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Korovkin type approximation theorems I

LT K22 T2 & FE B i (Sin-Ei Takahasi)

1. Introduction

K. Weierstrass i3 Bz B HBRAOMEER P ICH B RLFRELEHZRE R L
EEbiDd, Eiz S. N. Bernstein [XHERRDFEZ VT, Weierstrass D% HAUL
PEBOERIIHEZ 5 X Tnd, T b ORRIXMEARR OB LE—RIZ R
5Z LATE B, |

%3, C(R) 2 R _LOBRREREBE D> < % Banach ZF[1 & L, EE ORI
€ C(R) IZH LT

(W)= u(x, = 5= : f(y)e -4y (xER, t>0)
EELS L WL, ZCRYPLENBHEAD | W || =1 (Vt>0) 22 5F FHIHEA
FDOXRY PTH Y, Weierstrass DL AT EHOAE 1T
}iﬁ) | W(f) - fllx = 0(VE € CP(R), VK : compac)
BERVMDOZ EARFRT B, L |flk = sup lf(x)| THB. W, % Weierstrass /£
% EMES. ETER OB f e CUO, 1) izx L T,
(B, f)(x) = é:o f(lﬁ‘)@xka )" *m=1,2,.)
LB L, {B,:n=12}iX/ VAZERCAO, 1D 2 bZNEHF~OF R
FOF|TH Y, Bernstein DT ELEHIX
lim_ ||B4(f) - fllo =0 (VEE Q[0, 1)

BREVIUDZ EE2FRT D, L. |fle= ,max. |f(x)] T %. B, % Bernstein
VEFIR &L IEAS,

INLOMZEELHTRES. EERRBEERE/ VALEHXE, X DB
INVERA BB LE. XPOENHY~DOERBBEERROR Y b (T} 28

lim | Ta®) - x[l,= 0 (Vx €X, Vp)



Ry EE M2 XED{| )} BATLIBELEESE S5 bLEI/ VA
FHB LB LD KD/ VAR DRABAR, Mz A AER X _EOBBIEL
HEERT D, HoT. (W}, XCR) EOEI VAR

{ll llx: K is compact in R} IZBI T DIGELETH Y, {B,:n=1,2,.} 1% C(0, 11)
LD (] ||l 12B8T3) BEELETH S,

FITHE X ONMIBEERFZEOR Y MRWORIBIELE L 250 L8 5 BRRINE
WTKRDDIZEHATH A 5. H. Bohman [3] i Bernstein ERIRZE DL S b o &
— MR OHMEIERR DI I LT, ZRBRIELE L R D& ERR L. ZTD%
B3l o 3D D 0 SNTBE {1, x, x°} BRBIEBESNDEZ T THRLEES
bDTHoTz. T P. Korovkin [7] IZFIZ MM, KIZ K > THEEOERE/EA
FITHELNZ EMRRENT, EIZD. Wulbert [ 16] IZX > T, EHRH DD
JNVAFHTEEEXOND Z EMXRENE, HATS M. Makamura IZ X - Tix
U T Korovkin OEEBM I, WL 0 OBEEBMRITRIERBE A BV TW5
(cf. 4,10, 117,

A TR AR OA B IZBIECEBICTH D45, L LT RA 28 2 T tEsE
RROBPIRE RDZ LINTE D, ZDX 5 2RBUSIZSLTIX, Korovkin BT {BlE #
/% Banach Z¢fi] EOF FEAEAZR ORI —DDORBREZE X DD TIIRVWN LR
5. EREANRBEEMETIOLIREXMNL I 7T 0ERIZEBZ o7, FHZ
H. Bauer [2], C. Micchelli [9] ZIZE DD TRV E BB,

TRWEBEIZZhBHERLRVED]
EESRELT. ROLIBEREEXTRIS,

Banach ZEf1 X & X DE ARG SNEZ 6N EE, ROLDBHEEERFD
TEBX) (X LOFERRUEMROLE) Z2HBRES S ICBT % X LD BKWAE
RAREER

T, € BX), lim 170 =171, im 1 T,6)-T©) =0 (VsE )
= lim [TA@®)-T® || =0 (VxE X).
ZTLTEDLD7R T DEAE%Z BKW(X ; S) TET (cf. [13]).



