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A relation between two subfactors arising from a non-degenerate

—An answer to a question raised by V. F. R. Jones—

1 V.PF.R. Jones

commuting square

i fFak CGREREHE)

i

V.F.R. Jones iZ1 9 9547 ADF v~—7 TOMEELIB N CKROBELHE LT,

9, RO X 7% FHIRKIE non-degenerate commuting square & 2. 5.

Ry C Rn

N

N

R C Ru

37205, Ry, Rot, Rig, Ri X HIRKT C*-algebra T, Ry & Markov trace %
L5, IbiZ, FRFENO inclusion matrix 1 irreducible THh 3 & 33. =@ commut-
ing square i%, AW 2 Z#F20DT, basic construction Z#VEL T, KDL 5 2FEAH 2D
commuting square DI E S5, 4 | |

Ry C
N

Ry C
m .

Rzo ‘ C

Roo() C_

Roy C Re
N N

" Rii C Ry
M N

Ry C Ry

Reot C Ros

C

c -

cC .-

C

C Rooo
N

CRloo'

N
C .R200

T ZT, BUGMIC basic constructon Z# ViKY Z L2k Y, AFD II; subfactor Roe C
Rie 2155, [BERIZL T, HETMIZ basic construction Z#YIE$Z Liz kv, AFD I
subfactor Reo C Roo1 ZF+D. T ® 220 subfactor IZiXENH B2 E7, —FHD
subfactor 23 finite depth THIUIX, b I—FHbZ I »? Zhd V. F. R. Jones DEET

HD.

ZORBEFADRI [S] TR L. 1B ORWICH LTI, 29 subfator 1t R
global index ZHf>Z L 3boolz. £z, 2 20BDBWICH LTI, HEENNLZE L%
B/lz. WTNhORBIRIZY, paragroup DFEZFVTHRIR L=, LUF, ZHhEBA L.

%9, LORE%L paragroup BADOSEEE-TEXET. G (6=0,1,2,3) ¥ FTOR®D
£ 9B & iz finite, bipartite, connected graph &4°5%. 72721, Gy & G, (Gy & Gs) i
38D Perron-Frobenius EHFHZFFD & L, Gp ? even vertex DA V 121 distinguished
vertex * BH 5 E$5H. £/, W % LD 420D S5 7 Lo biunitary connection &3 5.
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* Go
G| wo|e
Ga

Z T string algebra construction Z@MA 35 &, WD L 9 IeHRKTT C*-algebra D 2
HRINZH5.

A()'O C AO,I C Aoyg cC - C Ao'oo
n n N N

Aig C An C A C -+ CAie
n N N N

A C Ay C Agg C - CAz,oo

Aoo,o C Aoo,l C Aoo'z C

LT, &L\ 0k 220 AFD 11, subfactor Age C At & Ao C Acy PRIE
Thb.

2 Compactness argument & flatness

E TR &7 AFD 11, subfactor DRI Ageo C At C Az C Azeo C -+ H,
Agoo C Ato D basic construction 225565 Z EBMOLN TS ([03). &biz, =
A5 D higher relative commutant I%, KD X 51 string DEETRR TX D2 L3585
TS, ZiE, A. Ocneanu @ compactness argument & FEIEIL TV 5.

Theorem 2.1

id(2
id?m) id®

A(’),oo n Ak,oo = z EXk = g

—

=t e
1d(2)

\ ’ y,

2T, id® = T - (6,€) € Aogn THY, 2n & Gy D depth & Y KEVERDR
HThHb. ;

TROD, Afo NAke 1E, HODIALTZHD connection 12K BE—RTHEEXR Gs
FDRE k O string £I5THEZ BN 3.
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X VT, & inclusion 5 5.
Az),oo N Ak,oo C Ak,O

Definition 2.2 Ay > Vo IZxF LT, ROREW 29 X 5742 2z BFIET SHF, biunitary
connection W I, * {Z2WT flat ThHhD LV 9. :

id(@)

- ®BEk

£, Ay NAkeo & flat part, z = {z(x)}zev, & Gz LD flat field L5,
Flat part 122\ T, ROFERH SN TWS.

Proposition 2.3 ([E-K], Proposition 3.1) {Ax}ri>0 % biunitary connection W 725
/OIS string algebra 975, ZDLE, KROKKIZEY 2 D commuting square 12785 .

Ao NAke T Arp :
N N (2.1)
Aé,,oo N Ak+1,oo C Ak+1,0 ’

Z® Proposition {Z &Y, E® commuting square 7>& biunitary connection 2375 &1
. T W ERTZEITD. &6, KOKKXLEAH 2 D commuting square %
T EBDLID.

Ao NAkw C Ak
N N (2.2)
; Ab oo N Art100 € Argap
Z ® commuting square (25} 5 biunitary connection W’ - W &%= Li2d 3.
E72, G % Ajeo C A1o P principal graph & L, G @ even vertex DS V) DT T,
Ao oo Ao 0o bimodule Ag o, IZHHE T2 H D% « TR »

* G6 * GO

G Go
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LEOREDOTT, ROTEUERD.

Theorem 2.4 Subfactor Age C Ao B finite depth TH2 &3 5. Z DK, connection
W' W X " 1IZ2WT flat TH5D.

Proof. A}, N Ak 3 0c? IR LT, 2(x) =0° &% 2= {2(2)}seyy 1L,

0° 1T canonical shift I'([01],[B2]) % n BElfi9. 72721, n Z+RAREVWHDETDH. T
5L, T™0°) € A, o NAkianco THD. Al N Abioneo C Af o NAkizne THY, T(a)
X Agnoo PIEBDIT & AHRIRO T, RDOBELTWVS.

