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\S 1 Hypersurface ordinary singularities of dimension $\leq 5$

Let $(\mathrm{Y}^{n}, \mathit{0})\subset(\mathrm{C}^{n+1},\mathit{0})$ be a pure-dimensinal hypersurface germ and let
$\nu$ : $(X^{n-1}, \nu(\mathit{0}))arrow(\mathrm{Y}^{n}, \mathit{0})$ be the normalization map. We define $f:=\iota 0\nu$ :
$(X^{n}, f^{-1}(\mathit{0}))arrow(\mathbb{C}^{n+1},\mathit{0})$, where $\iota$ : $(Y^{n}, \mathit{0})\subset(\mathbb{C}^{n+1},\mathit{0})$ is the inclusion map.

1.1 Definition. we say $(Y^{n}, \mathit{0})$ is an ordinary singularity if $l.ii$

(i) (X $n,$ $f^{-1}(\mathit{0})$ ) is non-singular, and
1 ’

(ii) $f:=\iota 0\nu$ : (X $n,$ $f^{-1}(\mathit{0})$ ) $arrow(\mathbb{C}^{n+1},\mathit{0})$ is simultaneously stable, i.e., small
deformation of the multi-germ $f$ of a holomorphic map is trivial.

For an ordinary singularity $(\mathrm{Y}^{n}, \mathit{0})\subset(\mathbb{C}^{n+1},\mathit{0})$ with $f:=\iota 0\nu$ : $(X^{n}, f^{-}1(\mathit{0}))$

$arrow(\mathbb{C}^{n+1},\mathit{0})$ being the same as above, we put
$f^{-1}(\mathit{0}):=\{p_{1},p_{2}\cdots,p_{k}\}$ ,

$R(f)_{p}.\cdot:=\mathcal{O}_{X,p}./f^{*}\mathrm{m}_{O}\cdot \mathcal{O}X,pi$
$:\backslash$,

( $1\leq\iota’\leq k,$ $\mathrm{m}_{o}$ is the maximal ideal of $\mathcal{O}_{\mathbb{C}^{\mathfrak{n}+1_{\mathrm{O}}}},$ ), and
$C_{i}:=\{q\in X^{n}|R(f)_{q}\simeq R(f)_{p}.\cdot\}$ (contact class of $f$ at $p_{i}$ ).

1.2 $\mathrm{P}\mathrm{r}\mathrm{o}\mathrm{p}_{\mathrm{o}\mathrm{S}}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ ([8, Proposition 7.1], [5]). $f:=\iota 0\nu$ : $(X^{n}, f^{-1}(\mathit{0}))arrow$

$(\mathbb{C}^{n+1},\mathit{0}))$ is simultaneously stable iff both of the following condit $i_{o\mathrm{n}S\partial xe.Sa}.tiS^{-}$

fied:
$(i)f_{i}:=f_{\mathrm{I}^{p}}$: : $(X^{n},p_{i})arrow(\mathbb{C}^{n+1},\mathit{0})$ is stable for any $i(1\leq i\leq k)$ ,
(ii) $(d.f)_{P}\}(T_{C_{1},p_{1}}),$ $\cdots$ , $(df)_{p_{k}}(Tc_{k,pk})$ are in genaral position in $T_{\mathbb{C}^{n}+1},\mathit{0}$

’

where $T_{C_{iPi}},d$enotes the tangent space of $C_{i}\mathrm{a}.tp_{i}$ and so on.

1.3 Proposition $([7])$ . Let $f$ : $(\mathrm{C}^{n}, \mathit{0})arrow(\mathbb{C}^{m}, \mathit{0})$ be a holornorph$ic$ map
germ. Assume that (i) $(n, m)\in$ {nice $r\mathrm{a}.\mathrm{n}ge$ } $(\mathrm{c}\mathrm{f}$. [6] $)$ , (ii) $n<m$ , and (iii)
$n \leq\frac{2}{3}m+1$ . Then $f$ is $st\mathrm{a}b$]$\mathrm{e}$ iff $R(f)_{\mathit{0}}$ is isomorphic to one of the following
C-algebras:

$A_{0}:=\mathbb{C}[[_{X]}]/(x),$ $A_{1}:=\mathbb{C}[[x]]/(x^{2})$ , $A_{\mathrm{z}:=}\mathbb{C}[[_{X}]]/(x^{3})$ .

