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Height Functions and Formal Languages

FREEKZHZR F#E FXE ( Masami Ito )

Let X be an alphabet and let X* be the free monoid generated by X. We
assume the cardinality of X is greater than 1. By X" we denote the free
semigroup generated by X. Any element of X* is called a word over X and
any subset of X* is called a language over X. Letu e X*. By lu | we denote
the length of u and by Sub(u) we denote the language {v € X* | u = xvy for
some x,y € X*}. Moreover,letL c X*. By Sub(L) we denote the language
UueL Sub(u). A language L is said to be dense if Sub(L) = X*. In several
references [2 - 5] dense languages and their properties have been studied.
However, the above concept of the density seems to be rather rough from
the point of view of the classification of languages. Introducing height
functions, we proposed a new classification of dense and non-dense lan-
guages in [1,2]. , ‘

Consider a total order < on X* satisfying the following condition (+):

If lul<lvl,then u <v where u <v means that u <v and u # v.
Let M c X*. By min(M) we denote the minimal element in M according to
the total order <. Letu e X*. By Height<(u), we denote the word m in (X*

— Sub(u)). Now we are ready to define a height function._v Let L ¢ X*.
Then Height<(L) = {Height<(u) | u € L}. The followingresult is fundamen-
tal.

Proposition 1 LetL < X*. Then Lisdense ifand only if Height< (L) is
infinite.
First we show that any height function preserves the class of regular»lar‘}-

guages.

Lemma 1 Let IX|= 2, leta,be X,a#b,and let L < X* be a regular lan-
guage. Then there exists a positive integer N such thatif t > N and ab’ e
Height<(L) then ab’® e Height<(L). -

Proof. LetA = (D, X, dy, 8, W) be a finite automaton which accepts L
where D is the set of states. Let ID| =r. Itcan be easily verified that there
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exixt the following positive integers m,3 < m <" andk, k >1: §(d, b*™) =
8(d, b*) for any d € D.

Let N =k + m. Now assume that ab’ € Height<(L)and t >N. Since ab*
€ Height<(L), ab* = Heightg(bt+7’f1f2 - fp)andp 20, b"Pfif, - f, € L where f;
e {a,ab,ab?, ab®, ..., ab*®, abt*, ab™3, ab™2, abt1),1<i < g. Now we define the
mapping ¢ as follows: ¢(a) = a, d(ab) = ab, d(ab®) = ab?, p(ab®) = ab®, ..., ¢(ab'?)
= ab*®, g(ab™™) = ab™*, o(ab*?) = ab™>™, p(ab*?) = ab**™ and G(ab™) = ab*1 ™.
Now consider b* §(f1)d(f2) -+ (f;). By definition, 8(do, b"fif2 -+ f;) = 8(do,
b o(f1) o(f2) -+ o) € W,ie. b"*Po(f1)0(f2) - o(fy) € L. Now let u < ab*3.
Then obviouslyaua < ab'. Since lu|<t-2,u can be represented as follows:
(1) u=b,08i<t-2, (2) u=ba,0<j<t-3 and (3) u=a'bav, 0<i,j
<t-4andv=---b°--->5<t-4.

It is obvious that in (1) and (2) u is a subword of b**Po(f1) ¢(f2) -+ (f,).
Consider the case (3). Since aua < ab’, aua is a subword of b*Pfif, - fo
Remark thataua =--- b°--- = s< t-4. This means that aua is a subword of
b””(b(fl)q)(fZ) -+ 0(f;) and hence u is so. On the other hand, ab*® is not a
subword of b**Po(f1)d(fa) - (). Consequently, ab*® = Height<(b**?o(f1)
o(f2) - 0(f)), i-e. ab'> € Height<(L). This completes the proof of the lem"ma.

Dually, we can prove the following.

7 Lemﬁia 2 Let IXI ’2 leta,be X, a%b and letL c X*bea regular lan-
guage. Then there exists a positive integer N such that 1fs >N and asb €
HeLght<(L) then a* 3b € Hezght<(L)

Theorem 1 Let L ¢ X* be a regular language. Then Height<(L) is a
regular language,too. Moreover,if L is dense, then Height<(L) is dense.

