJyT=\Sigma_{i=1}^{1}a_{i}T_{i},$ $0<$ ct $i<$ 1, $i=$

$1,$
$\ldots$ , $r\cdot,$ $\Sigma_{i=1}^{1}C\mathrm{t}i=1$ . snch that for $\cdot$ each $i,$ $T_{i}=(1-/\backslash ,)I+/\backslash _{i}P_{i},$ $0</\backslash _{i}<1,$ $\prime wl_{lere}Pi$

is a nonexpansive $7^{\cdot}et_{7’ a}Ct/,\mathit{0}n$ of $C$ onto $F(S_{i})$ . Then. $F(T)= \bigcap_{j}^{1}=1F(S_{\mathrm{i}})$ and furthe $\uparrow$; for
$eac\prime_{1},$ $x\in C,$ $\{T^{l}’ x\}conJuergesu)ea\mathrm{x}_{i}ly$ to an elemlent of $\bigcap_{i=1}^{t}F(S_{i})$ .

Proof Let $D$ be a nonelnpty boullded closecl convex subset of $C$ with $S_{i}D\subset D$ . Then
if $[_{i}^{-}’=/\backslash I+$ ( $1-\lambda$ I $s_{i}\mathrm{f}\mathrm{o}1^{\cdot}\mathrm{S}\mathrm{o}\mathrm{m}\mathrm{e}/\backslash \in(0,1),$ $C_{j}^{\vee}$ is $\mathrm{n}\mathrm{o}11\mathrm{C}\mathrm{x}_{1}$) $\mathrm{a}\mathrm{n}\mathrm{S}\mathrm{i}\lambda\cdot \mathrm{e}$ and asymptotically $\mathrm{r}\mathrm{e}\mathrm{g}\iota \mathrm{l}\mathrm{a}\mathrm{l}\cdot$ .
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Furtller, $F(L_{i}^{\vee})=F(S_{i})$ . So, as in the $1$) $1^{\cdot}\mathrm{O}\mathrm{o}\mathrm{f}$ of Tlleorenl 3.4, we llave that $F(U_{i})=F(S_{i})$

is nonelllpty. $\mathrm{T}\mathrm{h}\mathrm{e}\mathfrak{U},$
$|$)$\backslash$. Theorem 4.3, $F(S_{j})$ is a $\mathrm{u}\mathrm{o}\mathrm{u}\mathrm{e}\mathrm{x}\mathrm{l}$) $\mathrm{a}\mathfrak{U}\mathrm{S}\mathrm{i}\mathrm{v}\mathrm{e}\mathrm{r}\mathrm{e}\mathrm{t}_{1}\cdot \mathrm{a}\mathrm{c}\mathrm{t}$ of $C$ for each $i$ .

Since $E$ is $\mathrm{s}\mathrm{t}_{1}\mathrm{r}\mathrm{i}\mathrm{c}\mathrm{t}1\backslash .\mathrm{C}\mathrm{O}\mathrm{l}1\backslash ’\cdot \mathrm{e}\mathrm{X},$ $F(S_{i})$ is convex. So, as ill the proof of Tlleoreln 4.4, we llave
that $\bigcap_{i=1}^{1}F(S_{i})$ is $\mathrm{n}\mathrm{o}\mathfrak{U}\mathrm{e}\mathrm{m}\mathrm{P}\mathrm{t}$ }. By Lemma 3.2, we also have $F(T)= \bigcap_{i=1}^{\mathfrak{l}}F(S_{i})$ . Further,
by $\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{l}\cdot \mathrm{e}\mathrm{n}\mathrm{l}3.4$ , for each $x\in C,$ $\{T^{l\}}x\}\mathrm{c}\mathrm{o}\mathrm{n}\backslash \cdot \mathrm{e}\mathrm{l}\cdot \mathrm{g}\mathrm{e}\mathrm{S}$ weakly to an element of $\bigcap_{i=1}^{\Gamma}F(S_{i})$ . $\square$
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