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Asymptotic convergence for phase field models with obstacles

TEREREY H/& &  ( Jun Shirohzu )
EM&SE—RZLER A BERL ( Naoki Sato )

0. Introduction

RORWD FEAD Y XF L (P,,) %2 5:

(p(u) + Aw)): — Au = f(t,z) in@Q:=(0,T)xQ, (0.1)
vw; — kAw + B(w) + g(w) 3 N(w)u  in @, (0.2)
g—z +nou = h(t,z) on X :=(0,T)x T, (0.3)

Jw
_ o= 0 on¥, (0.4)
u(0,-) = ug, w(0,) =wy in . (0.5)

ZZT,QEFRY (1< N<3) OFRITHEHT, 2OHER T := 0Q Id smooth &7 5.
RERETS. 0<T < +oo; v & k IFFEHIZ/NTA—F —: ng FEDEE; p & F 1T
maximal monotone graphs in R x R; g & M 3G SN f, R, uo, wo 15X ST
BA¥ L9 5. »

Z DY AT LIiZ, obstacle Z£FD phase-field model & PRI, BEK-IRIK DB IR
BT BETIVCHB. 0 := p(u) 1FIEE, w 1T non-conserved order parameter %
9. TROLE w IHEETEIT, obstacles “w € D(B)” #¥D. £,k & v 3Th
TN RIVF—& w ORFEEHEERT. COY X7 L (P,,) iE Caginalp [2] BXD
Penrose-Fife [12] I2& B2 D TH 5.

CCTHBRENDIE, v >0, k > 0v+k >0, DEHEW D) W R THR, &
D g N m T non-monotone DHFETHB. HIZIE, f = 0l £721F 8][_%”%] N
g(w) = w* —w. TDED phase-field model ¥ Blowey-Elliott [1], Kenmochi-Niezgédka
[8,9], Kenmochi [6], Horn-Sprekels-Zheng [5], Laurengot [10,11], Colli-Sprekels [4] %2 &
D, FRINTHB. TOFHXLTIE, A DY D(B) T convex 2 X'(w)u < 0 for all w € D(3)
and u € D(p) ZIREL T, DEZRT:
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(i) v >0kt LT, MIFE (Po) R—EMARD, ZOMIME (P.) OR%E £\ 0 &L
ol XORIRET S, |

(i) p: R T bi-Lipschitz &%z, 22 Mw)=w O& X, £ > 01T LT, M (Po) $—
B, TOMIHE (P.) OfZ v\ 0 L LI EEDOMRELS.

Notation. (5€) Banach ¥ 713 Hilbert Z2f] X 1272 LT |- |x & X O/ VA, X* &
X @ dual &9 5.
H % [*Q),V %2 H(Q) &L, JIVLAERTEHET 5:

|zlv = {IV2lZs ) + nolzlTa )}/

i, () & () ZENENH & LX) OWEEL, () 2 V* &V O duality
pairing &9 5.

a(v, z) := /Q Vv -Vzdz forallv,zeV
EL, Ry 2V o VANDEARV—F—T, IROLIICEERT 5:
(Fov,z) = a(v,z) for all v,z € V;

B2, b U Fov € H 5 51E, v € H2(Q) v

on
—H, F %V 5o V* AD duality mapping T, IRD X ) ICEFEKT 5:

Fov=—=Av in ) with —qqi =0 onlI.

(Fuv,2) = a(v,2) + no(v,z)r for all v,z € V;

y;ZE2¥: I

Fv=—-Av in Q, QB—%nov:O onI'.
on

tRINS.

Co([0,T); X) % [0,T] 25 X ~DOFFERIBDZEM ET 5. “ v, — vin Cy([0,T]; X)
(asn — 400) 7 ZAEED z* € X* I UT, (2%, v,(t) —v(t))x 2¥0 i [0,T] ET—HRIC
NETBHDETS. ZIT(,)x & X & X &OD duality pairing %7

BB O < 7 THNES % EET

1. Weak formulation for (P,,)

M8 (P,.) ZIROFE (AL)-(A5) DB ETEZ 5:
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(Al) p: a maximal monotone graph in R x R, p OEFHIK D(p) Ik R(p) i3 R TH,
D(p) 2% R(p) ~DBE%EL & AT locally bi-Lipschitz sz 75 BEEL

(A2) B : a maximal monotone graph in R x R, —0o < 0, < 0* < 400 M BEH 0,,0* I

72U T D(B) = [o4,0%].

