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, $\cdot$. .. $.\backslash$. 1. INTRODUCTION . . $i

Let $f_{1},$ $f_{2}$ : $(\mathbb{R}^{2},0)arrow(\mathbb{R}, 0)$ be germs of real $\mathrm{a}\mathrm{n}\mathrm{a}\overline{\mathrm{l}}\mathrm{y}\mathrm{t}\mathrm{i}\mathrm{c}\mathrm{f}\mathrm{u}\mathrm{n}\backslash$

,

ctions. We say that $f_{1},$ $f_{2}$

are blow analytic equivalent if there exist maps $\Phi,$ $\phi,$ $’/\mathit{3}_{1},$ $\beta_{2}$ such that the diagram is
commute:

$(\mathcal{M}_{1},/\mathit{3}_{1}^{-1}(0)\Phi\downarrow)$

$\beta_{2}\beta_{1}$ $(\mathbb{R}^{n},0(\mathbb{R}^{n_{\emptyset}},0)\downarrow_{\nearrow_{f}^{(\mathbb{R},0} ,)}^{\backslash }J12)$

$(\mathcal{M}_{2}, \beta_{2}^{-}1(0))$

where $\phi$ is a $\mathrm{h}_{\mathrm{o}\mathrm{n}\mathrm{l}\mathrm{e}\mathrm{o}}\mathrm{m}\mathrm{o}\mathrm{r}\mathrm{p}\mathrm{h}\mathrm{i}_{\mathrm{S},\Phi}$ is an analytic isomorphism and $\beta(i=1,2)$ are compositions
of blowing ups with smooth centers. $\mathrm{T}.\mathrm{C}$ .Kuo proved the following theorem in [1].

Theorem 1.1. Let $F(x,p)$ : $(\mathbb{R}^{n}\cross P, 0\cross P)arrow(\mathbb{R}, 0)$ be real analytic and let $P$ be a
subanalytic set. Suppose that for $p\in P$ fixed, $F_{p}$ : $(\mathbb{R}^{n}, 0)arrow(\mathbb{R}, 0),$ $F_{p}(x)=F(x,p)$

has an isolated singular point. Then there exists a finite filtraton of $P$ by $s\mathrm{t}lbanalyt\dot{i}c$ sets
$P^{(i)}(i=0, \ldots l)$ ..

$P=P^{(0)}\supset P^{(1)}\supset\cdots\supset P^{(l)}=a)$

such that

(1) $d\dot{i}mP^{(i)}>d_{\dot{i}}mP^{(i+}1),$ $P^{(i)}-P^{(i1)}+$ is srnooth,
$.\iota$

(2) for $p,p’\in P^{(i)}-P^{(i1)}+,$ $F_{p}$ and $F_{p’}$ are blow analytic equivalent.

Let $A_{n}:=$ { $f|f$ : $r(\mathbb{R}^{n},$ $0)arrow(\dot{\mathbb{R}}$ , $0)$ ; analytic}. If $f\in A_{n}$ has an isolated singularity,
then $f$ is finitely determined, that is, there exists an integer $r\in \mathrm{N}$ such that the analytic
type of $f$ is deterrnined by the Taylor polynomial of $f$ with degree $r$ . Let $I(n, 1)$ be
the set of $r$-jets of the element of $A_{n}$ and $L^{r}(n, n)$ be the set of $\tau$-jets of isomorphisms
of $(\mathbb{R}^{n}, 0)$ . Then the Lie group $L^{r}(n, n)$ acts on $J^{r}(n, 1)$ . Since $\mathrm{c}\mathrm{o}\dim orb(j^{T}f)<+\infty$ ,
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There exists an analytic nlap $F:(\mathbb{R}^{n}\cross \mathbb{R}^{\mu^{-}1},0\cross 0)arrow(\mathbb{R}, 0)$ such that $F$ is transeversal
to Orb$(jr(f))$ . We call $F$ the transeversal family of $f$ . It is well known that we have

