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10.

Computational Group Theory ~DIEFF |

AR R (BT XEESEE
FIZEAK)

10.1 Introduction

Computational Group Theory & i (i) BEOMRKIEEICHTIHELARL TV T ) XL DR,
an%ﬂ%@?»ﬁUXA%4yiuxybT&vx%Amﬁ%\mn%mvx%Aémwtﬁmﬁ
D CORRICET BN bR A Th L, BE, A} T 70 Magma (Cayley DX
BIR). FAYD GAP ZEDY AT AHDY ., BROEFIRUADALIZBECFHEINA T 5,

Z Z Tl Computational Group Theory PER & FE L7V T) X LD R REDH TR
WZOWTHBANT 5,

10.2 Elementary Problems

Z Z Tl Computational Group Theory T ) FED 7 T ARERM LRIEIZ OV THEN S,
Definition ¥ G DS HDF

G=G12G22"'ZGnZGn+1=1

BWT, $TXRTO I LT Gipg D° Gi DIEHETET, Gi/Git1 PEKEFETHLEE, ZOH|%
FE& n O polycyclic series &£ \¥?), polycyclic series % b OEE% polycyclic group £V,

polycyclic group 2B L TRD &9 LEEOASEEND D,



Fact
{p-groups}C {finite nilpotent groups}
C {finite soluble groups}C {polycyclic groups}C {soluble groups}
& 52 polycyclic group (2 2WTRDEHDEY LD,
Theorem )
(1) G is polycyclic group <= G is soluble group and all subgroups are finitely generated.
(2) G is polycyclic with length n = G can be generated by n elements.

COFEE LY | polycyclic group 132 Y ¥a—#% ETHfVRd Vv BEEE X H51b, Computational
Group Theory TiZ, $IZZ D27 FADHIIDOWTERALHEI TN TWAS,
KIZ, Computational Group Theory (2B T AMBTELRN LD D EEIT A,
Problems
HGIVABRERA|R>TERAONDE, HDWEZLEANLZMBIILTOLDTH A 9,
(1) ARREED?
(2) BIET L DH?
(3) o7
(4) LALREGELE OM?
(5) L AREREABES bod
(5) HAREH?
(6) 47
(7) KEFED?
(8) NFEN?
(9) FIfEM?
(10) EALEHERER O
etc

(1)~(8) VLK OPDFERLETNVIT) XLMBFET HH. (9),(10) IFFEFICHELMETH 5,
10.3 History

FRHROMBED—>2& LT, The general problem for finite groups LI % b D5
%o COMBILI, IV Ea— Y DIEMFARTRERSHOREEN, W OPDEELRT VT X
LHEZ &N, Tk, ZORRICELE L THE L7 Computational Group Theory M ESH
IZDWTHER 5,

1878 4E- - -Cayley 12 & o T, K® The general problem for finite groups 25428 S 17z ([4]).
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[EEMNE5ARLE, MBNOBETNTHELL |

1882 4E* 5 1906 AT AT TR N A3 4 LT w%i&m&f‘%é naEEH, TTRESNI,
1882 4 - -p*,pg ([22])
1893 4F- - -p*, p’q, pgr, p* ([13],[35])
18;9'5 4E. . .pgrs ([14])
1899 4E- - -p*q ([34])
1002 4E- - -p*¢? ([32))
1906 4E- - -p®qr ([8]) ’
s 5 MU LOFHOBE TR ENBHETOVTREHTH o707, 1930 FRFTH E TIZZ DR
SEiE 128= 27 & 192= 2° -3 BBV T 215 T TOMEIZDOWTHEINIZ, '
1930 4F- . A722 100 T TOBOKD Y A M e (120]) |
1034 4. - I8 101 25 215 £ TOBDOMD 1 A MER ([18],[28],[29])

IIT, FEBILLAIOMENOT Y v 73T RICED, AVE2— S DERE/FOIE IR 5,
LAaL., COBBEFHLT, BRICBTAI Y Ea—yDERICERICAS R 20T LT ) X A
BEzZMINTI, _

1934 4E. . .P.Hall {2, f£EE® word % normal word I2Z#3 % Collection Algorithm % 5 2 72
(19 :

1936 4E-.-Todd & Coxeter (. 4HUIT & EHBRRIC L o TR ENBDNE % KD S Coset Enu-
meration %5 272 ([31])o