(A3) A EZDEE N X [0,,0%] L Lipschitz @ /LBEET A - convex on [04, 0*] such
that \"(w)u <0 for a.e. w € [o,,0*] and all u € D(p).

(A4) g & [04, 0] L Lipschitz 1#E#z72BI%L.
(A5) no : IEDEH.

(A3) DIRE “N'(w)u < 0 for a.e. w € [o4,07] and all u € D(p)” 1 X DY [on, 0*] TH
JETIWIE S, D(p) C (—00,0] ZE LTS,

RIS, 52 588 f € L¥0,T; H), h € L*(0,T; LX(T)), uo,wo € V 12723 UT,
&8 (P,.) DIEOERESZ 5.

Definition 1.1. 2 DO u := u,, : [O,T] -V Ew:i=w,:[0,T] >V OHIKRD
Gt (wl),.-(W3),, W79 &%, ME (P,.) with v >0and k >0 DfEE NS

(wl),x uwe€ L*0,T;V), p(u) € L=(0,T; H) n W12(0, T; V*),
w e L®(0,T; V)N W20, T; H) and u(0) = ug, w(0) = w.

(w2),, EED zeV ELae te[0,T)iZLT,
(p(w) () + A(w)'(t), 2) + a(u(t), 2) + (nou(t) — A(t), 2)r = (f(t),2).  (L.1)
(W3)ue €€ L*0,T; H) BFHELT, £ € B(w) ae. on Q D
v(w'(t), 2) + Ka(w(t), z) + (£(t) + g(w(t)) — X(w(t))u(t),2) = 0 (1.2)
for all z € V and a.e. ¢ € [0, 7).
h e L*(0,T; L*(I")) 1T/ UT, B8SK ho € L2(0,T; V) WFFEL T,
a(ho(t), z) + (noho(t) — A(t),z)r =0 forall z €V and a.e. t € [0,T7;

h € WY2(0,T; L3(T)) DB hy € WY2(0,T; V) ICEEET 3. OB ko 2185 &, (1.1)
E(1.2) FRDLHicEZN 5: ,

p(w)'(8) + A(w)'(2) + F(u(t) — ho(t)) = f(t) (1.3)

v (1) + kFowo() + £(8) + g(w(t)) = N (w(t))u(t (1.4)
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for a.e. t €[0,7].

Definition 1.2. 2 DD v :=u,:[0,T] =V & w:i=w,:[0,T] - H OEIKRD
&t (wl),0-(w3),0 BHi7cd & &, B (Po) with v > 0 DFEE D

(wl)o u € L*(0,T5V), p(u) € L=(0,T; H) n WH*(0,T5 V™),
we WH0,T; H)N L*=(0,T;V) and u(0) = up, w(0) = wo.

(w2),0o EED 2z€V &ae tel0,T]IZ7UT, (1.1) ED L.
(w3)yo €€ L20,T; H) FHE LT € € B(w) ae. on Q and
vw'(t) +£(t) + g(w(t)) = N(w(t))u(t) in H (1.5)
for a.e. t € [0, 7.

D (wW3),. & (W) L DFE (P) O {v,w} OB w 1T Q L@tﬁ%UFE Oy <
w < o* RO, ZHUIRRE (P,x) @ weak formulation i3 [0, 0*] DHTIT A & g DEH)
WKBBRLAENWI EEERLTNS. 22T, — iz k) JEBCREWET B ENT

x5
g @ support {$ compact, A IT [o,, 0*] DI THEIE. (1.6)

ZDHMXEBLT, (1.6) ZIRETH.

58 (P,.) with v > 0 and &k > 0 K72 LT, RO—EMBOFAEEEIF LN TN 5.
Theorem 1.1. (A1)-(A5) iZMATIRDOEM: (H1)-(HY) %ATET 5 :
(H1) f e Wh2(0,T; H).
(H2) h € WY2(0,T; L*(T)) N L*°(0,T; L>=(T')) such that

nosup D(p) > h(t,z) > nginf D(p)  for a.c. (t,z) € ©
EDREE A & Al BWMEELT
p(r)(nor — h(t,z)) > —Ailr| = A, for all v € D(p) and a.c. (t,z) € X.

(H3) ug € V with p(uo) € H.

(H) wo € H*(QY) with %l% =0 ae on D& € HPFELT & € B(wy) a.e. on
Q.
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T5E (P,) withv >0 and £ > 0 i3—FM {u,., w,.} ZFD, KEMIZT.