When $n<m$ , the normal forms of holomorphic maps $f$ with $R(f)_{\mathit{0}}\simeq A_{l}$

( $0\leq\ell\leq\sim 0_{)}$ are given as follows (cf. [4]):
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(i)In the case of $R(f)_{\mathit{0}}\simeq A_{0}$ :

$\{$

$y_{i}\mathrm{o}f=Xi(1\leq i\leq n)$

$y_{i}\mathrm{o}f=0(n+1\leq i\leq m)$ ,

(ii)In the case of $R(f)_{\mathit{0}}\simeq A_{1}$ :

(iii)In the case of $R(f)_{\mathit{0}}\simeq A_{2}$ :

$\{$

$y_{i}\mathrm{o}f=Xi(1\leq i\leq n-1)$

$y_{n}\circ f=X^{3}+x_{1}x_{n}n$

$y_{n+i}\mathrm{o}f=x_{2i^{X_{n}}}+x_{2i+1}x^{\frac{}{n},}$
’ $(1 \leq i\leq m-n, 2(m-n)+1\leq n-1)$ .

1.4 Renlark. When $m=n+1,$ $(n, m)$ satisfies the conditions (i), (ii) and
(ii\‘i) in Theorem 1.3 iff $1\leq n\leq 5$ , a.nd the case (iii) above occurs only when
$n=4,5$ .

Using these facts, we can calculate the defining equations of ordinary sin-
gularities of dimension $\leq 5$ .

1.5 $\mathrm{P}\mathrm{r}\mathrm{o}\mathrm{p}\mathrm{o}\mathrm{s}\mathrm{i}\mathrm{t}\mathrm{i}_{0}\mathrm{n}([8])$. The definin$g$ equa tions of hypersurface ordin$\mathrm{a}ry$

singularities of dimension $n\leq 5$ in $\mathbb{C}^{n+1}$ are given as follows:

$i)n=1$ : $ii$ )
$\uparrow \mathit{0})_{k}y_{1^{\underline{\circ}}y(1}.k=0\tau=.\cdot..\leq k\leq 3$

) $a)_{k}$. $y_{1}\cdots y_{k}=0(1\leq k\leq 4)$

$iii)n=3:$ .
$a)_{1}y_{1}=0$

$a)_{2y_{1}y2}=0$ $b)y_{1}^{2}-y_{\sim}^{2},y_{3}=0$ $b)y_{1}-2y_{2}2y3=0$

$a)_{1}+b)y_{4}(y^{2}1-y^{2}, 2y3)=0$

$iii)n=4$ :
$a)_{k}y_{1}\cdots y_{k}=0(1\leq\dot{k}\leq 5)$

$b)y_{1}^{2}-y_{2}^{2}y3=0$

$a)_{1}+b)?/4(y_{1}-22y_{2}y_{3})=0$

$a)_{2}+b)l/4y5(y1-y^{2}22y3)=0$

$c)y_{5}^{s_{+2y1y3}22}y_{\tilde{5}}’+(y1y3. -3y2y_{3}\mathrm{t}_{4}/+y_{1}y_{2})2y5^{-}.\{y_{3^{l}}^{s.2}/4+y2(y2+y1y_{s})2\}y4=0$

$iv)n=5$ :
$a)_{k}y_{1}\cdots y_{k}=0(1\leq k\leq 6)$

$b)y_{1}^{2}-y_{2}^{2}y3=0$

$a)_{1}+b)\iota_{4}/(y_{1}^{2}-y_{2}^{2}y_{3})=0$

$a)_{2}+b)y_{4}y_{5}(y_{1}-2y^{\sim}-,’ y_{3})=0$

$a)_{3}+b)l/4y_{\mathrm{s}}y_{6}(y1-y^{2}22y3)=0$

$b)+b)(y_{1^{-y_{2}y_{3})()=0}}^{2}2y_{\tilde{4}}’-y52y_{6}$
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$c)y_{5^{+}}^{3}2y1y3y^{2}5+(y1y^{2}3-3y2y_{3}y4+y1y2)2.2y5-\{y_{3}y_{4}+3y2(y_{2}+y1ys)22\}y_{4}=0$

$a)_{1}+C)y6[y_{5}+23y_{3}y1y\tilde{5}’+(y^{22}1y3-.3y_{2}y3y_{4}+\mathrm{t}J1y^{2}2)y_{\mathrm{s}-}\{y34+y_{2}(3_{?J2}2+y_{1}y3)y\}2y_{4}]=0$

PROOF: For example, we shall show how the equation iii) c) follows. In the case
of $\mathrm{n}=4$ , the normal form of a holomorphic map $f$ with $R(f)_{\mathit{0}}\simeq A_{2}$ is given by

(1.1) $\{$

$y_{i}\mathrm{o}f=Xi(1\leq i\leq 3)$

$l/4^{\mathrm{O}fx}=X^{3}+4x_{14}$

$y_{5^{\mathrm{O}f=}}X_{2}x4+x_{3}x_{4}^{2}$ .