CRLOBHTNTIVRLNERL NS EHITE o7& 57T, Dehn 12 & 5K0 X 5 L hsEl
HOIRIZE 5L 2AHKEN, ‘ B '
10114 (M. Dehn)

HGIRARER<< A|R>TEZLNTWE ET 5,

Word Problem : A EOIEOE w 24 LT, w=cin G THOHE I PEHFT LTIV T
VX LB 5B e ‘ ‘

Conjugacy Problem : A LOEENGE u & v 2°G LRBETHEHEI PEHETHT VT
VX LB B

Isomorphism Problem : fEE® 2 OOHPFEE TH LD E ) DEHET LT VT X LD'D
B |

Dehn OIFFRLIE, WHWA LI LT, TN o DOREREIRE I TN S ([21))0
1946 - - - RYVINZTRETI v A—F EE— 7 ) —FEEHEE L 22 v ¥ a— ¥ ENIAC 75
£ %o
1953 4F- - -Coset enumeration 7% Cambridge ® B.Haselgrove IC& o Tid LTIy a—% ETE
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fTan7z ([16)o v
1960 #E- - -Collection 7T X ADS H.Felsch 12X o T LHTa v ¥a—% ETETENT ([5])0
1967 4- - -FfZe44 “Computational Problems in Abstruct Algebra” #S Oxford THAh 7z (27D
1970 4E- - -L.Gerhards & E.Altmann (3. ARUBEHORH CRBHERET ST VT Ah%527:
({7D-
1971 4f...1.D.Macdonald I3, EEOFRIC L 5TH X b7z p-#ED power-commutator presentation
% AF ¥ % Nilpotent Quotient Algorithm %5 2. B 5347 L7 ([19])o power-commutator
presentation TH5-X LN 7:8FiX. Word Problem 2NRE SN L7 DTN T X Al p- OISR
FEIZERZDBDTH o7,
1973 4F- . .G.Havas i3, BE G LHOH HO G B AEK|G: H| 25258, HOBERZ KD
% Reidemeister-Schreier program ’%52.7: ([10])»
1974 4E- . -#)® Computational Group Theory system “Aachen-Sydney Group System” DSBH%6 &
5, (Cayley DEE!)
1975 4E- - -M.F.Newman iX. Nilpotent Quotient Algorithm % A\ 2T, U p" & AR OE % 5z
e, ZTOEWEMIT pBEEERT Ap-BERTINTY ZLORRE 5 2 72 ([23],[24) o
1976 4E- - -Alford, Ascione, Havas, Leedham-Green, Newman {2& o T, pBEAERT LV TY XL
DEFHIETHITDNIIZ (1))
1982 4F. - .G.Havas, P.E.Kenne, J.S.Richardson JtU" E.F. Robertson i%. Reidemeister-Schreier
program DIRFHILE & % % Tietze transformation program % 5 272 ([12])o
1982 - - -BfiFifE % “Computational Group Theory” #¥ Durhum THHYEE 7z ([2])o
1986 4F- - -p-BEAERL T VT X A OERFESTH Newman & O'Brien 2 & o TiThiz, T DFEFTIR
7% 128 DT 2328 d 5 Z L &R L7z ([11],[15],[26]) 0

F72. ZODHE, Aachen ® RWTH(Rheinisch-Westfalisches Technische Hochschule) T GAP #°
% S iz,
1989 4E. - -O’Brien 2 & o THEL 256 DFEDS 56002 5 Z LATRE Nz ([27))0
1993 4. - -University of Sydney @ Computational Algebra Group & ) Magma(version 1) %'
J—A&ENi,

10.4 Algorithms
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10.4.1 Collection Algorithm

Definition XD & 9 LRHEFRE power-conjugate presentation LIER,
< ap, @z, an | af(i) =u;,1 <i<n, gja; = a;v;;,1<1<3<n>

12720, wiyui i3 {aig1, aige, - an} D025 word Th 5o
L ORREFOBRDAED

p(D)p(2) - - - p(n)

ThbeLE, ZOFRE consistent ThHH LV,

5. Z 6 117z power-conjugate presentation 2% consistent T A9 & ) DDOHEIZII KD EEI
bitb,

Theorem(Wamsley [33])
power-conjugate presentation is consistent
< (ar(ajai)) = ((araj)ai) for1<i<j<k<n,
((a})a;) = (af 7 (ara;)) for 1<j<k<m,
(a5(a®)) = ((ayar)a?™) for1<i<j<m,
(ai(@)) = ((@)a)) forl<i<n