Uy € L0, T3 V),

wye € L0, T H*()),

w),, € L>(0,T; H)N L*(0,T;V),
b € L=(0,T; H),

(1.7)

I ZT & 13 Definition 1.1 DM (w3),, D £ THB. 3 SIKO—KESHM (i) & (i)
DD LD

(i) NoA—=F—v &k ICXSHTWIEDER 6 & My DMFEHELT,
J 77 (0 00n0) = ralp(tn(8)) + Al (1)) o
+ 51Vl + [ {Blwinlt)) + Glwnn(t)) e
8o { [ Huunl6)yds 4w [t (5) s + vl(ann()) 3} (18)
< [ {57 (p(wo)) = rol(uo) + Awo))}da + SV
+ /Q{B('LUO) + §(wo) }dz + Mo{|p(uo)l7 + | FI22 0.0,y + thﬁ(O,T;L?(F)) +1}
forallt €[0,T], 22T fo € D(p), FRE: p! @}Eﬂﬁﬁgﬁff;\l(/}(ro)) =0%AL,

B : R L non-negative proper l.s.c. convez 75BAETIB = 8, g 13 g DIEALIFEIRES
HETH.

(i) EED v >0 I LT, £ >0 ICKSHOER Mi(v) DFEELT,
1 2 Yy 2 ¢ / 2 |
1O + Sl O + 5 [ [90],(5)lhds
< Mi(v){|uoly + |p(uo) 5 + lwolh q) + €0l (1.9)
H e orm + Bz ooz m) + 13
forallt € [O,T].
Theorem 1.1 DFEERIT, [13] 22,

Lemma 1.1. Theorem 1.1 ER UARED H & T, {ui,w;} ZMRE (P,,.,) with v; > 0 and
ki 20 fori=1,2 DEETHE, e;:= p(w;) + Mw;) fori =1,2 EB L &, RORLERAN
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BN
’\ 1d

5 dtlel( ) — ex(t)[2n 4 (1w (t) — vawh(t), wi(t) — wi(t))

+/Q V(r1wy(t) — rows(t)) - V(wy(t) — ws(t))de (1.11)

+(g(w1(t)) - g(wQ(t)), wq () — ’wz(t)) <90
for a.e. t € [0,T].
Proof. (1.3) & (1.4) &V
(1) — es(t) + Plun(®) = wa(t) = 0 (112)
(1) — vawy(t) + Fo(kywi(t) — raws(t))
(6 (t) — N(wi(1)w (t) = Ea(t) + N (wa(t))ua(t)) + (9(wr (1) — 9(wa(?)))  (1.13)
=0
for a.e. t € (0,71,
Fl(ea(t) — ea(t))

)
L2 16, ) = ea(t) B+ (rwh (0) = vah(t), wn(8) — wa(t)
2dt' 2Py AT G Y

I IT & 3SR (W), EiCid (W3),0 DFOEEE THBS. (1.12) 1T -
%, ( ) 12 wi(t) —wy(t) 2T, TNSEMAS ERDBONS.

+ [ Vsrwn(t) = mawa(t)) -V (0) = walt))de
+(g(wi (1)) — g(wa (1)), wi(t) — wa(t)) + Ya(t) + Ya(t)

=0

(1.14)

for a.e. t € [0,7], 22T
Yi(t) = (ua(t) — ua(?), ex(t) — e2(t)) — (»)\’(wl(t))ul(t) — N (wa(t))ua(t), wi(t) — wy(t))

Ya(t) := (&1(t) — &a(t), wi(t) — wa(?)).
5 DOHFAM LD Yy(t) > 0. 7z, [7, Lemma 3.1] OFEREFM (A3) XD, Y1) 2 0. @
Iz (1 14) &b (1.11) Fon 5. 0

Corollary 1.1. Lemma]]é:l_]bﬂiﬁ@%&f V>O7b\’)&>00)2:% flRE (P,x)
DIFIT—ETDH 5.