Substituting $x_{1}=y_{1},$ $x_{2}=y_{2},$ $x_{3}=y\mathrm{a}$ into the last two equations, we have

$\{$

$x_{4}^{3}+y_{1}x4-y4=0$

$y3x^{2}+4y2x4-y5=0$ .

We regard this as a simultaneous equation for $x_{4}$ with coefficients in the poly-
nomial ring $C[y_{1}, \cdots , y_{5}]$ . To eliminate $x_{4}$ , we calculate the resultant

of the equation(cf. [12, Chapter 11]). Then we get the equation iii) c) in the
proposition. For more details, see [8].

Q.E.D.

\S 2 Cubic hyper-resolutions of $\mathrm{h}\mathrm{y}\mathrm{p}\backslash$ ersurface ordinary singularities
of dinlension $\leq 5$

We denote by $\mathbb{Z}$ the integer ring.
2.1 Definition. For $n\in \mathbb{Z}$ with $n\geq 0$ the augmented $n$-cubic category,

denoted by $\coprod_{n}^{+}$ , is defined to be a category whose objects $\mathrm{O}\mathrm{b}(\coprod_{n}^{+})$ and the set
of homomorphisms $\mathrm{H}\mathrm{o}\mathrm{m}+\square _{n}(\alpha, \beta)(\alpha=(\alpha_{0}, \alpha_{1}, \cdots, \alpha_{n}),$ $\beta=(\beta_{0}, \beta_{1}, \cdots, \beta_{n})\in$

$\mathrm{O}\mathrm{b}(\square _{n}^{+}))$ are given as follows:

$\mathrm{O}\mathrm{b}(\square _{n}^{+}):=$ { $\alpha=(\alpha_{0},$ $\alpha_{1},$ $\cdots$ , $\alpha_{n})\in \mathbb{Z}^{n+1}|0\leq\alpha_{i}\leq 1$ for $0\leq i\leq n$ },

$\mathrm{H}_{\mathrm{o}\mathrm{m}_{\mathrm{o}_{n}^{+}}}(\alpha, \beta):=\{$

$\alphaarrow\beta$ (an arrow from $\alpha$ to $\beta$ ) if $\alpha_{i}\leq\beta_{i}$ for $0\leq i\leq n$

$\emptyset$ otherwise.
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For $n=-1$ we understand $\coprod_{-1}^{+}$ to be the punctual category $\{*\}$ , i.e., the
category consisting of.a single. point.

Notice that $\mathrm{O}\mathrm{b}(\coprod^{+})n$ can be considered as a finite ordered set whose order
is defined by $\alpha\leq\beta\Leftrightarrow\alphaarrow\beta$ for $\alpha,$

$\beta\in \mathrm{O}\mathrm{b}(\coprod^{+})n$ .
2.2 Deflnition. A $\coprod_{n}^{+}$ -analytic variety is defined to be a contravariant

functor X. from $\coprod_{n}^{+}$ to the category of complex analytic varieties $(\mathrm{A}\mathrm{n}/\mathbb{C})$ . It is
also called an augmented n-cubic analy$\mathrm{t}ic$ variety.

2.3 Deflnition. Let X., Y. be $\coprod_{n}^{+}$ -analytic varieties. We define a morphism
$\Phi$ . : $X$ . $arrow Y$. to be a natural transformation from the functor X. to the one $Y$.
over the identity functor $\mathrm{i}\mathrm{d}:\coprod_{n}^{+}arrow\coprod_{n}^{+}$ .

2.4 Definition. For a $\coprod_{n}^{+}$ -analytic variety X., a contravariant functor Y.
from
if Y. is defined by a cartesian square of morphisms of $\coprod_{n}^{+}$-analytic varieties

$1_{11}’.$ . $-]_{01}’$ .

(2.1) $\downarrow$ $\downarrow f$

$Y_{10}$ . $arrow Y_{00}.$ ,

which satisfies the following conditions:

(i) $Y_{00}$ . $=X.$ ,
(ii) $Y_{01}$ . is a smooth $\coprod_{n}^{+}$ -analytic variety, i.e., a contravariant functor

from $\coprod_{n}^{+}$ to the category of smooth analytic varieties,
(iii) the horizontal arrows $\mathrm{a}1^{\backslash }\mathrm{e}$ closed immersion of $\coprod_{n}^{+}$ -analytic varieties
(iv) $f$ is a proper morphisnl betlveen $\square ?l+$ -analyitc varieties, and
(v) $f$ induces an $\mathrm{i}\mathrm{S}\mathrm{o}\mathrm{n}\mathrm{l}\mathrm{o}\mathrm{r}1^{\mathrm{h}\mathrm{i}\mathrm{s}\mathrm{m}}$) from $Y_{01\beta}-Y_{11\beta}$ t.o. $Y00\rho-Y10\beta\backslash$ for any

$\beta\in Ob(\coprod^{+})n$ .