$F(x,p)=f(_{X})+ \sum_{i=1}\mu-1p_{i}\alpha_{i}(X)$ ,

$\mathrm{w}\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{e}\mathrm{L}\mathrm{e}\mathrm{t}Sf=\{\alpha_{1},.\cdots\alpha_{\mu}p-1\in \mathbb{R}^{\mu 1}-|\mathrm{a}\mathrm{r}\mathrm{e}\mathrm{a}f\mathrm{i}\mathrm{s}\mathrm{b}1_{0}\mathrm{W}\mathrm{a}\mathrm{n}\mathrm{a}1\mathrm{y}\mathrm{t}\mathrm{i}\mathrm{q}\mathrm{u}\mathrm{i}\mathrm{v}\mathrm{a}1\mathrm{e}\mathrm{t}\mathrm{o}F_{P}\mathrm{b}_{k\mathrm{s}\mathrm{i}_{\mathrm{S}}\mathrm{o}}\mathrm{f}\mathfrak{M}2/\mathfrak{M}(\frac{\partial f}{\partial x_{1},\mathrm{c}\mathrm{e}},\cdots,\frac{\partial f}{\partial x,\mathrm{n}\mathrm{t}^{n}})\}$

as a germ at the origin. By
Kuo’s theorem above mentioned, it follows that $S_{f}$ consists of finitely union of smooth
manifolds. We propose the following problems:

Problems.

(1) Estimate the dimension of $S_{f}$ .
(2) $S_{f}$ is smooth?
(3) Classify $A_{n}$ by the dimension of $S_{f}$ .
(4) Prove that, the upper $\mathrm{s}\mathrm{e}\mathrm{n}\mathrm{l}\mathrm{i}_{\mathrm{C}}- \mathrm{o}\mathrm{n}\mathrm{l}\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{U}\mathrm{i}\mathrm{t}\mathrm{y}$ of the $\dim S_{f}$ .

2. COMPLEX CASE

Let $f$ : $(\mathbb{C}0)arrow(\mathbb{C}0)$ be a germ of an analytic function with isolated singularity and
let $F$ : $(\mathbb{C}^{\iota}\cross \mathbb{C}^{\mu^{-}1},0\cross 0)arrow(\mathbb{C}0)$ be the traseversal family of $f$ . Let

$S_{f}:=$ { $p\in \mathbb{C}^{\mu-1}|(\mathbb{C}^{n},$ $f^{-1}(\mathrm{o}))$ is relatively topological equivalent to $(\mathbb{C},$ $F_{p}^{-1}(0))$ }

Let $f$ : $(\mathbb{C}^{2},0)arrow(\mathbb{C}0)$ be a germ of an analytic function and let $f(x, y)= \sum a_{i,j}x^{i}y^{j}$ be
the Taylor expansion of $f$ with respect to a coordinate system $(x, y)$ of $\Theta$ . The Newton
polygon $\Gamma_{+}(f;(x, y))$ with respect to the coordinate system $(x, y)$ is the set

$. \bigcup_{?,j\neq 0}\{(i, j)+$

$\mathbb{R}_{+}^{2}\}$ . Newton boundary $\Gamma(f;(.x, y))$ of $f$ is the union of caompact faces of the boundary of
the Newton polygon of $f$ . For a compact face $\gamma$ of $\Gamma(f’.(x, y))$ , we define $f_{\gamma}$ by $f_{\gamma}(x, y)=$

$\Sigma_{(i,j)\in}\gamma ai,j^{X^{i}}y^{\check{J}}$ .
The author prove the following result in [2].

Theorem 2.1. Let $f(x, y)$ be a gerrn of a quasihomogeneous function of two complex
variables with isolated singularity. Then we have $S_{f}=a$ linear space in $\mathbb{C}^{\mu-1}$ genarated

by a $bas\dot{i}S$ of $\mathbb{Q}x_{1},$
$\ldots,$ $x_{n}$ } $/( \frac{\partial f}{\partial x}, \frac{\partial f}{\partial y})\dot{i}n\Gamma_{+}(f;(x, y))$ .

M.Oka proved the following result in [3].

Theorem 2.2. Let $F(x, t)$ : $(\mathbb{C}^{2}\cross \mathbb{C}0\cross 0)arrow(\mathbb{C}0)$ be analytic and suppose that $ft=$
$F|_{\mathbb{C}^{2}\cross\{0}\}$ has an isolated singularty. If the Milnor number of $f_{t}$ is constant independent
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of $\forall t$ and $f_{0}$ is convenient, then there exists a coordianate system $\phi_{t}(x, y)=(x(t), y(t))$

which is analytic in $t$ and satisfies the following conditons:
(1) $\phi_{t}(0)=0$ . $\phi \mathrm{o}(x, y)=(x, y)$

(2) $\Gamma(f_{t}; \phi t)=\Gamma(f\mathrm{o}.’.\phi 0)$

M.Oka and Kushnirenko proved the following result in $[4],[5]$ .