ZOEEZHWS L, Korovkin EDFERIL. C([0, 1)) LOEFIERFIIFABREIK
W% {1, x, x?} \CBAT % BKWAEREZR TH B EE X 5. |

Bx OWFEBRO—DIXEMANE X SITH LT, BKW(X; S) ZEBMHNICHRET S
ZEWRHB. FITX ELTA /XY b Hausdorff 22 @ EOEGRAK D DL 3
Banach R C(Q) ZXMRET B I LICHKAH D, /s &L TIHREDBEEKE
FRELZWV, BKW(X;S) ZIRETSIZIE. /WA 1O BKWAERAREN D MNIE X
WHITT, TOEDIIIROMEIEELNTH S,

Lemma (cf. [6]). Let 2 be a compact Hausdorff space, C(£2) the Banach algebra of all
continuous real functions on £ , M(£2) the space of all bounded real Borel measures on £
and S asubset of 2 . Then T is a norm one BKW-operators on C(£) for a test functions
S if and only if 7*(d,) € U(M(£)) for every @ € 2. Here T* is the adjoint of T, 8, is
the unit point mass at @ € & and Ug(M;(£)) the set of all measures u € M;(£2) such
that if v E M;(2) and fg fdu= fg fdv forevery fES, then u=v, where
M(2)={nEM(Q): |ul=1}.

ZZRERNDIEE Ug(M(RQ)) 1T S IZBIT 5 uniqueness set &IFEITIL, L OFHEN
T LD I BKWAEAREERT 5 L BEREAERS. JORFHEEANT,
Q=[0,1,5={1,x, 3 DEX. (@) LD SITETS /A 11=5)) BRW-HEA
FRERDI D ITPREMT T,

Theorem (cf.[ 14, 15]). Every norm one unital BKW-operators T on C(J0, 1]) for the

test functions {1, x, x*} is of form

] f (p(@)), if o€EQ\G
(If Yw) =
\ f O{1-gp(@)} + f De(w), if ©oEG

for every f€ X, where ¢ is a continuous map from [0, 1] into itself and G is an open
subset of [0, 1] suchthat 0 < @(w)<1(Vw €EG) and ¢(w)=0 or 1 (Vo E JIG).

Here dG denotes the topological boundary of G in [0, 1].



CZTREDHRZ—HRDS={1,x,..,X"} KDWTEET S (cf. [6]). £/
S ={1, x, ¥} DE B DN TIHER D BRW-EREZREMT, Fic @ 28[0,1]
ReBR72a 2D DA BRI OHEITONTHERT S, (cf. [12]).

Korovkin B RIE OBFFEICEI U THE. R X e Altomare-Campiti [1] DA
BOERELESS,

2. Results

1. Uniqueness set for S, = {1, ¢, ..., £" }.

Theorem 1.1. _
Us,(M1([0,1])) = {apq r)~(A —a)up(r):0<a =<1, fEspan(S,)- {constants},

I fllo=1, 4 fy up( r)are probability measures on A( f), B( f), resp.}
where A( f)={t €[0,1]: f()=1}, B f)={t€[0,1]: f()=-1}.

For the case of n =2, we can completely describe all measures in Ug (My([0, 1])) as
follows:

Theorem 1. 2. u € Ug,(M1([0, 1])) if and only if u has one of the following forms:
i) u=+6,,0=x=<1,
ii) u=ady+bdy, |a| +|b] =1,
iiiyu=ad,+bd;, la+b|sl|al+|b|=1 and 0< x< 172,
iv) u=adg+bd,, la+b|=l|al+|b|=1and 12 <x<1,
V) u=adg+bd;+cdip, la+b+c|sla+b|+]|c|=]lal+|b| +|c| = 1.
For the general case, we can completely describe all positive measures in Us (M1([0, 1]))
as follows:

Theorem 1.3. i) Let n=2k k=z1. Then 0=p€ Ug(M([0, 1])) if and only if u
has one of the following forms:

k k
a) u= .21 a0y, .Zla,-= 1, a;20 and x; €0, 1] for every i,
1= l=

k-1 k
b) u=aydy + izl a;0, + a0y, _Zoa,-= 1, a;20 and x; €[0, 1] for every i .
= 1= ]
ii) Let n=2k +1, k2 0. Then 0=<u€ Us(M1([0, 1])) if and only if # has one of

the following forms:



k k
c) u=agdy + 21 ady, _20 a;=1, ;=0 and x; € [0,1] forevery i.
1= l=

k k
d) u=ayé + 21 a0y, _20 a;=1, a;z0 and x; € [0,1] forevery i.
1= l=

2. BKW-operators for S,
Theorem 2.1. T € BKW(C([0,1]); S») with || T[|=1 if and only if
(TP (1) = a@®f(0) + bEORL) + c()fx(r))

for every f € C([0, 1]) and ¢t € [0, 1], whereaq, b, ¢ and x are real functions satisfying
the following conditions:
i) la]+|b]+]c|=1 on [0,1].
i) 0sx=1 on [0,1], andif x(to)=0 or 1 for some o€ [0,1] then c(fg) =0.
iii) If 0 <|c(to)l <1, then |(a +b +c)to)l < l@@ + b)(eo)| + le(to)] = 1.
iv) If 0< lc(to)l <1 and 0 < x(tg) <1/2, then a(tg) = 0.
v) If 0<]c(to)l <1 and 1/2 <x(tg) < 1, then b(tg) = 0.
vi) a(t)dg + b(£)0; + c(t)dy) , t € [0, 1], moves continuously in Mq([O, 1.]) with the
waek*-topology.