Proof. {u;,w;} % v >0 DEEDME (P,.) DELL, e;:=p(u DFMw), 1=1,2 &%
¢.F3E Lemmall ® (1.11) &b,

S le(t) = a(O + vhwr(t) = wa O} + 51V (r(8) = o)

< L(9)|w1(t) - wz(t)lfq

(1.15)
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for a.e. t €[0,T], 22T L(g) & g @ Lipschitz E%L. (1.15) IZ Gronwall @ lemma % 58
MTB&, e1=e &w =wEON5, Le {u,w} = {uy,wy}. k- THIEE (P,x) @
RO—EHEI G ON 5. O

2. Asymptotic convergence in (P,.) as k \, 0

COETIR, v> 0 ZEELT, £\, 0 ELEXDOME (P,.) D {upe, 0, } DEEf
IZDNTR B, ‘

Theorem 2.1. %t (A1)-(A5), (HI)-(Hi) DSEDIDEREL, v >0 £33, 453 &
K \ 0 Cl: bf:(‘:%&z, Fpﬁi?:g (Puﬁ) @ﬁﬁ {uunywwc} ﬁ\%éﬁaﬁ@;{fﬂ {uzx07wu0} 6: 79_\’0-)%::%
TIRT 5.

Uy — Uyo Zn Cw([oa T]a V)7
. (21)
P(ulm) - p(u,,o) n Cw([ovT}; H)7
Wy — Wyo  weakly in WY2(0,T; H),

in Cu([0,T7; V)N L2(0,T; V).
ZD3 A, BRI (w0, w0} (X (Po) O—BMICIS.
EOFEIE Colli-Sprekels 4] DREREDU RIS > T3, ZOHTH, plu) = —

(00 <u<0) 2 A: R T convex D& X, k (BT 3 BIHE (P,.) ORDIGHAIII L
TW%. T 2T Theorem 2.1 OFEEA%, [4] LI3RL B K ETEZ 3.

Proof of Theorem 2.1. v > 0 ZEEL, FED « € (0,1] XL, fI&E (P,,) D%
{ug,w,} ERFTET 3.

P (p(ue)) — p(un)ro > p~L(p(ro)) — p(ro)ro  ace. on Q,
ICHEET B E, (1.8) & (1.9) LRI EOSNB.

{u.} is bounded in L=(0,T;V), (2.3)
{p(ux)} is bounded in L*=(0,T; H) N W*(0,T; V*), (2.4)
{w,} is bounded in W"*(0,T; H), (2.5)
{v/kw,} is bounded in L*(0,T; V). (2.6)
72, (1.4) 12 Fows(t)(= —Aw,(2)) 2T 3 ERDESH S,

vd

5 31 Vet + sl Aw () < (L(9) + MOVl + MOV 0y (27)
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for a.e. t € [0,T], SZT M) : N D [o,,0*] EORKME. (2.7) #1FB7DIT (A3) &
D N (wg)us <0 7EDT,

(€x(t), —Awg(t)) >0
N

()‘I(wﬁ(t))uﬁ(t)’ —Awn (t))

= [ Nwn0)ua(®)Vwn(t) P + [ N (welt)Vua(t) - Tua(t)de
< [ X(wa() Vun(t) - Vue(t)da
< MOYV)([Vu®)lE + [Vua(t) ),

AUz, (2.7) 1€ Gronwall O lemma AL, (2.3) ST B &,

{ {w,} is bounded in L*(0,T;V),

2.8
{VkAuw,} is bounded in L*(0,T; H). (28)

Rz, {kn} % (0,1] @ 0 ICPORT BEEDRWAFIET S &, Lemma 1.1, D (1.11) £ b
1d '
§E{Ien(t) — em ()3 + v|wa(t) — wn(t)|H}

+/Q V(knwn(t) — fmwm(t)) - V(wn(t) — wp(t))dz (2.9)

< L(g)lwa(t) — wm (1) |5

for a.e. t € [0,7), T ZT {tn,wn} 1= {Un,, Wk, } DD ey 1= p(un) + A(wy).
(2.9) &9

29D e, (1) = en(O- -+ vlun(t) = wnl0))

2_L1/(”g_)t) /Q V(knwn(t) = £mwn(t)) - V(wn(t) = wn(t))dz

L
+2exp(—
<0,
2%

2Lz/(g)5)(len(s) — en ()|} + viwn(s) — wﬁ(s)ﬁq)

exp(—

14

+2 /S/ eXp(—2L(g) i)V(/ﬁnwn — KmWp, ) - V(wy, — wy,)dzdt
0JQ ) . .