Theorem 2.3. Suppose that $f$ : $(\mathbb{C}^{n}, 0)arrow(\mathbb{C}0)$ has an isolated singularity and has a
non-degenerate Newton boundary. Then the Milnor number of $f$ is the number of a basis

of $\mathbb{Q}x_{1},$
$\ldots,$ $x_{n}$ } $/( \frac{\partial f}{\partial x_{1}}$ , . . . , $\frac{\partial f}{\partial x_{n}})\dot{i}n\Gamma_{+}(f)$ .

L\^e $\mathrm{D}\tilde{\mathrm{u}}$ ng Tr\’ang and $\mathrm{C}.\mathrm{P}$.Ramanujan proved the following result in [6].

Theorem 2.4. Let $F$ : $(\mathbb{C}^{n}\cross \mathbb{R}, 0\cross 0)arrow(\mathbb{C}0)$ be analytic and $F_{t}=F|_{\mathrm{C}^{n}\mathrm{x}\{t}$} has an
isolated singularity for $\forall t\in \mathbb{R}$ . If the Milnor numbers of $F_{t}$ are independent of $t$ , then the
relative topological types of $(\mathbb{C}^{n}, F_{t}-1(0))$ are independent of $t$ .

Fronl tlle above three results, it follows that

Theorem 2.5. Let $f$ be a germ of complex analytic function with isolated singularity at
the origin, $f(\mathrm{O})=0$ and suppose that $f$ has the non-degenarate Newton boundary. Then
we have $S_{f}=a$ linear space in the moduli space of the transver.$9al$ family of $f$ genarated

by a basis of $\mathbb{Q}x_{1},$
$\ldots$ , $x_{n}$ } $/( \frac{\partial f}{\partial x}, \frac{\partial f}{\partial y})$ in $\Gamma_{+}(f’.(x, y))$ .

We will draw an analogy ill case of real analytic functions in what follows.

3. REAL CASE

In what, follows, suppose that $f\in A_{n}$ has an isolated singularity. Let $F:(\mathbb{R}^{n}\cross I,$ $0\cross$

$I)arrow(\mathbb{R}, 0)$ be analytic and $F_{0}=f$ , where $I$ is the open interval $(-1,1)$ .

Definition 3.1. We say that $F$ admits a blow analytic trivialization along I if there
$e\dot{m}t$ a local homeomorphism $\phi$ , an $analyti,c$ isomorphism $\Phi$ and succesive blowing $ups$

$\beta_{i}(i=1, \ldots\gamma)$ such that the following diagram commutes.$\cdot$

where $\beta_{i}$ : $\mathcal{M}_{i}arrow \mathcal{M}_{i-1}$ is the blowing up with a smooth center $S_{i-1}\subset \mathcal{M}_{i}(\mathcal{M}_{0}=$

$\mathbb{R}^{n}\cross I)$ and th $c^{J}$ composition map $S_{i}us\mathcal{M}\underline{incl\dot{?}on}i\underline{\beta,}$ .. $.arrow \mathcal{M}_{0}\beta_{1}=\mathbb{R}^{n}\cross Iarrow I$ is a
submersion.
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We have the following result.

Theorem 3.1. Suppose that $F$ : $(\mathbb{R}^{2}\cross I, 0\cross I)arrow(\mathbb{R}, 0)$ admits a blow analytic triv-
ialization $alo7\iota g$ I and $F_{0}(x,$ $y\mathrm{I}=f(x, y)$ is convenient. Then there exists a coordinate
system $(x’, y’)$ Of $\mathbb{R}^{2}$ (which is a small perturbation of the original coordinate $(x,$ $y)$) and a
real analytic family of local coordinates $\varphi\downarrow(x’, y’\mathrm{I}=(x(t), y(t))(|t|<<1)$ such that

(1) $\varphi_{t}(0,0)=(0,0)$ and $\varphi_{0}(x^{;;}, y)=(x’, y’)$

(2) $\Gamma(Ft;\varphi t)=\Gamma(f;\langle_{X}’,\prime y))$ .