«

id@™)

(o) =

{

ORIBEN RSk OMNE 2= {2(2)}eeyy LRTZEICT D, ZOB, I OHE
LY, 2(x) =0 THD. £z, "0 1% Afeo N Aks2nce PIL/RDT, compactness
argument 128V, Apiono Pt BRIZE—HTE 5. LR o> T, connection W’ 12 &
BIE—HRT, ROEXNBEILT 5.

id()
®

p——— )
i)

S HIZ, ZD string ZDiATe &, o 1L flat field 22D TH B H D, connection W 2k 5
F—RT, RO%EXNHITH.

1d(2)

pe———— ]
1d(2)

IHEHBUOHODIAA T, connection W I L BARI—RTH&RD L S22 5.
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14
.O
f—— )
id
{Cpatpqg>0 % connection W’ - W Iz k% + IR LT D string algebra &9°%. Cpnz

BT, 1d® -z L Chyy DIEEDTIIAHRTDHY, (7, e€ Conp LHAHRTHZZ
&, RO Copa B Cyy,y & Jones projection e 1IZ& VAR END Z &b, id® .2 1% Conz
DIEBDOFTEFBTHHZ ERbD. 22T, - i path DE#EFEERFRT. LER-T, =
NEDE=idD Rbps | |

L EX Y, connection W’ WL BE—HB TROEX B D)o Tz,

id®
e ———————F

®
id®

9% &, compactness argument OFLH & FRkO@ERR (03], 3 3—YD 1 147H) L:’
£V, LOBEENS 2= BRI, THBRRLEDP-SEZZ L THSD. O

3 FERHEDMA— Jones DREIBEOEE
2T, EOFTFFEEOEME LT, Jones 0)[’:»‘1%!:%?‘6@%2%%526.

Corollary 3.1 (Jones DEEDEE) AFD II subfactor Ape C At DV Ao C
Aor DVTHD—TTH finile depth THIIE, bH—HbE5 Ths.

Proof. FHDHFM: LY, Aje C Ao 2 finite depth DEFZIF & T IIE L.
B = Ap oo N Ao EB< &, D AFD 11, factor @ inclusion % 5 5.

Boo C Aoo,() - Aco,l

EFETLY, W-W 2+ 1220 T flat DT, Be C Ao O principal graph 1m
finite graph Go & W’ @ horizontal graph Gy Z8i 72 b Dic—¥%3 5. 372bb, AFD
IT; subfactor Bo, C Ao,1 13 finite depth Tdh 5. Bisch DiER ([B1], Theorem 2.6) 2k 9,
Ao C Ay b finite depth Th 5. » O
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WIZ, 9 120D Jones DEEDORIZERZE X 5.

EEZZTW5D 220 subfactor @ Jones index IZ2WTHO—XRRBERITED 2T &
ARG D%. £ 2T, Jones index IZfbDHFERE L L TKICZEHRT 5 global index 23
H5b.

Definition 3.2 AFD II; subfactor N C M @ global index & 1%,
> (dim pr Xpr)?

M X priivreducible
TEREINDIEETHY, ZhE [[M: N]] L&
D Lemma i bimodule ORGSR X X ASICHH S 5.

Lemma 3.3 AFD I, subfactor N C M 2% Jones indez HIRTH Y, intermediate subfactor
P BFETD LRET 5. ZOW, [[M: P)]<[[M: N} Y I-o.

FEHLEZD Lemma £V, ROFBEEBIRENS.

Corollary 3.4 22D AFD Il subfactor Ageo C Atc0r Ao C Aoy 7 global index i
L.

 Proof. E£34E®IZ, Apeo C Ay oo 73 finite depth TH D &35, By, C Ay, P principal
graph & Ag o C Ao @ principal graph iX 3558 even vertex 28>z LIcEET 5. =
D FEEE LD Lemma 55, global index I 2WTHORDFREREES.

[[Acot + Asopl] < [[Aso,1 2 Booll = [[As,0 ¢ Ao,co]]

ﬂ%'f{‘t‘*:l D) ”Aoo,l : Aoo,O” Z “Al,oo : AO,oo”' LT:Z'ﬁOT’ “AOO,I : Aoo,()” = [[AI,OO :
AO,oo”- .

KIT, Apoo C Ao 78 infinite depth TH B L35, ZDH, Lo Corollary & ¥, Awp C
Aw, b infinite depth Tdh 25, Zi 6 ? subfactor @ global index X FDEHEICL Y, 3t
ICERKTHS. ]

Remark 3.5 Flat part &5oD Ay %< horizontal graph Go, Gi W XA R & IER 5 720
DTHDLN, ThoPs FRTH I, FOTFEBRERBEICLTW BEH flat T
HDT ENDLND.

Example 3.6 E; commuting square &% 5. 3723H, 4-20 graph # Dynkin diagram
E; THY, O LD biunitary connection % % 5. Z D, biunitary connection %, [Fl
BZBROT2OFEL, Wl flat TRVWZ EBRHISBN TV, £LT, Z® biunitary
connection @ flat part B, = Ay N Ay 1%, Evans-Kawahigashi([E-K]) 12 X - TBEIZFH
~HNTEY, principal graph it Dynkin diagram Dy Toh 3 ER D> TS, TTOHE
0> graph E; & flat part ¢ graph Dy %% < horizontal graph G} i%, Bratteli diagram o
A Wzinh, 1LY Dynkin diagram Dy THY, ZORINZEITRTEIZLND T
L5,
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FFEHIZLY, AFD I subfactor By, C Ao @ principal graph iZ E®D Dyg & FEr %%
FeboTHY, ROKTHEXLND.
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