We think of the cartesian square in (2.1) as a morphism from the $\coprod_{n+1^{-}}^{+}$

complex analytic variety $Y_{1}.$ . to the one $Y_{0}..$ alud write it as $Y_{1}..arrow Y_{0}\ldots$ For a
2-resolution Z. of $Y_{1}..$ , we define the $\coprod_{n+3}^{+}$ -analytic variety $rd(Y., z.)$ by

$Z_{11}$ . $rightarrow Z_{01}$ .

$rd$(Y., Z.) $:=$ $\downarrow$ $\downarrow$

$Z_{10}$ . $arrow Y_{0}\ldots$

and call it the reduction of {Y., $Z.$ }.
2.5 Definition. Let $X$ be an analytic variety and let { $X^{1}.,X^{2}.,$ $\cdots$ , X. $n$ }

be a sequence of $\coprod_{r}^{+}$ -analytic varieties $X^{r}.(1\leq r\leq n)$ such that
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(i) $X^{1}$. is a 2-resolution of $X$ ,

(ii) $X^{r+1}$. is a 2-resolution of $X_{1}^{r}$. for $1\leq r\leq n-1$ .
Then, by induction on $??$ , we define

Z. $:=rd(x.1, x^{2}., \cdots , X^{n}.):=rd$( $\gamma d$($x.1,X^{2}.,$ $\cdots$ , X. $n-1$ ), $X^{n}.$ ).

With this notation, if $Z_{\alpha}$ are smooth for all $\alpha\in\coprod_{n}$ , we call Z. an augmented
$n$-cubic $hy\mathrm{P}^{er-}re\mathit{8}olut on$ of $X$ . ., .... $\iota$

. $\mathrm{t}$

2.6 Definition. We call the cartesian square in (2.1) the 2-resolution of
$\dot{X}$ . by normalization if it satisfies that (i) $f$ : $Y_{01}$ . $arrow Y_{00}$ . is the normalization,
(ii) $Y_{10}$ . is the discriminant of $f$ (i.e., the smallest, closed $\coprod_{n^{-}}^{+}$ analytic variety
of $Y_{00}$ . with $Y_{01}$ . $-f^{-}1(Y_{1}0\cdot)\simeq Y00\cdot-Y10\cdot)$ , and $(\mathrm{i}\mathrm{i}\mathrm{i})Y_{1}1\cdot=f^{-1}(Y_{10}.)$ .

, ., 2.7 Definition. Let $X$ be an analytic variety. If there exists an augmented
$n$-cubic hyper-resolution Z. $:=rd$(X1., $X^{2}.,$ $\cdots$ , X. $n$ ) of $X$ such that X. $r+1$ is
the 2-resolution of $X_{1}^{r}$. by normalization for every $r$ with $0\leq r\leq n-1$ (we
understand $X_{1}^{0}$ . $=X$ ), then we say that an augmented cubic hyper-resolution of
$X$ is obtained by successive $normali_{Zati.onS}.\cdot$

2.8 Example. Let $(Y, \mathit{0})\subset(C^{5},\mathit{0})$ be the hypersurface ordinary singularity
defined by the equation iii) c) in Proposition 1.5. We shall show that an aug-
mented cubic $\mathrm{h}\mathrm{y}\mathrm{p}\mathrm{e}\mathrm{r}- \mathrm{r}\mathrm{e}\mathrm{S}\mathrm{o}1_{11\mathrm{t}\mathrm{i}\mathrm{n}}- \mathrm{O}$ of $l’$ is obtained by $s\tau\iota,c,,eSs?,venormali,zationS$ .
The map $f:=\iota 0\nu$ : $(C^{4},\mathit{0})arrow(C^{5},\mathit{0})$ , the $l$ composite of the normalization
$\nu$ : $(\mathbb{C}^{4},\mathit{0})arrow(Y, \mathit{0})$ and the inclusion $\iota$ : $(Y, \mathit{0})\subset(\mathbb{C}^{5},\mathit{0})$ , is given by (1.1). Let