In Kuo’s theorem, we can replace the condition (ii) to
(1) For $P^{(i)}-P(i+1)\ni\forall p,p$ ($\prime \mathrm{c}\mathrm{l}\mathrm{o}\mathrm{s}.\mathrm{e}‘$ enough),

$F_{p,\tau}$
and $F_{p’}$ are j.ointed $\mathrm{b}\mathrm{y}\mathrm{a}|$

blow analytically
trivial homotopy.

In fact, he have proved Theorenu 1.1 under the above condition in [1]. From our result
and $\mathrm{K}\mathrm{u}o’ \mathrm{s}\Gamma \mathrm{e}\mathrm{S}\mathrm{u}\mathrm{l}\mathrm{t}l$, we have

Assertion 3.1. $d\dot{i}m$ (the topological component of $P^{i}-P^{(i+1)}$ which contains $f$ ) $\leq$ the

number of a basis of $A_{2}/( \frac{\partial f}{\partial x}, \frac{\partial f}{\partial y})$ in $\Gamma_{+}(f)$

The following $\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{u}\mathrm{l}\mathrm{t}_{1}$ is deduced as the special case from the result in $\dot{\mathrm{T}}.\mathrm{F}\mathrm{u}\mathrm{k}\mathrm{u}\mathrm{i}$ and
E.Yoshinaga [6]. :

Theorem 3.2. Let $F$ : $(\mathbb{R}^{2}\cross I, 0\cross I)arrow(\mathbb{R}, 0)$ be $analyt\prime ic$ . Suppose that the Newton
boundary of $F_{t}$ is independent of $t$ and non-degenerate. Then $F$ admits a blow analytic
trivialization along $I$ .

From this result and the above Assertion, we have

Assertion 3.2. Let $f;(\mathbb{R}^{2},0)arrow(\mathbb{R}, 0)$ be a germ of analytic function with isolated $S\dot{i}n-$

gularity. If $f$ has a non-degenerate Newton boundary, then $d\dot{i}m(the$ topological component

of $P^{(i)}-P^{(i+1}$ ) which contains $f=the$ number of a basis of $A_{2}/( \frac{\partial f}{\partial x}, \frac{\partial f}{\partial y})$ in $\Gamma_{+}(f)$ .

In addition to the problenls $1\mathrm{n}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{i}_{0}\mathrm{n}\mathrm{e}\mathrm{d}$ in the section 1, we propose the following prob-
lenl:

Problem

(5) $\mathrm{B}\mathrm{l}\mathrm{o}\mathrm{w}$ analytic constancy inlplies blow analytic triviality?

If this is true, then we have

Conjecture. Let $f$ : $(\mathbb{R}^{2},0)arrow(\mathbb{R}, 0)$ be a germ of analytic functions with isolated $S\dot{i}n-$

gularity. If $f$ has a non-degenerate Newton boundary, then we $h$

. $avedin\mathit{1}SJ=the$ number

of a basis of $A_{2}/( \frac{\partial f}{\partial x}, \frac{\partial f}{\partial y})$ in $\Gamma_{+}(f)$ .
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we expect the colljecture will be true in genaral.

4. OUTLINE OF A PROOF OF THE RESULT

Let $F$ : $(\mathbb{R}^{2}\cross I, \mathrm{O}\cross I)$ be analytic and $F\mathrm{o}(x, y)=f(x, y)$ . Suppose that $F$ admits a
blow analytic trivialization along $I$ and satisfies the commutative diagram mentioned in
the previous sectioll:

Note that $\beta_{0}$ is $\sigma\cross i_{\mathrm{C}}l_{I}$ : $N\cross Iarrow \mathbb{R}^{2}\cross I$ , where a is the blowing up of $\mathbb{R}^{2}$ with center the
origin and $N=\{([\xi, ?7], (x, y))|\xi y-/_{7^{\Gamma}}., =0\}\subset \mathbb{R}P^{1}\cross \mathbb{R}^{2}$ . Let $(x\cdot, y)$ be the COOrdinatte
$\mathrm{s}\mathrm{y}\mathrm{s}\mathrm{t}\mathrm{e}\ln$ of $\mathbb{R}^{2}$ which is obtained by the coordinate $\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{s}\mathrm{f}_{0}\mathrm{r}\mathrm{n}\mathrm{u}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}11$

$\{$

$x=x$

$y=y-\pi(p)x$

where $p\in\sigma^{-1}(\mathrm{O})\cong S^{1}$ is a point which is llot contained in the centers of the blowing ups
$\beta_{1},$

$\ldots,$
$\beta_{\gamma}$ and $\pi=proj$ : $\mathbb{R}P^{1}\cross \mathbb{R}^{2}arrow \mathbb{R}P^{1}$ .