- Proof. LetIXl=1andletX={a}. Then Height<(L)=alL and Height<(L)
is regular. Now consider the case IXI'2 3. If L is not dense, then
Height<(L) is finite and hence regular; Assume that L is dense. LetA =(V,
X, vo, 8, W) be a finite automaton which accepts L where V is the set of states.
Let IVI=r. SincelL isdense, for anyw e X* there exist o, p € X* such that
lal, 1Bl <7 and owf e L.. Now letu € X* with lu| >7. Then u = avh for
somea,be Xwherev € X*. Leta,b#ce X. Nowletuq,uy, -, u,be the .

trmgs in X* such that u;<u,1<i<n, and construct the strings

Iul IuI Iul Iul Iul
u ’ UnC



From the above remark, there exist o, p € X* such that lal, IB| < rand owp
=ac'”'u1c'”'bu2c'“' ey c'"'Be L. Then it can easily be seen that u ¢
Sub(owf), u = Height<(oawp) and hence u € Height<(L). This means that
Height<(L) = X" — F where F ¢ X* is a finite language. Obviously,
Height<(L)is a dense regular language.

Now consider the case IX| =2. Again, itis enough to assume that L is
dense and also we consider the same finite automaton as above. Letu e X*
and lul>r. ‘

(i) u =avaforsomeae X,v e X*. Letbe X—{a}anduq, usy, -, ty,
the the strings in X* such that u;<u,1<i<n. Construct the string

w=b"ub * ugh' . p#y
As has been stated, there exist o, B € X* such that lal, IBl <7 and owp =
ab'“ly b y,p'e! . b'*'ub'*'Be L. In this case, we have u ¢ Sub(owp),
u = Height<(owP) and hence u € Height<(L).

(ii) u =avbfor somea,be Xa#=b,ve X*andv ¢ a*b*. Letuq, us, -,
u, be the the strings in X* such that u; <u, 1 <i< #n, and construct the
strings '

w=a"p Wy gy W g ulpul g pluly, glulpiul
Thereexisfoc,ﬁe X*such that lal, 1Bl <7 and awP =oa'*'b'*'yya'*'p'*
uga' ! g iy B e L In thiskcase, we have also u ¢ Sub
(cwP), u = Height<(owp)and hence u € Height<(L). '

- (iii) u =a'b®,a # band t,s 2 1. Ift>2and s> 2, then we proceed as
above: letuy, uy, -+, u,be the the strings in X* with u; <u,1<i<n, and
construct the string '

w = @b)' " w1(ab) "' wy(ab) *' - (@b) * w(ab) *.
There exist o, p € X* such that lal, Ipl <rand cwPe L,ie.
“oab) *'wi(ab)' "' wy(ab)'! ---(ab)'“'wn(ab)'”'Be L.
We have u ¢ Sub(ocwa) and hence u = Height<(owp), i.e. u € Height<(L).

(iv) The case that {ab’ € Height<(L) | t > 1} is infinite. In this case, by
Lemma 1 there exists a set of positive integers T consisting of at most 3 ele-
ments such that {ab’ € Height<(L) | t>1} = (U, _ 7 {ab"*%* | k > 0}) U G where
G is a finite set. . .

(v) The case that {a°b € Heightg(L) | s > 1} is infinite. In this cése, by
Lemma 2 there exists a set of positive integers S consisting of at most 3 ele-
ments such that {a°b* € Height<(L) | s> 1} = (Y, s @b | k > 0}) U H where

H is a finite set.
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Summing up the results, we have the following:

Let X = {4, b} and let L c X* be a dense regular language. Then
Height<(L) can be represented as follows:

Height<(L) = [X' — (Fua*b* Ub*a®)] U (U, 1 ab™* | k 2 0})
U(Up o 083 Lk 20D U(U, s 8 | k2 0})
U, o Bl k20)u)
where F and ] are finite sets and T, T', S, S’ are sets of positive integers con-
sisting of at most of 3 elements.
Obviously, Height<(L) is a dense regular language This completes the
proof of the theorem.

However, the same type of result does not hold true for the case of con-
text-sensitive languages.

- Theorem 2 Let<be alexicographic order on X* satisfying the condition
(*). Then there exists a context-sensitive language L < X* such that

Height<(L) is not context-sensitive.

