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Two-ferssn Hi-Lo Poker — Sty and Draw
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Abstract This paper analysesa continuous version of a
class of two-person Hi-Lo poker. Stud-poker and draw-
poker versions are discussed in each of which simul-
taneous-move and bilateral-move one-round games are
formulated and explicit solutions are derived. It is
shown that in bilateral-move games the first-mover
innevitably gives his opponent some information about
his true hand, and so the second-mover is able to
utilize this information in deciding his best response
in the optimal play. ° A connection between Hi-Lo
poker and simple exchange games is mentioned.
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1. A Hi-Lo Stud Poker

Suppose that two players I and II, receive cards x and y respectively, the
values of which we consider as iid random variable distributed according to 'U[D -
1(I1) observes the value of x(y) only.

Let A and B given real numbers with 0 S AS'B . Players are requested
to choose either one of Hi or Lo. Choices should be made simultaneously and
independently of the rival’s choice. Then the players make show-down. If choices
are Hi-Hi (Ili-Lo or Lo-Hi) a player with higher hand wins and gets B(A) from the
opponent. If choices are Lo-Lo a player with lower hand wins and gets unity from
the opponent. If hands are equal i.e., x=y, there is a draw. The payoff table is

shown as: Lo
oy " 557"(7"3‘7 oplas)
Lo | sy som(y-0
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Theorem 1. The optimal strategy for the game with payoff function(l. 2) is

common to the players and takes the form ax(x)=I(x Z b), where b=(B-A)/(B+1).
The value of the game is zero.

2. A Bilateral-Move Hi-Lo Stud Poker

In the Hi-Lo poker discussed in Section 1 the players must move
independently and simultaneously. The poker discussed in the following is played
by bilateral moves by the players. The choices and payoffs are given as the same
as in (1. 1). The only difference is that player I(II) should move first (second). So
the game is played as described by:

Play£¥'s hand | st move Znd move  Tlayer Ts payoff
I1:x Ho
Lo —
o\ gpe - BignCay)
Ly Lo ---=--= Asgn(x=yD
L__>{ p--=--= Asgn(x-y)
Lo ------ sgn (Y—1)

Player 1II, at his move, knows which choice was made by player I in the
previous move, and therefore he can utilize the information in deciding his own
choice. -
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Theorem 2. The optimal strategy-pair for the game with payoff function (2.
1) is: ‘ :
2eyS 0 if 05 2<h,
. — Ay‘b\‘tn\r)', bub sabisties e fe‘buircm vils

O=R=\ oA fb':’ o)A L= +-b, ‘rHD<x.__§L,

o, . ; <
By =Ty, and ) =142 bo), T bsxs

where - / nk  by=botla -
o B a ! v 2
 The valuebof::}e ;7;\,28/%%81-!)' 4.) (B‘A)(,A*"D/( B+1).



139

Concerning the above theorem we observe some interesting points. (1) The
value of the game is negative. This reflects that player I has a unfavorable
condition that he has to move first and inevitably gives some information about his
hand to his opponent. (2) Player I has an infinitely many optimal strategies, but
player II has a unique one. (3) Player I,the first mover, has the possibility of
bluffing. That is, he can take, for example,

o(*(i_)'-: l‘, N a) Cbo,|/27 ;= O, fh( yz, bl) >

After I has chosen Hi(Lo), II has to guess whether I's hand is truly high(low) and
so he has chosen Hi(Lo), or I's hand is low-(high) and he wants to' mislead II's
choice. (4) We always have by=hy=l/a Mndependently of Aand B.

3. A Hi-Lo Draw Poker
Suppose that in the Hi-Lo poker discused in Section 2 each player may draw
another card from the pile, and use the card with the larger value (than one
. del.ivered in the beginning of play) throwing away the card with the smaller value.
This choice, the players may take, we call “bet” in this section. The other choice
each player may take is to “pass”, that is, he doesn't draw a new card. Thus if the
new cards are denoted by iid 2 W~ UCO, 17 the payoff table is shown as:

S )
B'?'( :P(\gg

) Ber |ty 'a:o(X,:)) )
L
(3 | ){P«x Qi (%)) Anp(x,y)

& (x,y)=E v{@e@h( 1"3—3‘/@1} = 8(1\’3)159')(7‘”3) i
Go(1y) = Ey § A sp(Va—pl =Py +ysgn ()
oy (1,9)= B [ 590 O yV D)=~ (Ztagnay)
Goo (_'1,, \3> = 87.41 ( 9__1> )

?aqdﬁ‘ {’t well, e st vfn,(m o«(-j—@(-) is

() misp=Ellunzen( 3 aa}{%((;))) 7§

Theoreim 3 can be vewrit®n as 2

where
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4. A Bilateral-Move Hi-Lo Draw Poker
Now we go to discuss about the bilateral-move version of the poker solved in
the previous section. The game is played as described by:
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Fllayer; hands l st move Znd mpve P&\)é’r Is Py off-
, Bot — o
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Theorem 4. Let A=0<B. The optimal strategy-pair for the game with payoff
function (4. 1) is:
-0 if pga<y,

()= @hﬁgﬂkﬁﬁﬁﬁﬁ@)h&%ﬁxmbi
0S L) oamd j:' o(*(x)dle,'-—lbo if L6<X<L,
| I | Y b<x £y ’
N
CI=Tlyzh) ad TY=10Yy2 b7,
where B=l/3)B(1~b3 ) and b is aunique rootin 0, 1) ofthe equation

%13) @b +2b—B)=V2 .
The value of the game is ——bo(bl—bp) .

The value of the game is negative. This again reflects that player I, the first
mover, stands at a unfavorable condition since he leaks some information about his
true hand to his opponent by moving first. He is able to make bluf by taking oﬁz)—-

1@’04’.@@!“50 Or X2b) . After I has chosen Bet (Pass), II has to guess whether I's hand
is truly high (low) and he has made the choice, or I's hand is truly low (high) and

he wants to mislead his opponent’s choice.

Example 2,
Let A=0 and B= 3/2 . In the simultaneous-move version (Theorem 3) the

optimal strategy common to players is to Bet (Pasi) if his hand is >$<)l>:';0. &35,
where b is the unique root of the equation b3+2b—)=0 . The value of the game

is zero.
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In the bilateral-move version, the solution to the game is described by
Theorem 4. with the values '

L

b20.265, b20187, m=h-2b;£ 0,275 and V=—b,(h-by)z—013¢
'.where b 0=(‘/27(EL‘B ) and b‘ is the unique root of the equation h2(3 l)'g-i- l{-b.— 3).—.— l.

TEo<AED e aﬂaQ]s-‘ s isfar move tedius, Onder L sTrafegy  Bly)==
Ty2h,), THI=T(y2hy) Wik 0<by<h <), we find
M, 1) = Ea KO gtted] + [torm e ok o]

where Ktﬁ‘ (5,. 77 = Eb{@" (;Qa}\. o\‘o'zg(b)) "( Qp) ﬂa)'“ q()b-i(b )>’j

Among a lot of possible behavior of the function k(| (3,7') , depending on the
two parameters A and B, the following is most plausible one, i.e.,

ddthough determining the five constants 0<q,< Lo<az <b~l<ﬂ 3< ldi;Ch ::tt (;f ((J‘C‘)
and (3*(2))-7{"(‘3 )  with these decision thresholds constitute a saddle p .
1) will be very difficult.

[TR;L Tl paper wilk Appear in MﬂTL».JaspbniQ, Vol 4301956, ‘ﬂaai)



