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An Equilibrium Theorem for Subdifferential
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1 Introduction

4T HAHHFREDOS ETHWNBEE [ 5/IMLT 2 BEFEREICH LT,
RSB S X > R ICBIANEELEEZZ 5. Z0Ex, ZOMES
EZBHIEIHHESEHMBEEICL DEINIEHOEWMI D X OILEZER]
X* @ null vector 0* ZFLHBEEZEZI A LICEESHBIONS. HE-TEDL
IRMBEZZ A &3, M LREEEZEZ S LETEELKMETHY 2T
30 € 0f (z) LB ¢ ODFEITOVTEET S.

2 Equilibrium Theorem
CDHWXTOD EEHA/RTICHNT Ky Fan'’s Inequality DNEELHEZRI-T.
Theorem 2.1 (Ky Fan’s Inequality) Let K be a w-compact convez subset of
a Banach space X and ¢ : X x X — R be a function satisfying :
(i) Yy € K, z— ¢(z,y) is w-lower semicontinuous ;
(ii)) Vz € K, y — p(z,y) is concave ;
(i1i) o(y,y) £0, foralyeK.
Then, there exists T € K such that Vy € K, ¢(Z,y) £ 0.
ZIT, L£X,X*)IE X D6 X* AOD linear, bounded ZBAFHOEHEEEL,

Tx(z) \F 2z IZHF B K D tangent cone D ET, Tg(z) := cl(Unso(K —x)/h)
THbET 5.

Definition 2.1 0f(z) is said to satisfy tangential condition with respect to A €
L£(X,X*) and a subset K C X if

Vz € K, df(z) N cl(ATk(z)) # ¢. (2.1)
72riZL,
0f(z) :=={¢ € X*|f(z) - fly) = (z~y, &), forallye X}
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Theorem 2.2 K% Banach 220 X ®§53 /%7 MuEEEL, EEH f -
X >R % X ETEENMNMMLIEERET S, X561, A e L(X,X") BRZER
3ET 5.

Vr € K, 0f(z) Ncl(ATk(z)) # ¢.

ZDEE, - ‘
: Jz € K, st.  0%. € 0f(z), (2.2)
WEKILT 5.

Proof. We proceed by contradiction, assuming that the conclusion is false.
Hence, for any z € K, 6* does not belong to 0f(z). Since the sets 9f(z) are
w*-closed and convex, the Hahn-Banach Separation Theorem implies

Ip, € X\{0x}  such that  o(8f(z),ps) <O,

where 0y is the null vector of X. We set T, := {z € X | 0(8f(z),p) < 0}.
Then K is covered by the subsets I', when p ranges over X. These subsets are
weak open. So, K can be covered by n such weak open subsets I'p,.

{T'}, }i=1,2,-n and introduce the function ¢ K x K — R defined by

n

p(z,y) =) ai(z) (A'pi, z—y).

=1

Being continuous with respect to z and affine with respect to y, the assumptions
of Theorem 2.1 are satisfied. Hence there exists £ € K such that

Vye K, o(z,y)=(A"p",T—-y) =0,

where we have set p* := Y", @;(Z)p;. In other words, —A*p* belongs to the
normal cone Ng(Z). The dual tangential condition implies that

a(0f(z),p") 2 0.

But this inequality is false. To see that, we let I be the subset of the indices ¢
such that o;(Z) > 0. I is non-empty since 3 i, o;(Z) = 1. If ¢ belongs to I, then
7 belongs to I',; and consequently

n

a(0f(z),p) = (3 (Z), ) ci(Z)p:)

=1

<Y ai(z)o(05(@), pi)

=1

< 0.

Thus, we have obtained a contradiction and prove our theorem. O

Definition 2.2 X % Banach ZM&9 5. ZD&EE, v X IIXILT, X D
WaEs

J(z):={z" € X*| (2, 2") = |le||* = ||="|I* } (2.3)
EXEEXEBEH J DI E% duality mapping EFESR.
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Lemma 2.1 X % reflexive 7% Banach ZM &9 5. ZDEE, ||2*]| =1 Th
% z* € B* 18 UTIRDERALT 5.

To(z")= ) {peX*|(p,y) S0} (2.4)
yEJ“l(z‘)

7272L, B* & X* @ unit ball THY, J ! X duality mapping J OHELET
b5, : '

Proof. For any v* € Tp.(z*), there exists a sequence of elements v: €
(Ur>o(B* — z*)/h) converging to v*. Hence, for any n, there exists A, > 0
and b} € B* such that v}, = (b} —2*)/hs. Since (v}, y) £ 0 for any y € J~(z*),
(v*, y) S0 for any y € J~!(z*). Hence, o

vve () {peX*|(p,y) S0}
yeJ 7 (=)

Assume that there exists w§ ¢ Tg+(z*) such that (wf, y) < 0forany y € J~1(z*).
Since the sets Tg+(z*) are closed and convex, the Hahn-Banach Separation The-
orem implie o

Jz € X\{6}, dJaeR, st (wg,z)>a> (v, 2), Yo* € Tg(z*).

So, we have z belongs to the normal cone Ng+(z*) and @ > 0. We set 2’ = z/||zl,
then we have 2’ € J™1(z*). Hence, o

a
(wg, 2y > —= > 0.
° 12l

However from assumption (w§, 2’) £ 0. Thus, we have obtained a contradiction
and proved our theorem. O

Theorem 2.3 K % reflezive Banach 2608 X OHMEAE L, FBM f: X —
R % X LTHEEIDMEEHEL, TOEXRD I~ 3 Zi#7d A e £(X, X
WELELIZET S

1. Ve e K,  Of(z)Nc(ATk(z)) # ¢ ;

2. A(Bx)=B*;
3. A7l exists .
HIZ ROBE

limsup sup f'(z;y) <0, (2.5)
lel=co ve=3(42)

EWHIUTONE, (2.2) MRILTB. ST, f(z;d) i3 f Dz TO d FED
HEWMATHY, f(2;d) = limy_o, L1 Twx 7,

Proof. Assumption (2.5) implies that there exists € > 0 and a > 0 such that

sup  sup 0(3f(m),y) S —e and AKNint(A(aB)) #¢.  (2.6)
Mellza ves=1(Az)
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By Lemma 2.1, we know that for any Az belongs to A(aB) with ||Az|| = a then,

Tawp)(Az)= ] {p€X*|(p,y) S0} (2.7)
y€J~1(Ax)
Hence, from (2.6) and (2.7), it follows that YAz € AK N A(aB),
6f($) - Cl(ATaB(.'E)) = TA(aB)(ACL‘). (28)

Next, since fx. belong to int(K + aB) from (2.6), we know that
VAz € AK N A(@B),  Tigna@es)(Az) = ToK (Az) O Ta(op)(Az).
Hence, by assumtion 3
Ve KNaB, Of(z) N cl(ATknas(z)) # ¢.

So, K N aB satisfies the tangential condition (2.1) and obviously to prove that
convex and w-compact set.
Hence, by Theorem 2.2 there exists a solution # € K of the inclusion 6* €

01 (7). O

Corollary 2.1 X % Hilbert 2208, M¥ f: X - R i X ETH#EENONT
HBHEHEL, A€ L(X, X") BRZ#ILTN3BLET 3 :

limsup f'(z; Az) < 0. (2.9)

llzl|—oo

ZOEE (2.2) DURILT B,
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