We will discuss whether the same type of result as in Theorem 1 holds
true for the case of linear languages. ‘

LetX={a,b,..}. Moreover,letl=f(1)<f(2)<..<f(k)<f(k+1l)<..bea
sequence of positive integers and let < be a total order on X™* satisfying the
following conditions (* *):

1) lul<lvl=u<wo,

2) vO<a®fork,k=1,23,.., , »

(3) ai<uforanyu,u#a’, lul=iandi=flk),k=1,23,...

W e consider the language L = {wé(p(w)) |w e X*} where p(w) = a,a,1 ... a1
for w = a1a; . a; € Xand ¢ is the isomorphism of X* onto X* such vthat
¢(a)=Db, o(b) =a and ¢(c) =c foranyce X —{a,b}. Then Lisa linear lan-
guage whose grammar is G=(V, X, S, P) where P = {S - xS¢(x), S — x¢(x) | x
e X}.

Lemma 3 Ifi=f(k)for somek,k=1,2,3,..,thena' ¢ Height< (L).

Proof. Leti =f(k) for somek,k =1,2,3,.... Assume ai € Height< (L).
Then there exists w € X" such that ai = Height<(wd(p(w)). Since bf®) < af®),
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w(p(w)) contains b as a subword. Then we have the following three
cases.

Case 1. w contains bf®) as a subword. In this case, ¢(p(w)) contains afk)
as a subword and hence w¢(p(w)) contains af¥) as a subword. This contra-
dicts the assumption that a’ = Height<(wd(p(w)).

Case 2. ¢(p(w)) contains B as a subword. In this case, w contains af®
as a subword and hence w¢(p(w)) contains af¥) as a subword. This contra-
dicts the assumption that a’ = Height<(wd(p(w)).

Case 3. bi =br+,p,q 21, b is a suffix of w and b1 is a prefix of ¢(p(w)).
However, this yields a contradiction because in this case 27 must be a prefix

of ¢(p(w)).

In either case, we have a contradiction. Hence a ¢ Height<(L).
Lemma 4 Ifi=f(k)for anyk,k =1,2,3, ..., thena’ € Height<(L).

Proof. Let{w1, wy, .., w/l={we X* | w<ai}. By@)in (++), lw,l <i-1
foranyt, t=1,2,3,..,r. Wecan assume thatw; =ai-! and w, = bi-l. Con-
sider u = wibawjybawsba..baw,1baw,(aba)(bab)d(p(w,))bad(p(w,.1))ba...ba
o(p(w3))bad(p(w2))bad(p(w1)) € L. Remark that lwsl, <i-2 for anys, s = 2,
3, .., r where lw;|, is the number of the occurrences of 2 in ws.  Suppose u
contains 4 as a subword. Then af is a subword of ad(p(wy)) for some k, k =2,
3,...,r-1. Since I¢(p(wp))! = lwgl <i-1, ¢(p(wyg)) = a*-l. Thus wy = bi-1 and
hence k =7, a contradiction. Therefore, ai = Height<(u) € Height<(L).

Lemma 5 LetL ¢ X* be the above mentioned linear language. Then
a* NHeight<(L)=a* — {@® | k =1,2,3, ..}.

Proof. Obvious from the previous lemmas.

Theorem 3 Let |X| 2 2. Then there exists a linear language L < X*
such that Height<(L) is not even recursively enumerable under some total
order <on X*.

Proof. LetN be the setof all positive integers andlet 1 =f(1) < f(2) < ... <
flk) < flk+1) < ... be a sequence of positive integers such thatA =N — {f(k) |
k =1,2,..}isnotrecursively enumerable. Moreover, let < be the total order
on X* satisfying the conditions (**) and let L = {w ¢(p(w)) lw € X*}. Con-
sider Height<(L) under the order <. Suppose Height<(L) is recursively
enumerable. Since the intersection of a regular set and a recursively enu-
merable set is recursively enumerable, a* N Height<(L) is recursively enu-

75



76

merable. BylLemma 5a* N Height<(L)={a’ | i e A}. However, this set is
not recursively enumerable, a contradiction. Therefore, Height<(L) is not
recursively enumerable.

- Corollary Let 1X|22. Then there exists a context-free language Lc X*
such that Height<(L) is not even recursively enum erable under some total

order <on X*.
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