oooooooogon
963 0 1996 O 97-109 ' 97

On certain subclasses of analytic functions
involving a linear operator

e EE %M 7 (itoshi Saitoh)

TEEA - HH. )1 i (Mamoru Nunokawa)

Abstract

A certain linear operator defined by a Hadamard product or convolution for
functions which are analytic in the open unit disk is introduced according to Carlson
and Shaffer. The purpose of the present paper is to give sonie properties of this lincar
operator. Our results contain the earlier theorems in the univalent and multivalent
function theory.
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1 Introduction

Let A, denote the class of functions of the form

F(2) =2+ ™ (pEN={1,2,3,-) (1 1)

n=1
which are analytic in the unit disc U = {z:|z] <1}, and A;=A
For '

f(z) = i a,z"  and g(z) = i bnz™

we define the Hadamard product ( or convolution ) by

n

(f*9)(2) = Z Onbnz
n=0

Let

$p(a,c,52) =) Ea;nz’”” (c#£0,—-1,-2,---; z€U) , (1. 2)
n=0 Cln
where (z), is the Pochhammer symbol defined by
1 | (if n =0)
(2)n =
" z(z+1)(z+2)---(z+n=1) (ifn€N)
We note that
qsp(a‘) G Z) =zP- 2F1(17 a; Cy Z) )
where
N > (1)n(a)n z"
2F1(1)a) C)Z) —7;) (C)n n!
Remark 1.
Zp
d)P(a’)lvz) - (1—2’)“
z (koebe function) .

Plotis) = oy
Corresponding to the function ¢,(a,c;2), we define a linear operator L,(a,c) on A,

by the convolution

Ly(a,€)f(2) = dyla, ;) % £(2) (1. 3)
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for f(z)e A, .
Remark 2. If ¢>a >0, L,(a,c) has integral representation

Ly(a,0)f(:) = [ w7 f(us)duu) |

where u satisfies

a—1 . c—a—1 ‘ 1 ‘
A Gl du and /du(u)zl.

dp(u) = B(a,c—a) 0

Clearly, L,(a,a) is the unit opéré,tof and

Ly(a,c) = Ly(a, )L, (b ¢) = Ly(b, e Ly(a,5)  (Bye#0,—1,~2,---) .

Moreover, if @ #0,—1,—2,--+, then L,(a,c) has aninverse L,(c,a). »

The operator L;(a,c) was introduced by Carlson and Shaffer [2] in their systematic
investigation of certain interesting classes of starlike, convex and prestarlike
hypergeometric functions. '

In recent years Srivatava and Owa [15] have given some properties of Li(q, c)
concerning with univalent functions in U.

Remark 3.  For f(z) € A,,

P i :

Ly(v +p, 1) f(2) = =" f(z)= D" f(z) (1. 4)
where v(> p) is any real number .  Inthecaseof p=1andv € N , D¥f(z) is the
Ruscheweyh derivative [8] . :

v+ 2 v
Lo(v +pv b pt D) = 25 [0 o)dt = gy (02) . 5)

where v+p>0.  The operator J,;(v € N) was introduced by Bernardi [1]. In
particular, the operator J;; was studied eatlier by Libera [4] and Livingston [5]. Some
results for the operator .J,, were showed by Saitoh [10] and Saitoh et al [14].

A function f(z) belonging to the class A, is said to be starlike if and only if it
satisfies

Re{‘z]{g))} >0 (z € U) | (1. 6)

A function f(z) belonging to the class A; is convex if and only if it satisfies

2f"(2) ] .
Re{1+ 0 }>0 (zeU) . (1. 7)

The subclass of univalent functions consisting of the starlike functions is denoted by
S*, and K denotes the subclass of convex functions.
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A function f(z) € A, is said to be p-valently starlike if and only if it satisfies

Re {z]{é(;)} >0 (zeU) . (1. 8)
A function f(z) € A, is convex if and only if it satisfies
Re {1—}- ]J:Iéi))}>0 (zeU) . (1. 9)

2 Some properties of univalent and multivalent
functions involving the operator L,(a,c)

In order to prove our results we need the following lemmas.
Lemma 1. (Saitoh [11]) If f(z) € A,, then

2(Ly(a, ) f(2)) = aLp(a+ 1,6} f(z) — (a = p)Ly(a, &) f(2) (2. 1)

where ¢ #0,—-1,-2,---
Proof. Note that

I =5 Bt @ =)
n::O
and
2. (a)
L(a+1,¢) o (a, = 1)
n=0 C
These give that
aLy(a+1,¢)f(2) — (a = p)Ly(a, c) f(2)
(a')n + — (a)n +
=) (a+n) Angp2" P — a— p)r=—GQnipz 7
= Lo = e B e
(a‘)n n+
— n+p a‘n, Y4
nZ—O (c)n +p

= 2(Ly(a, ) f(2))’ .