We set $(u_{0\pm}, v_{0\pm})=(u_{0\pm}’, \iota_{0\pm})^{;}):=(x, y),$ $\mathit{0}_{0\pm}=\mathit{0}_{0\pm}’=\mathrm{t}\mathrm{h}\mathrm{e}$ origin of $\mathbb{R}^{2}$ and set $N_{0\pm}=$

$\mathbb{R}^{2}(x, y)$ . Next we define inductively real analytic manifold $N_{k\pm}$ , real analytic maps $\sigma_{k\pm}$ :
$N_{k\pm},arrow N_{(k-1)\pm}$ according to the sign $+$ , –respectively as follows. Let $\mathbb{R}^{2}(v_{k}\pm, v_{k\pm})$

$,\mathbb{R}^{2}(u_{k\pm’ k}’v’)\pm$ be copies of $\mathbb{R}^{2}$ and set $N_{k\pm}=\mathbb{R}^{2}(u_{k\pm}, v_{k\pm})\cup \mathbb{R}^{2\prime}(u_{k\pm’ k\pm}v’)$ . Let $o_{k\pm}$ (resp.
$o_{k\pm}’)$ be the origin of the patch $\mathbb{R}^{2}(u_{k\pm}, 1_{k}’\pm)$ (resp. $\mathbb{R}^{2}(v_{k\pm}’,$ $Uk\pm;)$ ) and let $\sigma_{k+}$ : $N_{k+}arrow$

$\Lambda_{(k1)+}’-$ (resp. $\sigma_{k-}$ : $N_{k-},arrow N_{(k-1)-}$ ) be the blowing up of $N_{(k-1)}+(\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{p}$. $N_{(k-1)-)}$ with
center $o_{k+}$ (resp. $\mathit{0}$

”
$k-$ ) defined by

$\sigma_{k+}(u_{k}+, vk+)=(u_{k+}, u_{k+k}\mathrm{t}))+=(u_{(k-1)}+, u(k-1)+v_{(k1)}-+)$

$=(u_{\mathrm{t}}’v_{k}’’vk+)\wedge++’=\sigma_{k+}(u_{k+}’’, v_{k+})$

$\sigma_{k-}(u_{k-,U}k-)=(uk-, u_{k-}vk-)=(u’(k-1)-, u_{(}-\mathrm{J})-v(k-1)_{-})\prime\prime k$

$=(u_{k-v^{;}}’k-, v^{;}k-)=\sigma k-(u^{\prime J}-,$$v_{k-)}k$

and we set $\sigma_{0\pm}=id:\mathbb{R}^{2}arrow \mathbb{R}^{2}$ .
At first we $\mathrm{C}\mathrm{o}11\mathrm{s}\mathrm{i}_{\mathrm{C}}1\mathrm{e}\mathrm{r}$ the analytic map $\sigma_{k+}$ : $N_{k+}arrow N_{(k-1}$ ) $+\cdot$ We set

$m_{k+}=\mathrm{t}\mathrm{h}\mathrm{e}$ order of $f\mathrm{o}\sigma 0+\sigma k\mathrm{o}\cdots \mathrm{O}+(uk+, vk+)$

$\triangle_{k+}’=\{(u_{k+}, Uk+)\in\Gamma(f\mathrm{o}\sigma 0+0\cdots 0\sigma_{k+}: (u_{k+,k+}\mathrm{t}^{)}))|u_{k+}+?_{k}’+=m_{k+}\}$

37



Let $\triangle_{k+}$ be the face of $\Gamma(f;(x, y))$ corresponding to $\triangle_{k+}’$ by the $\mathrm{n}\iota \mathrm{a}\mathrm{p}$

$[]arrow$ .