$D_{i}(f):=\{x\in \mathbb{C}^{4}|\# f^{-1}(f(x))\geq i\}$ , $(i=2,3)$

denote the $\mathrm{i}$-ple point locus of $f$ and let
$D_{i}(Y):=\{\mathrm{t}j\in Y|\mu_{y}(Y)\geq i\}$ , $(i=2,3)$

denote that of $Y$ , where $\mu_{y}(Y)$ is the $m\tau\iota ltipli,cit_{j}\tau$ of $Y$ at $y\in Y$ . By calculation,
we can see that each of these loci is defined by the following equation:
(2.2) $D_{2}(f):x_{2}^{2}+(X3x_{4})_{X_{2}+(x^{2}}x_{3}^{2}4+x_{1_{\mathrm{Y}}})=^{\mathrm{o}}$

(this equation follows from that a point $p\in C^{4}$ belongs to $D_{\sim},(f)$ iff the equation
$f(p)=f(x)$ has other roots than $p$ ),

$D_{3}(f)$ : $x_{2}=x3=0$ ,

(2.3) $D_{2}(1’):y_{3}y5+y_{2}^{2}+y1y32=y2y5+y^{2}3y_{4}=0$

(since $D_{2}(Y)=f(D_{2}(f))$ , we obtain this by eliminating $x_{1},$ $\cdots,$ $x_{4}$ from the
equation of $D_{\sim},(f)$ in (2.2) and the equation in (1.1) $)$ , ..

$D_{3}(Y):y_{2}=y_{3}=\mathrm{t}_{5}j=0$ .
Note that Sing$(D,(\sim f))--D_{3}(f)$ and Sing$(D_{-},(Y))=D_{3}(Y)$ , where Sing$(Z)$

denotes the singular locus of $Z=D_{2}(f)_{:^{D_{2}}}(\mathrm{Y})$ . We define a $\coprod_{1}^{+}$ -analytic variety
$X^{1}$. to be

13



$X_{11}^{1}:=D_{2}(f)arrow j1c^{4}=:X_{0^{1}1}$

(2.4) $\mu_{1}:=\nu_{1|J)}D_{2}(\downarrow$ $\downarrow\nu_{1}$

$X_{10}^{1}:=D_{2}(1’P)arrow i_{1}Y=:x_{0}^{1}0$ ’

where $\nu_{1}:=\nu$ , the normalization of $Y$ , and the horizontal arrows are inclusions.
This diagram is nothing but the 2-resolution of $Y$ by normalization. We regard
the map $\mu_{1}$ : $D_{2}(f)arrow D_{2}(Y)$ as a $0$-analytic variety. We are now going to
show that a $\underline{9}$-resolution of the $\coprod_{0}^{+}$ -analytic variety $\mu_{1}$ : $D_{2}.(f)arrow D_{2}(\mathrm{Y})$ is also

$\mathrm{o}\dot{\mathrm{b}}$tained by normalization.

Step(l) First, we shall show that the strict transform $D_{2}(\mathrm{Y})^{*}$ of $D_{2}(\mathrm{Y})$ by

the blowing-up $\sigma$ : $\hat{\mathbb{C}}^{5}arrow C^{5}$ of $C^{5}$ with non-singualr center $D_{3}(\mathrm{Y})$ becomes
non-singular, and that the restriction map $\nu_{20}:=\sigma_{|D_{2(}}Y$) $*$ : $D_{2}(Y)^{*}arrow D_{2}(Y)$

is the normalization. We put

$g_{1}:=y_{3}y_{5}+y2+y1y^{2}23$
’

$g_{2}:=y_{2}y_{5}+y_{3}?j_{4}2$

(cf. (2.3)) and let $\mathcal{I}_{D_{2}\mathrm{t}^{)’\rangle}}$. denote the $\mathrm{i}\mathrm{d}\mathrm{e}_{\iota}\sqrt$ sheaf of $D_{2}(Y)$ in $\mathcal{O}_{\mathbb{C}^{5}}$ , which is
generated by $g_{1}$ and $g_{2}$ as a $O_{\mathbb{C}^{5-}}\mathrm{n}\mathrm{l}\mathrm{o}\mathrm{d}\mathrm{u}\mathrm{l}\mathrm{e}$ . Here we should note $\mathrm{t}\mathrm{h}\mathrm{a},\mathrm{t}$ Buchberger’s
algorithm to compute the (red.uced) Groebner basis of an ideal of the polynomial
ring (cf. [2, Chapter 2, $\S\overline{/}]$ ) works as well for computing the standard basis
(cf. [1, Corollary 4.2.1]) of an ideal of the convergent power series ring. Hence,
applying this algorithm to $\{g_{1}, g\sim’\}\mathit{0}:=\mathcal{I}_{D_{2}(\gamma),\mathit{0}}$ , the stalk of $\mathcal{I}_{D_{2}\mathrm{t}^{Y})}$ at the origin
$o\in C^{5}$ , we can find that $g_{1},$ $g_{2}$ and