Lemma 2. (Saitoh and Nunokawa [12])  Let g(z) be analytic and satisfies
Re{g(z)} > 0in U.

Then we have

2g(s) < HARASE} ey 2. 2)
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Lemma 3. If g(z) =1+ bz + byz® + -+ is analytic in U and Re{g(2)} > 0. Then

1—|z|

Re{o(2)} > 17

(2. 3)

-

Lemma 4. (MacGregor [7]) Suppose that h(z) = 1+ cyz + cy22 + -+ is analytic
and satisfiles Re{g(z)} >0 in U. Then

h'(z) 2
< U) . 2. 4
R | S T=P (2€0) (2-4)
Applying lemmas, we prove
Theorem 1.  Let f(z)€ A, and a>0. If
I&{ﬂﬁi%ﬂﬂ}>o (zeU) ,
z .

then

Re{L,,(a—{- l,c)f(z)} > a—2r — ar?

zP ~  a(l+r)?

Vit -1
re 2t (2. 5)

for |z|

Proof. We put g¢(z) = M .
Z)
Then g(z) =1+ byz+byz* +--- is analytic and satisfies Re{g(z)} > 0in U.

Differentiating of 27¢(z) = L,(a,c)f(z) and using Lemma 1, we have

Ly(a+1,¢)f(2)

zP

= 4(s) + =29'(2) .

Therefore, using Lemma 2 and Lemma 3

Re { Ly(a +zlp, c)f(Z)} > Re {g(z)}A— élzg/(z)l
> Re{g(z)}—%
_ Refo(=)} a2z~ deP)
a(l—1z]?)
1—|z| a = 2|z| — a|z|?

2 T4l a0 TP)
_a—2r—ar’
 a(l47)?

for lzl = r< _______'1+a'2—1 .

a
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This completes the proof of Thm. 1.
Putting a =c=p in Thm. 1, we have

Corollary 1. (Saitoh and Nunokawa [12])  Let f(z) € A,. If

Re{i—(z—)}>0 (zeU) ,

zP

then we have

! _2 _ .2 / 2
Re{f(z)}>?__i_]z_ for |z|=7‘<———1—_*‘—p——l (2. 6)

zp1 (1+7)? 2

Corollary 2. (Yamaguchi [16])  Let f(z) = z+as2® + -+ be analytic in u. If
Re {f—(ﬁ} > 0, then we have

z
Re{f'(2)} >0 for |z|=r<v2-1.
Next, we prove

Theorem 2. Let f(z)€ A, and a>0.  If

Re{L_Af_’ZCp)—f(El}>O (‘ZEU) )
then
aly(a+1,¢)f(z) . 2|zl .
Ly(a,c)f(z) | = 1—|z|? (zeU) . (2. 7)

L,(a z
Proof. We put h(z) = __11(_0_’02_“_)_ . Then h(z) =1+ c1z+c22° 4+ --- is analytic
z

and satisfies Re{A(z)} > 0 in U. Logarithmically differentiating of h(z) and using
Lemma 1, we can see

aly(a+1,¢)f(z) . zh'(2)
T LEA) AG)
From Lemma 4, we have
CACARTCRNE I
Ly(a,c)f(z) h(z) |~ 1=z

This completes the proof of Thm. 2.

Letting @ = c=p in Thm. 2, we have the following interesting Corollary.
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Corollary 3. Let f(z) e A,. If
I@{“?}>o  (zel)
Vi+pt—1

P

then f(z) is p-valently starlike in |z]| <

Proof. From Theorem 2,

zf'(#) 2 _ Vi+pt—1
,f(?) P S C le<p for |z] < ——— .

zf'(z VIi+p—1
lLe., R.e{ f(7)} >0 in |z| < vorr-o
f(2) P

Further, taking the function f(z) given by

2P — 2
fry = 202

we see that the result is sharp.