Next we set
$\nu_{k+}=\mathrm{n}\mathrm{l}\mathrm{i}\mathrm{n}$ { $y|\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{r}\mathrm{e}$ exists $x$ such that $(x,$ $y)\in\triangle_{k+}$ }

$\nu_{k+}’=\max$ { $y|\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{e}$ exists $x$ such $\mathrm{t}\mathrm{h}\mathrm{a}\mathrm{t}_{\mathrm{k}}(x,$ $y)\in\triangle_{k+}$ }
and there exists $\gamma\in \mathrm{N}$ such that

$\nu_{0+}\geq\cdots\geq\nu_{\mathrm{t})+}-1-\gamma-\mathrm{o}$ , $\nu_{0+}’\geq\cdots\geq\nu_{(}’\gamma-1)+$

We have the following lemmata.

Lemma 4.1. Suppose that $F$ : $(\mathbb{R}^{2}\cross I, \mathrm{O}\cross I)arrow(\mathbb{R}, 0)$ admits a blow analytic trivialization
along I and suppose that

$f_{\triangle} \mathrm{o}+(x, y)=x^{\alpha}y^{\beta}(_{i=}\sum_{0}aix^{\gamma?}-y^{i})\gamma$ , $a_{0}a_{\gamma}\neq 0$

as a germ at the $\mathit{0}\dot{n}g_{\dot{i}n}$. Then there exist germs $\epsilon(t),$ $\delta(t)$ and $\mathrm{o}_{\mathrm{z}}(t)(i=1, \ldots, \gamma)$ , at
$t=0$ . of real analytic functions wich $saati_{S}f?/the$ following conditions,

(1) $F_{t,\triangle_{t}}(x, y)=(x-\delta(t,)t)^{\alpha}(y-\epsilon(t)X)^{\beta}(\Sigma_{i\mathrm{o}}^{\gamma}=ai(t)xy\mathrm{I}\gamma-ii$

(2) $\epsilon(0)=\delta(0)=0$ and $o_{i}(0)=a_{i}(i=1, \ldots, \gamma)$

(3) $\Sigma a_{i}(t)X^{\gamma i}-\dot{l}y$ does not divide by $(x-\delta(t)y)$ or $(y-\epsilon(t)_{X})$ in $\mathbb{R}\{x, y\}$ ,

where $\triangle_{t}$ is the homogeneous face of $\Gamma(F_{t}; (x, y))$ .
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By Lemma 4.1 we can find germs of real analytic functions $\tau_{1}.(t),$ $\delta_{1}(t)$ and $o_{i}(t)(\dot{i}=$

$1,$
$\ldots,$

$\gamma_{1})$ as in Lelnma 4.1 so that

$F_{t,\triangle \mathrm{r}}(x, y)=(x- \delta_{1}(t)y)\alpha(y-\epsilon 1(t)x)\beta(\sum^{\gamma_{1}}a_{i}(t)x^{\gamma i?}1i=^{0}-y)$.

We set
$\varphi_{1+}(x, y, t)=(x_{1}(t), y_{1}(t),$ $t)=(x-\delta_{1}(t)y, y-\mathit{6}_{1}(t)_{J},t)$ .

Then $(x_{1}(t), y_{1}(t),$ $t)$ is a real analytic family of coordinates of $\ovalbox{\tt\small REJECT}$ and

{ $(x_{1}, y_{1})\in\Gamma(F_{t}; (x_{1}, y_{1}))|x_{1}+y_{1}=\mathrm{t}\mathrm{h}\mathrm{e}$ order of $F_{t}\mathrm{o}\varphi_{1+,t}^{-}(1X_{1,y_{1})\}}=\triangle 0+$

for $\forall t(|t|<<1)$ , where $\varphi_{1+,t}=\varphi_{1+}|_{\mathbb{R}^{2}\cross\{}t$ }.
We have the following lemma by means of induction.

Lemma 4.2. Suppose that $F\circ(\sigma_{(k-1)}+\cross id_{J})0\cdots \mathrm{O}(\sigma_{0+}\cross id_{J})$ : $(N_{(k-1)}+, O(k-1)+)arrow$

$(\mathbb{R}, 0)$ admits a blow analytic trivialization along $J$ , where $J=(-\mathrm{c}c,c.)$ and suppose that
$\Gamma(F_{t}; (X_{(k-1)y_{(}k}+,-1)+))\cap\{\nu_{(k-1)}+\leq y_{(k-1})+\leq\nu_{()+}’k-1\}=\triangle_{()}k-1+for\forall t\in J$ and $f_{\triangle}(k-1)+$

has no power of $x$ only. Then $F\mathrm{o}(\sigma_{k-+}\cross id_{J})0\cdots \mathrm{o}(\sigma_{0+}\cross id_{J})$ : $(N_{k+}, \mathit{0}_{k}+)arrow(\mathbb{R}, 0)$

admits a blow analytic $t\dot{n}v\dot{i}al_{iZa}ti_{on}$ along $J$ and there exist a positive number $\delta_{k+}$ and a
bianalytic map