$g_{3}:=?j_{2}s-y_{s}^{32}y4+y_{1y2}ys$

constitute the standard basis of $\mathcal{I}_{D_{2}(Y)},\mathit{0}$ . Since $\mu_{D_{3}(Y)},o(g_{i})=\mu_{\mathit{0}}(g.),$ $i=1,2,3$ ,
where $\mu D_{3}(\gamma),o(gi)$ denotes the $\mathrm{m}\mathrm{u}\mathrm{l}\mathrm{t}\mathrm{i}\mathrm{l}$) $\mathrm{l}\mathrm{i}\mathrm{c}\mathrm{i}\mathrm{t}\mathrm{y}$ of $g_{i}$ along $D_{3}(Y)$ at the origin $\mathit{0}\in$

$C^{5}$ , which is defined to be the largest $\mu$ such that the germ of $g_{i}$ at $\mathit{0}$ belongs
to $(\mathcal{I}_{D_{3}(\gamma)},)^{\mu}\mathit{0}$

’ the stalk $\mathcal{I}_{D_{2}()}Y’,x$ of the ideal sheaf $\mathcal{I}_{D_{2}(\gamma_{)}}$ . at $x\in\sigma^{-1}(\mathit{0})$ is
generated by the strict transforms $g_{i}^{*}$ of $g_{i},$ $\mathrm{i}=1,2,3$ , by $\sigma$ as a $\mathcal{O}_{\hat{\mathbb{C}}^{5},\mathit{0}}$ -module ([1,
Lemma 7.1]). In fact, calculating in terms of local coordinates, we can see that
$\mathcal{I}_{D_{2}(Y),x}.,$ $x\in\sigma^{-1}(\mathit{0})$ , is generated by $g_{1}^{*},g_{2}^{*}$ since $g_{3}=y_{2g1^{-y3g_{2}}}$ . The blowing-
up $\sigma$ : $\hat{C}^{5}arrow C^{5}$ of $C^{5}$ with non-singular center $D_{3}(Y)$ : $y_{2}=y_{3}=y_{5}=0$ is
explicitly described as follows:

$\hat{C}^{5}:=\{(y_{1}, \cdots, y_{\mathrm{s}})\cross(\xi 2:\xi 3:\xi 5)\in C^{5}\mathrm{x}\mathbb{P}^{2}|?ji\xi j-y_{j}\xi_{i}=0, i, j=2,3,5\}$,

$\sigma:=\mathrm{P}\mathrm{r}_{\mathbb{C}^{5}1}\hat{\mathbb{C}}^{\mathrm{s}}$ : $\hat{C}^{5}arrow C^{5},$ tlte $\mathrm{r}\mathrm{e}\mathrm{S}\mathrm{t}_{1}\mathrm{i}\mathrm{C}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{l}\mathrm{t}$ of the projection $\mathrm{P}\mathrm{r}_{\mathbb{C}^{5}}$ : $C^{5}\cross \mathbb{P}^{2}arrow C^{5}$ to
$\hat{C}\mathrm{s}$ .
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Let $U_{i},$ $i=2,3,5$ , denote the open subset of $\hat{C}^{5}$ defined by $\xi_{i}\neq 0$ . On $U_{3}$ , we
can take $(y_{1}, lj3, \mathrm{t}j4, u_{2,} ¿ )$ as a local coordinate system, where $u_{*}=\xi\epsilon_{3}^{\dot{\mathrm{L}}i}’=2,5$ ,
and $\sigma$ is written as

$\sigma$ : $(\mathrm{t}j_{1,y}3, y_{4}, u_{2}, u_{5})arrow(y_{1}, ?j_{3}1\iota_{2}, y3, \mathrm{t}_{4}J,y3u_{5})=(y1, y_{2}, ys, y4, y_{5})$

in term of this local coordinate system. Hence the strict transforms $g_{1}^{*},g_{2}^{*}$ of
$g_{1},g_{2}$ by $\sigma$ is given by

$g_{1}^{*}=y_{3}^{-2}(\sigma-1(g_{1}))=u_{s}+u^{2}2^{+y_{1}}$
’

(2.5)
$g_{2}^{*}=\mathrm{c}^{-2}j_{3}(\sigma^{-1}(g_{2}))=y_{4}+u_{25}u$ .