<0
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for all s € [0,T]. %12, @, := exp(~@t)wn EEL &

/T/ﬂ V(knWy = KpWp,) - V(W — Wy, )dzds < 0.
0
L5 7T, [3, Lemma 2.4] X9, EOAERE (2.8) 2o
{Vi@,} is Cauchy in L*(0,7; H)".
DFEY |
{w,} is Cauchy in L*(0,T; V)N C([0,T); H) (2.10)
{p(u,)} is Cauchy in C([0,T]; V™). (2.11)
CEHIT, (2.10) & (2.1 IlERNZEN (2.8) & (24) EhHbESEE, KA w & I
UT
w, = w in C([0,T]; V) (2.12)
p(un) — x  in Cu([0,T]; H). (2.13)
2o {un} B8 IS weakly* in L(0,7; V) TWHRT 5 £ 512 (n) OEATNEED, & 57

BT {n} EXRTE, x =p(u), THEDB, p(ua) — p(u) in Cu([0,T]; H). KB, p(un) — x
in C([0,T;;V*) &b,
T , T
lim (p(un),un — u)dt = lim (p(un), u, — u)dt = 0,

n—+00 Jo n—+oo Jo

Zhid L*(0,T; H) T®D maximal monotone D= & x = p(u). TDE, u,, u €
Cu([0,T; V) 2D u, — uin Cu([0,T; V) DRSNS,
—4,
€ = —vw), + knAw, — g(wy) + X (wy)uy,

— —vw' — g(w) + N (w)u =: ¢ | weakly in L?(0,T; H), (2.14)
and € € f(w) a.e. on Q.

&I, (2.3)-(2.5), (2.8), (2.12)-(2.14) K Corollary 1.1 £ 0, fxEEBEEC {u,w} 1T/
M (Py) @ %ﬂﬁﬂ%% (2.1) &£ (22) D £\ 0 & UM EXDPURIZ, #3535k, \, 0 D
& Dtz AYAY O

3. Asymptotic convergence in (P,.) as v \, 0

COFITIE, c >0 ZFEEL, p EAICEDBENMEEEZLENT, v\ 0 ELzEXDR
& (PWC} ODﬁZFJ {uumwun} o)gﬁ&:ob\flﬂj’\é

(A1) & (A3) Db DI, RERET 5
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(A1) p: R — R : bi-Lipschitz /2 #BI%L;
(A3) Ar)=r forallr e R.

WANCRIRE (Py.) with A(r) =r OBOEHREEZ 5.

Definition 3.1. 2 DD v := up. : [0,T] =V & w = wo, : [0,T] = V OIRD
Sttt (Wl)oe-(W3)ox W72 & X, MIRE (Pos) with £ > 0 DFEE L

(wl)oe w € L*0,T;V)NL®0,T;H), we L=(0,T;V), (p(u)+w) € L*(0,T; V™)
and (p(1) + w)(0) = p(uo) + wo,

(W2)or EED z€V & ae te0,T]IIHLT, (1.1) DD LD,

(W3)ox EED 2z €V ELae te0,T]ITRHUTE e L0, T;H) WREELT, € € f(w)
a.e. on () IND

Ka(w(t)’z) + (ﬁ(t) + g(w(t)) - u(t)72) =0, (3'1)

B LIRDFERIFF oI

Theorem 3.1. (A1), (A2), (A3), (A4), (A5), (H1)-(H/) DD LD EARFE L, X

1
TREZRET S: f+g+ ——1 : strongly monotone on [o.,0%], TZT L(p) id p D

L(p)
Lipschitz B & T 5. 3L, HhAEDEE co DAL T, RV D L D:
(6= b2+ 900) = 0(ra) 4 s a = rn — ) Z el —naf (32)

for allr; € D(B), & € B(r:), 1 =1,2.
k>0 ZIEDEHETSH. T5LEME (Pr) DIF {upe,wn} 1T v\ 0 ELIEXIT,
& BB DM {uok, wou} ICIRDERTPCRT 5
Uy — Uox  in L2(0,T; H),
weakly in L*(0,T;V), (3.3)
weakly* in L=(0,T; H),

Wy — woe in L0, T3 V),
weakly* in L=(0,T; V),
p(Use) + Wy — pluox) +wox  in L0, T; H) N Cy([0,T]; H). (3.5)
ZD D A, #BIEREEL {uox, wor} (SRIRE (Po) O—ERETL5B.

(3.4)
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Proof. (Uniqueness for (Poy)) {ui,w;} %8 (Pos) on [0,T] D 2 DDfE (Definition 3.1
DEKT) &L,

ei = plug) +w; (€ Cu([0,T); H)N L*(0,T;V)), 1 =1,2.