$\varphi_{k\backslash +}$ : $\mathbb{R}^{2}(x, y)\cross I_{\delta_{k+}}-\mathbb{R}^{2}(X_{k}+, y_{k+})\cross I_{\delta_{k+}}$

$(x, y, t)-(x_{k+}.(t), y_{k}+(t),$ $t)$

such that
(1) $\varphi_{k+}(x, y, \mathrm{O})=(x, y, 0),$ $\varphi_{k+}(\mathrm{o}, 0,t)=(\mathrm{O}, 0, t)$

(2) $\Gamma(F_{t}; (x_{k}+, yk+))\cap\{\nu_{k+}\leq y_{k+}\leq\nu_{k+}’\}=\Delta_{k+}$

(3) $\Gamma(F_{t}: (x\iota,+, y_{k}+))\cap\{\nu_{1+}\leq y_{k+}\}=\Gamma(F_{t};(_{X_{1+}}, y1+))\mathrm{n}\{\nu_{1+}\leq y_{1}+\}$,

where $I_{\delta_{k+}}\dot{i}S$ the open interval $(-\delta_{k}+, \delta_{k}+)$ .

Lemma 4.3. If $F$ admits a blow analytic trivialization along I and $7\iota oncompaCt$ face of
$\mathrm{r}_{+}(F_{t} ; (x, y))$ is independent of $t$ , then we have

$\Gamma(F_{t};(x, y))=\Gamma(f)(x, y))$ for $|t|<<1$

We apply Lemma 4.2 for $F$ and then for $k=0,$ $\ldots$ , $\gamma-1$ and $|t|<<1$ ,

$\Gamma(F_{t}$ ; $(x_{k+}, yk+)\cap\{(x_{k+}, yk+)|\nu_{k+}\leq y_{k+}\leq\nu_{k+}’\}=\triangle_{k+}$

Next for the sign -, we proceed with the same argument as the sign $+\mathrm{a}\mathrm{n}\mathrm{d}$ then for
$l=1,$ $\ldots$ , $\xi-1$ and $|t|<<1$ ,

$\Gamma(F_{t}$ ; $(X_{l-}, y_{l}-)\mathrm{I}\cap\{(X\iota-, y\iota-)|\zeta(-\leq x_{l-}\leq\zeta_{l-}’\}=\triangle_{l-}$

$\mathrm{r}(F_{t}; (X_{l-,yl}-))\cap\{\zeta_{1}-\leq x_{l-}\}=\mathrm{r}(F_{t}; (Xy);,’)\cap\{\zeta_{1-}\leq x’\}$ ,
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where $(x’(t), y’(t),$ $t)=\varphi_{1-^{\mathrm{O}}}\varphi(\gamma-1)+^{\mathrm{o}\cdots \mathrm{o}()}\varphi 1+x,$$y,$ $t$ and

$\zeta_{k-}=\min$ { $x|\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{e}$ exists $y$ such that $(x,$ $y)\in\triangle_{k-}$ }
$(_{k-}’= \max$ { $x|\mathrm{t}\mathrm{h}\mathrm{e}\Gamma \mathrm{e}$ exists $y$ such t.hat $(x,$ $y)\in\triangle_{k-}$ }

$\zeta_{0+}\geq\cdots\geq\zeta_{(\xi-1)+}=0,$ . $\zeta_{0+}’\geq\cdots\geq\zeta_{(\xi-1}’$ ) $+\cdot$

We set $\varphi(x, y, t)=(\varphi_{t}(x, y),$ $t)=\varphi(\gamma-1)-\mathrm{O}\cdots 0\varphi_{1\varphi\circ}-^{\mathrm{O}}(\gamma-1)+\cdots\varphi\circ 1+(x, y, t)$ and then
we have that the noncompact face of $\Gamma(F_{t}; \varphi_{t})$ is independent of $t$ for $|t|<<1$ . Hence
from Lenlnua4.3, $\Gamma(F_{t}; \varphi_{t})$ is independent of $t$ for $|t|<<1$ . This completes the proof.
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