Since the rank of the Jacobian matrix $\partial(g_{1}^{*}, g_{2}^{*})/\partial(lj_{1}, y_{3}, y_{4,2,5}uu)$ is maximal
throughout $D_{2}(Y)^{*}\cap U_{3}$ , we conclude that $D_{2}(Y)^{*}$ is non-singular in $U_{3}$ . By
(2.5), the map $\nu_{20\mathrm{I}^{D_{2(Y)\cap}}}\cdot U_{3}$ : $D_{2}(Y)^{*}\cap U_{3}arrow D_{2}(Y)\cap\sigma(U_{3})$ is obviously
a finite map. Therefore, $\nu_{20|}D_{2}(Y).\cap U3$ : $D_{2}(Y)^{*}\cap U_{3}arrow D_{2}(\mathrm{Y})\cap\sigma(U_{3})$ is
nothing but the nornlalization, since lノ ‘-)0 gives rise to an isomorphism between
$D_{2}(\mathrm{Y})^{*}\cap U_{3^{-\sigma^{-1}}}(D_{3}(Y))$ and $D_{2}(]^{r})\cap\sigma(U_{3})-D_{3}(Y)$ . On other $U_{i},$ $i=2,5$ ,
we can also check that $D_{\sim},(]^{-})^{*}\cap U_{i}$ is non-singular and the map $\nu_{20|D_{2}(}Y$ ) $.\mathrm{n}U.\cdot$ :
$D_{2}(\mathrm{Y})^{*}\cap U_{i}arrow D_{\sim},(Y)\cap\sigma(U_{i})$ is the normalization. Hence the map $\nu_{20}$ :
$D_{2}(Y)^{*}arrow D_{2}(Y)$ is tlue non-singular normalization of $D_{2}(Y)$ .

Step(2) Secondly, we shall show that the normalization of $D_{2}(f)$ is non-
singular. The defining equation of $D_{2}(f)$ in (2.2) is transformed as follows:

$x^{2},$

.

$+(x_{3}x_{4})x_{2}+x^{2}-?(x_{A}2+x_{1})$

$=(z+\sqrt Xy)(z-\sqrt x\mathrm{t}j)=Z^{l}-xy’.$ ,

where $x:=-x_{1}- \frac{3}{4}x_{\tilde{4}}’,$ $y:=x_{3},$ $z:=x_{2}+ \frac{1}{2}x_{3}x_{4}$ . Note that $D_{3}(f)$ is
given by $y=z=0$ . The map $\nu_{21}$ : $D_{2}(f)^{*}:=C^{3}arrow D_{2}(f)\subset \mathbb{C}^{4}$ defined by
$(u, v, x_{4})arrow(u^{2}, v, uv, x_{4})=(x, y, Z, X4)$ is the normalization of $D_{2}(f)$ , since $\nu_{21}$

gives rise to an isomorphism between $D_{2}(f)^{*}-\{v=\mathit{0}\}$ and $D_{2}(f)-D_{3}(f)$ .
Therefore the normalization of $D_{2}(f..)$ is non-singular

Step(3) We consider the following diagram:

$D_{\sim}9(]^{\Gamma})^{*}arrow\mu_{1}^{-}D_{2}(f)^{*}$

$\nu_{20\downarrow}$ $\downarrow\nu_{21}$

$D_{2}(Y)arrow\mu_{1}D_{2}(f)$ ,

where $\tilde{\mu}_{1}$ is the lifting of { $l_{1}$ . This gives the normalization of $\coprod_{0}^{+}$ -analytic variety
$\mu_{1}$ : $D_{2}(f)arrow D_{2}(Y)$ and, further, gives rise to the following 2-resolution of it:
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(2.6)

where $i_{2\alpha},j_{2\alpha},$ $\alpha=0,1$ , are inclusion maps, and $\lambda_{1}:=\mu 1|D_{3}\mathrm{t}f$ ), $\lambda^{\sim}1:=\tilde{\mu}_{1_{|\nu}}-121(D_{3}\mathrm{t}f))$ .

Since all of $D_{2}(Y)^{*},$ $D_{2}(f)^{*},$ $D_{3}(Y),$ $D_{3}(f),$ $\nu_{-0}^{-},(1D_{3}(Y))$ and $\iota \text{ノ_{}\sim}^{-1},(1D3(f))$ are
non-singular, replacing $\mu_{1}$ : $D_{\sim},(f)arrow D_{2}(Y)$ by $\nu_{1}$ : $C^{4}arrow Y$ (this means to form
the $red?l\cdot Cf.i\mathit{0}n$ of (2.4) and (2.6) $)$ , we obtain the following cubic hyper-resolution
$\mathrm{o}\mathrm{f}Y$ :

Theref.ore we conclude that an augmened hyper-resolution of $Y$ is obtained
by successive normalizations.
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. 2.9 $\mathrm{R}\mathrm{e}\mathrm{l}\tau \mathrm{u}\mathrm{a}\mathrm{r}\mathrm{k}$ . The various singular point loci of the map $f$ in Example 2.8
are described as follows:

$(*)p_{1P\cdot\cdot,.\mathrm{d}},2’\cdot\epsilon\cdot \mathrm{h}*r\mathrm{p}_{\mathrm{V}}\cdot \mathrm{h}*\mathrm{d}\Phi-\mathrm{B}\cdot 0^{\cdot}$ .
$.\mathrm{h}\cdot\cdot\cdot \mathfrak{n}.*1\cdot\cdot,.\prime w(xy\underline’-\underline{\prime}\underline’|)=0,|\cdot \mathrm{c}5.$

. $\cdot$ .