We note that a, b, ¢ and x may not be continuous. However these functions have the
following properties:
a) If c(to) =0, then a, b, ¢ and x are continuous on some neighbourhood of #g.
b) x(t) may not be continuous at the point ¢y € [0, 1] with c(¢g) = 0.
) If ¢, to and x(t,) —> 0, then a(t,) + c(t,) —>a(to).
d) If 0 < x(tp) <1 and x is continuous at ¢y, then a4, b, ¢ are continuousat fg.

Theorem 2.2. Let T be a norm one positive operator on C([0, 1]) and n =2k or
2 +1. Then T € BKW(C([0,1]); S,) if and only if

(I = éoai(t) feA), fEC(0,1]) and £ €0, 1],

where
k

i) _20 a;(t)=1 and a;(f) = 0 for every i and ¢ € [0, 1],
1=

ii) x{t)€[0,1] forevery i and tE€[0,1] (x; may be not continuous),



iii) When n =2k, if there exists a point £ € [0, 1] such that x{zg) = x j(¢o) for every
i=j and a;(tg) =0 forevery i, then 0,1 € {x;(to) :0=<i =k},
iv) When n =2k +1 forevery i, then 0 or 1 is contained in {x(t):0=i=sk},

k
V) izo a(t)d, ) is continuous with respect to the weak*-topology.

We discuss on a non-positive operator of a special form. For ¢; € C([0, 1]) and

n
4 €R,i=1,2,.,n with ¢;((0,1) C[0,1], let T = X a,Cy,, where
n
Co f)= fo e for f €C(I0,1]). Then | T| si; la;]. Suppose that

n
ITl= ;1 |la;| = 1. Then if a; 20 forevery i, then T € BKW(C([0, 1]) ; S,) by

Theorem 2.2. But

LemC1ot ¢ prwc(o, 1)) 0.

forevery k= 2.
n n
Theorem 2.3. Let T =i§l aC, with |T| = ;1 la;| = 1. Then there exists a positive

integer N, depends on T, suchthat T € BKW(C([0, 1]) ; Sy) for some N if and only if

the condition:

1=

n
i; a; 6%‘ ®

forevery t €[0, 1].

3. BKW-operators on the sequence space
Let K ={0,1,1/2,1/3,....} C[0, 1]. Then K is a compact subset of [0, 1] and C(K) is
isomorphic to the space of real convergent sequences. We completely determine all
operators in BKW (C(K); {1, ¢, tz}). According to Theorem 2.1, the reader may suspect that
such an operator T has form
(TFXO) = a(e) fO) +b(r) f (1) +c(t) f (x(2)), t EK.
But there are some other possibilities.

Theorem 3.1. T € BKW(C(K); {1,1,¢%}) with |[T]|=1 ifand only if



(TF)®) = a(®) fO) +b(r) f (1) +c(t) f(x@)+d() f (), tEK
forevery f € C(K), where a, b, ¢, d, x and y are real functions on K satisfying the
following conditions:
i) |a| +|bl +]c| +1d| =1 on K.
i) x(K)CK, y(KYCK, x=<y on K, andif x(tp) =0 or 1, t,€ K, then c(to) =0.
iii) There exist subsets K; and K, with K;UK;=K and K;NK;=< suchthat d
=0 on K; and 0<x<1 on K>.
iv) If 0<|c(ty)l <1 and tg €EK;, then |(a + b +c)(to)l < l(a + b))l + lc(to)| =1
v) If 0<|cty)l <1, tg EK; and 0 < x(tp) <1/2, then a(tg) = 0.
vi) 'Hlfy - _y%tT =1 forevery t€K,.
vii) a=b=0 and |c +d|=|c| + |d| =1 on K.
viii) a(£)p + b(t); + c(t)0y) + c(t)dy), t EK, are continuous with respect to the weak*-
topology.

For a fixed positive interger m and any function f n C(K), set

QL) g

(Tm f)(l/n) = f (1/(n _ 1), lf 2<p <0

[ fUm)

Un DAM=N 2 ey, if 22n o

In [12], we proved that Ty, T5, U,,, m =22 are contained in BKW (C(K); {1, ¢, tz}), but
didn't decide whether T,,,m =3, and U; are BKW-operators or not. Note that U 1 iathe
unilateral shift operator on C(K). As an application of Theorem 3.1, we have that

T,.,m 23, and U, are not BKW-operators for {1, ¢, t2} . Also the bacward shift operator
defined by |

(Bf1m)= f(1/(n+1)) for fECK)

and the operator defined by

ar)im = LM 2f WD) ¢ feck)



are BKW-operator for {1, ¢, t2} .
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