Corollary 4. (MacGregor [6])  Let f(z) = z+ azz®+ -+ be analytic and satisfies
R.e{&?—)} >0in U. Then [(z) isslarlikein [2] < V2 -1,

Using the same technique of Thm. 2, we prove

Theorcm 3. Let f(z)e A,,a>0. If
Lo(a,e) f(z
Re {-lﬁflfliﬁ—z} >0 (€ U) ,

~then .
: LP(”’ + ]-)‘3>f(71)} CL*ZIZI -—alz[z ’
Re ' rev) . 2.8
z{ Lol |7 a(l = [2P) (z € U) (2. 8)

Proof.  We pul Ah(z) = ]J—P(—U—%?f—(il :
Then 2(z) = 14 c1z+ cp2? + - s analytic and satisfies Re {A(z)} > 0in U.
Differentiating of h(z) and using Lemma 1, we have :
Lpy(a+1,¢)f(z) — 14 lzh'(z)
L(a,e)f(2) ‘ a h(z)

Therefore, from Lemma 4 we can sce that:

e { L(a+1,c)f(z) } 1 éh'(z)
TN VIE N B W ey
1 2z

2 oy

a—2|z| — alz|?
a(l—|z?)
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This completes the proof of Thm. 3.
Making a =c = p in Thm. 3, we can show Cor. 3.
Next, we prove

Theorem 4. - Let f(z),9(z) € Ay,a >0 and satisfies

(2 +1,99(2) ]
Re{ (@23 (7) }>° S
If
L(a,)f(2) Z
re{ G ) > =),
then

Re{ (a+1c)f()}>0 for |2 < a+1—+2a+1 '

L(@ 97 (2) (2.9)
(

a

Proof.  We put p(z) = p(a#))fg)) . Then p(z) =1+ p1z+ p2z>+ -+ is analytic
a,c)g(z
and satisfies Re{p(z)} >0 in U . Differentiating of

Ly(a,c)f(z) = p(z) - Ly(a,¢)g(z) ,

we have

2(Ly(a, ) f(2))" = 21/ (2) Ly (a, €)9(2) + p(2)2(Ly(a, c)g(2))’

From Lemma 1, we can see

L+ 1,9f() _ Lla+199(z) , 12/(z)
Li@afz) | L) e p()

a,c)
Lo+ 1,9)g(2)
L

p(a,¢)g(z)
Then q(z) = 14 b1z + ;2% + -+ is analytic and satisfies Re{g(z)} > 0in U .
Therefore, using Lemma 3 and Lemma 4, we have

Now, we put g(z) =

L(a+1,9)f(2) o L)
Re{ L(@0)7(2) } 2 R {I"([ )3 aIzT(z>
1—|z 1 2|z

> _
= 1+4|z] al-—|z?

alz[? = 2(a + 1)|z| +a
a(1—|2[?)
a+1—+v2a+1

a

> 0 in |z| <
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This completes the proof of Thm. 4.
Putting a = ¢ =p in Thm. 4, we have

Corollary 5. Let f(z),g(z) € A, and satisfies

!
Re{fi-(z—)}m (zeU) .
9(2)
If
Re{f(z)}>0 (zeU) ,
9(2)
then
! — /2 1
Re{if—(?—)}mm o] < PEIZVePHL (2. 10)
f(2) P
Letting p=1 in Cor. 5, we can see
COI‘OHdIy 6. (MacGregor [7])  Let f(z),9(z) € A and satisfies
Re{ }>0 (zeU). If Re{&}>0 (z€ U) , then
g(z 9(2)
Re{ }>0m|l<2—\/§.
Now, we prove the next theorem .
Theorem 5.  Let f(z)€ A, and a>0. If
Re{Lp(a+1,C)f(Z)}>0 (zeU)
zP
then
Ly(a+2,0)f(2)] _ (a+1) = 2lz] = (a+ 1|2
Re ¢ -5 ’ > : 2. 11
{Zerrar CERIED -1

Proof. We put g(z) = Lp(a * 1,C)f(Z) . Then g(z) =1+ a1z + a2zz 4 ... s

P

analytic and satisfies Re {g(z)} > 0in U. Differentiating 2z”- p(z) = Ly(a+ 1,c¢)f(z)
and using Lemma 1, we have