$C_{A:}:=\{x\in C^{4}|R(f)_{x}\simeq A_{i}\}(i=0,1,2)$,
$\Sigma^{i}:=\{x\in C^{4}|\dim Kerdfx=i\}(i=0,1)$ ,
$\Sigma^{1,i}$ $:=\{x\in\Sigma^{1}|\dim Ii’erd(f_{|\Sigma 1})_{x}=i\}(i=0,1)$ ,

$\Sigma^{1,1,0}:=\{x\in\Sigma^{1,1}|\dim I\mathrm{i}’erd(f|\Sigma 1.1)_{x}=0\}$ .

2.1.0. $\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{l}\mathrm{n}.$

.Let $X$ be an analytic variety with hypersurface ordinary
$sin_{\mathrm{o}}\sigma \mathrm{u}l\mathrm{a}\Gamma \mathrm{J}t_{\mathit{1}}eS$ of dimension $\leq 5$ , then a $c\mathrm{u}bic$ hyper-resolution of $X$ is obtain$ed$

by successive norJnaliza tion$s$ .
PROOF: In the similar manner to prove Proposition 2.15 in [10, I], we can prove
this, using the calculation in Example 2.8 above.

Q.E.D.

As a by-product, we obtain the following.
2.11 $\mathrm{C}\mathrm{o}\mathrm{r}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{r}\mathrm{y}(.[10],[11]).$. Let $\pi$ : $Xarrow M$ be a locally trivial family of

compact complex pro.lectl $v\mathrm{e}$ varieties with hypersurface ordinary singularities of
dimension $\leq 5$ , parametriz$\mathrm{e}d$ by a complex rnanifold M. We defin$eR_{I}^{\ell}(\pi)$ $:=$

$R^{\ell_{T_{*}\mathrm{z}_{\mathrm{x}}}}$ (modulo torsion) $(0\leq\ell\leq 2(\dim x-\dim M)),$ $R_{\mathrm{Q}}^{p}(\pi):=R_{\mathbb{Z}}^{\ell}(\pi)\otimes_{\mathrm{Z}}\mathrm{Q}$

and $R_{O}^{\ell}(\pi):=R^{p}\pi_{*}(\pi \mathcal{O}_{M})\simeq \mathbb{R}^{p}\pi_{*}(DR\mathrm{I}X/M$
’ where $\pi \mathcal{O}_{M}$ is the topological

inverse of the structure sheaf of $\Lambda f$ by the map $\pi$ : $Xarrow M$ and $DR_{X/M}$ the
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cohomological rela tive de Rham complex of the family $\pi$ : $Xarrow M$ . Then
there exist a family of increasing sub-local systems $\mathrm{W}$ (weight filteration) on

$\mathrm{m}\mathrm{j}XR_{\mathrm{Q}}\ell_{R}(\pi oned^{o}J(\pi)SuCh\mathrm{t}haHodgestr\mathrm{u}Ct\iota \mathrm{t}r\mathrm{e},\backslash \mathrm{v}andafam\mathrm{i}]yofdeCreas_{\mathit{1}}it\{R^{p}\mathbb{Z}(\pi_{h\mathrm{e}}),(.R^{\ell}engho\Re^{(\pi}[p]^{),\mathrm{w}}Clenot\mathrm{e}StheShftofthe\mathrm{f}\mathrm{i}\mathit{1}ter\mathrm{a}]omo\mathrm{r}ph[\ell]),(R_{O}\ell(\pi),\mathrm{W}[^{\ell],\mathrm{F})\}0}(icS\mathrm{u}bbu_{\mathrm{i}}nd\mathit{1}eS\mathrm{p}Hodge\mathrm{f}\mathrm{i}lter\mathrm{a}\iota ion)\mathrm{i}sava_{O}r\mathrm{i}ti\mathrm{n}\mathrm{d}egree\mathrm{a}li\mathrm{o}\mathrm{n}f$

to the right by $\ell,$ $\mathrm{i}.e.,$ $\mathrm{W}[\ell]_{q}:=\mathrm{w}_{q}-p$ .
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