Fact

(1) power-conjugate presentation TER SNz HE L. MEIF 4p(1)p(2) - - - p(n) ODHBITFHT
H5bo

(2) EEDOHRTMEEL. consistent power-conjugate presentation TEEN 5,

(3) consistent power-conjugate presentation T3 & 17-4 BREJ#EHEIL Word Problem ASR%E &L
TH Y. normal word a¥1ak? . akr (0< ki < p(3)) TEE—HBHICEBTE 5,

£ D word % normal word (2233 5 Collection Algorithm % LT IZ/RT ([3])o

Collection Algorithm
Input: a power-conjugate presentation with generators {ai,az2,- - -, an};
a word w in {ai1,az2, -, an };

Output: a normal word w equivalent to the input word;

begin

while w is not normal do

7



w :=the result of replacing a subword of w which occurs
in list (A) by its equivalent in list(B);

end while;

end.
(A) (B)
ay! a:z(i)—lui—l
a?(i) Uu;
aja; a;vi;
Example

73 18(= 3% - 2) DIE Abel &
< ay,az,as | a? = l,ag = 1,a§ = 1,a3a1a;l = al,a;;ala;l = az,agaga;l =a; >
IZBWT, word a; 'ala;'a az % normal word &3 5,

BERZEP D Prolog HamEIE Y AT LATIRUTO L 124k 5,
?- r(R),get_normal_word([-2,1,1,-3,-1,2],R,NW) .
(-2,1,1,-3,1,1,2]

(2,2,1,1,-3,1,1,2]
[2,2,1,1,3,1,1,2]
[2,1,2,1,3,1,1,2]
[1,2,2,1,3,1,1,2]
[1,2,1,2,3,1,1,2]
(1,1,2,2,3,1,1,2]
[1,1,2,2,2,3,1,2]
[1,1,3,1,2]
[1,1,2,3,2]
[1,1,2,1,3]
[1,1,1,2,3]
[2,3]
R = [[[1,1,11,033,00-11,01,11],[[2,2,2]1,[1],
([-21,02,211,((3,3],(31,0[-31,(3]11,[[2,1],[1,2]1]1,
((s,11,02,31]1,((3,21,[1,3]1]1]
NW = [2,3] -> _
INIZE 2 Taz'alas ey az = azas ERBT EHDHS ([6])o
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10.4.2 Consistent power-conjugate presentatlon z 1{ 9
HTINT) XL

LB DA RIMEENL ., consistent power-conjugate presentation #30, L L. Eﬁc:%z Y (W
BE/RICHE LT Z D consistent power-conjugate presentation % K05 & & 3EH % 2 & TIRZ L,
p-EECBI L CiE. 1971 4EIC Macdonald fﬁ‘%%tt Nilpotent Quotient Algorithm {2 & T, &
DFFTEHX N7 pBEF consistent power-conjugate presentation 22T & 5,

Defnition #G, FHop TR LT,
Ps(G) =G, PI(G)=[PL(G),GI(PL(G)) (fori>1)
LB L, BWoREOF
G=P(G)2PHG) >--- > PIG) >

R 5Bo ZDFE G D lower exponent-p central series & ll‘i“)o
ZOFNIBWT, PHG) =1 LR BRADEBH c D E &, G i3 exponent-pclassc £ dD L

Vo
Nilpotent Quotient Algorithm

Input: a finite presentation < A | R > for G,
p: prime, ¢ non-negative integer

Output: consistent power-conjugate presentation for G /P?