2q'(2) L(a +2,0)f(2)
Al e Gk eyt

(a+1_p) )

that is,

La+29f(z) _ 1 2@
Ly(a+1,¢)f(2) at+1  g¢(z2)
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Therefore, from Lemma 4

Ly(a+2,0)f(2) 1 fzd'(e)
Re{Lp(a*F 1,C)f(z)} T e
1 2|z|

v

Ta+1 1-]z?
(a+1) —2|z| = (a+ 1)|z|?
(a+ 1)1 -2

This completes the proof of Thm. 5,

Letting a=c=p in Thm. 5, we have

Corollary 7.  Let f(z) e A, If

’ .
Re{f(z)}>0 (ze U) ,
zp —1
then
"(z ' Vi+p?-1 ‘
1+Re{zfl()}>om HPP Al (2. 12)

f'(z) p

Proof. By easy calculation, we have

e EEga - e~ ()

Therefore, from Thm. 5, we have

2£() | p =2l = plal?
75 5 1P

Putting p =1 in Cor. 7, we have

1+ Re

(ze U) .

Corollary 8. (MacGregor [6])  Let f(z) =2z+az2®>+--- beanalyticin U. If
Re {f(:)} >0 (),
then

zf”(z)
f'(2)

In order to prove next theorem, we need the following lemma due to Ponnusamy .

1+ Re >0 in |z <Vv2-1 .

Lemma 5. If p(z) is analytic in U with p(0) =1, and if A\ is a complex number
satisfying Rel > 0 (A #0), then

Re{p(z) + \zp'(2)} >a (02>a<1) (2. 13)
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implies
Re {p(z)} > a+ (1 - oz)(27 -1) , (2. 14)

where v Is given by

1o dt
Y= ’)/(RG)\) :/(; 1+tRex\ (2 15)

. . . 1 ) . .
is an increasing function of Re) and 3 < v < 1. The estimate is sharp in the sense

that the bound cannot be improved.
Applying Lemma 5, we prove

Theorem 6.  Let )\ be a complex number satisfying ReA > 0. Let f(z) € A,
satisfies the condition

Re{(l—A) (Mﬁl)’ Lo L,,(a+1,c)f(z)(Lp(a,c)f(z))u—l}

zP zP 2P

> o (zelU) , (2. 16)

for some o« (0 < o< 1) and p> 0. Then

Ly(a g |
Re (M) >a+(l—-a)(2y-1) (z€U) , (2. 17)
.z : ;
where v = ,F,; (1, %; 1+ %; —1> . The estimate is sharp. -

Proof. We put

L *
p(z) = <M> , then p(z) is analyticin U and p(0) = 1. Using Lemma 1,

we have i
p(z) + a%zp'(z)
= (1= ) (Ll’(aJ cp)f(ﬂ))” 3 Lofa+ 1p, o) f(2) (Lp(a,?f(z)>u—1

From assumption,

Re {p(z)—{——)\—zp'(z)} > o (O§a< 1, p>0) .
ap

Therefore, according to Lemma 5, we have

Re{p(z)} > o+ (1-a)(2v-1) ,
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where

A 1 dt
7=v(Rel) = /0 T3 e0fam

We set Rel = A;, then we have

1o dt ap [ aupan-1 -1
= _—— " 1 d
¥ /0 Trndar g Jo P (1+4p)"du

ap au

= (1, —; 14+ +—;—-1) .
21, 5= 1+ 55 1)

Putting u=1,A=1 in Thm. 6, we have

Corollary 9.  Let f(z) € A, satisfles the condition

Re{Lp(a+ 1,c)f(z)} > o (ze U) , (2. 18)

zP

for some o (0 < o< 1). Then

o {Lp(a,cw'(z)

- } >o+(l—a)(2y—1) (zeU) , (2. 19)
where v = ,F,(1,a;a+ 1;—1). The estimate is sharp.

Taking a=c=1 and p=1 in Cor. 9, we can have the following well-known result.

Corollary 10.  Let f(z) =z +asz®+--- be analyticin U satisfying

Re{f'(2)} >« 0<a<l) . (2. 20)
Then we have
Re{f(zz)}>a+(1——a)(2’y—1) , (2. 21)

where

v= oF(1,1;2;-1) = In2 .
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