EHL<.
(1.3) & (1.4) ERKKC,

1)+ €b(t) + Flus () = wa(t)) = 0 (3.6)
for a.e. t € [0,7] and
kFo(wi(t) — w2 (t) + (6(8) — &(8)) + (g(wi(t) — g(wa(?)) = wi(t) —wa(t)  (3.7)

for a.e. t € [0,T], 2ZT ¢ € L*0,T; H) with ¢; € f(w) ae. on Q, 1 =1,2. (3.6) i
Fl(e1(t) — ea(t)) 2D, (3.7) iZ wi(t) —wo(t) ZMNF B &,

%ad;!elm — ea(t)l}s + (un(t) = ua(t), ex(t) = ealt)) = 0 (3.8)

£V (wi(t) — w2 () [Fr + (£2(2) — &2(2) + g(wi(2)) — g(wa(?)), wi(t) — wa(?))

_ = (u(t) — uy(t), wi(t) — wy(t))
for a.e. t € [0,T].

(Ul — Uz, Wy — w.:z)
= (u; — Uy, €1 — €3) — (p7H(er — wy) — p7 (e — wy), (€1 — wy) — (g — wy)) (3.10)

< (u1 — Uz, € — 62) -

Z(?)Kel —wy) — (&g = w?)]fq-

(3.8) & (3.9) Mz, (3.10) ={£H &

5 511 = ex(O + RV (1) = wal)fy + s let) = a(O)f
H64(6) = &a(t) + 9(r (1) = 9(wa(t) + T (n(0) = walt)) wa(t) = waft)) (311
2
S ICIORORRORIO)

for ae. t €[0,T). &SI, FED/NE 6> 01T LT,
(ex(t) = ea(t), wa(t) — wa(t))

< §{IV (wi(t) = wa()lfy + lwn(t) — ws()lir} + Cslea(t) — ea()[5

(3.12)
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forallt € [0,T], 22T Cs T 6 ICKSIMOIEDER. (3.11) (3.12) & (3.2) &1

1d

s L 2 :
5l (t) = a0y + (5 = Z)IVt) = wn(O)fy + g sler(t) — ol

25 , 20
mﬂwl(t) —wy(t)|g < ()

for a.e. t € [0,T]. & - T Gronwall @ lemma £ e = ey DD wy = wy, i.e. {ug, w1} =

{ug, ws }.

(3.13)

+(co — lex(t) — ea(t) [

(Convergence of (P,x) asv ™\, 0) {v,} Z 01 Wﬁ'ﬂ‘%ﬁ:%@ﬂ& U, D72, 8

X0
{u,} is bounded in L*°(0,T; H) N L*(0,T;V),

{w,} is bounded in L*=(0,T;V),
{p(un) + w,} is bounded in L*(0,T;V)NW2(0,T; V*),
{/Taw!} is bounded in L*(0,T; H).

INSDOFE LD {n} DERSF (H572DT {n} £ET) &, BEDH {u, w} DT
L,

(3.14)

Uy — U weakly in L2(0,T;V) and weakly* in L=(0,T; H),
w, — w  weakly* in L=(0,T;V), : (3.15)
vowl — 0 in L*(0,T; H).

— DT & R, en = p(un) + wn, § & Cs ITHL, (3.13) RIS,

L2 (1) = el + (5 2

IV (1) = wn () + lealt) — (D)

2 dt L(p) L(p)
+@45%@W%wﬂ%+mmw—%%mMW%mm»
20; \
< Folentt) = en(Ol-

for a.e. t € [0,T]. (3.15) &PFBTHEZ B & {e,} : Cauchy in C,([0,T}; V*) N L*(0,T; H)
> {w,} : Cauchy in L*(0,T;V) DO NS. 15T, n — oo & LIz &I

w, — w in L*(0,T;V) ' (3.16)

Up = p Hey —wy) mu=pt(e—w) inL*0,T;H)

1.e.

p(uy) — p(u) in L*(0,T; H), _ (3.17)



52

IITe=p(u)tw ZOHER
(p(un) + ws) — (p(u) +w)'  weakly in L*(0,T;V"). (3.18)
Z0DL, {w,} 2 L*(0,T; HX(N)) THRELD,
KFows + B(wn) 3 b = —vnwy, = g(wn) + un
Mo {l,}: L¥0,T; H) TER. TOHE,

£n = —vpw! — kFow, — g(w,) + u,
— —kFow —g(w) +u =& weakly in L*(0,T; H) (3.19)
and ¢ € f(w) a.e. on Q.

(3.15)-(3.19) & DABIE {u,w} IR (Pox) DIRT, (3.3)-(3.5) Y 3. O
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