T2, G A3 p-BED & T exponent-pclass c 2 b DD T G/PP(G) =G &%) + G BH O consistent
power-conjugate presentation 7KDL 5, v ' '

FHIRITMERED consistent power-conjugate presentation %K% 5 7L T X 4t Finite Solu-
ble Quotient Algorithm &I, BlfEE 724 BHIFEHTH 5, &2 T 1004 FEI5FE SN/
Niemeyer {2 & 5 RFT DT N T X LIZDOWTHBEIZERS ([25])0

Definition ¥ p;, FEEHK c.ORP LKL VRN £ = [(pr.a1), (pg,(,o) ok, )] (2750
Pi £ piy1, T2 i<kTld ¢; >0) 23 LT,

L10(G) =G |

Li(G) =PF(Lio(G)) for1<i<k1<j<a,

Lit10(G) = Lic;(G)) for1<i<k,

L(G) = L, (G)
L5 L, BWARDOT)
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G = L1,0(G) 2 L1,1(G) 2 L12(G) 2 -+ 2 L1,6,-1(G) 2 L1,6,(G)
=L20(G) 2 L21(G) > L22(G) > -+ - > L2,6,-1(G) > L2,,(G)
= Li,0(G) 2 Li1(G) 2 Li2(G) 2 -+ 2 Liye,—1(G) 2 Lik,,, (G) = L(G)
RBo ZOFE G D Leseries LV o TDFNIBVTL(G) =1, %BEE, G I3 L-group LIT
b, 612, ¢ > 059D ﬁk,ck_.](G) 1 ThHborLE, G I strict L-group LI B,
Note
L;,5(G) = PP(PEH (P2 (- (PE(G)) - )

Fact
EEOHF BT LT, strict L-group &% B VAL L VBHFHET 5,
Finite Soluble Quotient Algorithm

Input: a finite presentation < A | R > for G,

L= [(pl,cl)’ (P2,C2)’ ) (pkvck)]

Output: consistent’power-conjugate presentation for G/L

Examples
Presentation L Order
< a,bla®, b8, (ab)®, (a1b) > [(3,2),(2,2)] 2182.33
< a,b|(ab)?b7 a*b™1ab %" b > [(2,1),(3,1),(2,2),(3,2)] | 2*3
< a,blab*(ab~1)?, (a®b)?a™ ' ba®(bab)™" > [(3,1),(2,2),(5,2)] 2°.3.5°
< a,blab’a" b7 b7 ba’b a2 a T WPa T > [(3,2),(2,2)] 28.33
< a,bla®,b®, (a7'b)?, (ba*ba)’a™* > [(2,1),(3,1),(2,1)] 2%.3

—EFET OB 4 KIFHBE S, TH B, GAP DERHi/N— 3 ~ (version 3 release 4) Tl ANUSQ &
V) ZF5D Share Library # 4 ¥ A b =52 £i2& 5T, Finite Soluble Algorithm ™I T &
5L % o720 GAP %1# 5T S, D consistent power-conjugate presentation % KO TH 5,

gap> RequirePackage("anusq");

gap> f:=FreeGroup("a","b");

Group( a, b )

gap> f:=f/[£.1°8,£.27°3,(£.1°-1%£.2) "2, (f.2%f.1"3xf . 2%f . 1) "2xf . 1°-4] ;
Group( a, b ) ‘

gap> Size(f);

24

gap> g:=Sq(f,[[2,1]1,(3,1]1,[2,111);
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rec(
generators := [a.1, a.2, a.3, a.4 ],
relators := [ a.1"2*a.3"-1, a.1"-1*a.2*a.1¥a.3"-1*%a.2"-2, a.273,
a.1"-1*a.3*%a.1*a.3"-1, a.2"-1*xa.3%a.2*a.4"-1, a.372,
a.1"-1*a.4*a.1*a.4"-1*%a.3"-1, a.2"-1*%a.4*a.2%a.4"-1*a,3° -1,
a.3"-1%a.4%a.3*%a.4"-1, a.4"2 ] )

gap>

Open Problem
BHE, ROBFEF L 7ZRFRTH 5,

|7EI3ETJWF-E¥G CHLT. L(G) =1 L%BVAM L EKDS

10.5 XERIZDWT

A5 Computational Group Theory %5 L7z & W) HITiE, REHRE N7 Sims DX
([30) 25 ENB L2 BEDTD, T/, ZOHFFICHT L) A M (BibTeX ER) 23RN —
JN—=6 anonymous ftp IZL D AFTELDOT, HHLTWZE 72,

- pell.anu.edu.au (IP 150.203.33.4) :/pub/bib/algebra.bib

GAP DEHHIZOWTIRLUTOH—=/3—25FL { anonymous ftp 12X D AFTE 5,

samson.math.rwth-aachen.de (IP 137.226.152.6) :/pub/gap/gap3r4p2.zo0
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