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Distortion Theorem for Fractional Integral
Operator

Tadayuki SEKINE * [BSREAT] (B REFH)

Abstract

We define the generalized subclasses of the class consisting of analytic functions
with negative coefficients. We obtain the distortion theorem on functions in the
generalized subclasses for fractional integral operator involving the generalized hy-
pergeometric function.

1 Introduction and Definitions

Let A(n,p) denote the class of functions of the form

) =z2— Y, ax2® (a2 0; n,p € N)
k=n+p

110

(1)

that are analytic in the unit disk U = {z : |z| < 1}. Let A(n,p,{Bx}) denote the subclass

of A(n,p) consisting of functions which satisfy the following inequality:

> Bran <1 (By>0; n,p€N).
k=n+p

(2)

The subclasses A(n,p; {Bx}) is called the generalized subclasses of the class consisting
of analytic functions with negative coefficients. The case of p=1 and the case of arbitraly
positive integer p were considered by Sekine [4], and Owa and Obradvic[3], respectively.

In [4], we expressed various known subclasses of the class consisting of the functions
with negative coefficients in terms of the generalized subclasses and obtained inclusion
relation of these classes. We gave distortion theorems on the derivatives of integer order
of functions belonging to the generalized classes. Further using the fractional integral,
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fractional derivative by Owal[2] and the fractional integral operator by Srivastava, Saigo
and Owa[6], we extend the distortion theorems on the derivative of arbitrary order of
functions in the generalized subclasses.

Let a;(j=1,---,p)and B;(j = 1,---,q) be compiex numbers with
ﬂj#07_13_27"' (j:]-)aq)

Then the generalized hypergeometric function ,Fy(z) is defined by

qu = qu(al,"',ap;/Bla"'J/Bq;z)

where (), is the pohhammer symbol defined by

Many essentially equivalent definitions of fractional calculus have been given. We state
the following definitions due to Owa[2] which have been used rather frequentry in the theory
of analytic function:

Definition 1.1 (Owal2]) The fractional iﬁtegml of order X is defined by

1 z
O s .=~ ©)

where A > 0, f(z) is an analytic function in a simply connected region of the z-plane
containing the origin and the many-valuedness of (z—&)*~" is removed by requiring log(z—¢)
to be real when (z — &) > 0.

Definition 1.2 (Owa[2]) The fractional derivative of order ) is defined by

| 1L d = f() -
DXMf(2) = 2z f d , 6
where 0 < X < 1, f(2) is an analytic function in a simply connected region of the z-plane
containing the origin and the many-valuedness of (z—&) ™ is removed by requiring log(z—¢)
to be real when (z — &) > 0.
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Definition 1.3 (Owa[2]) Under the hypotheses of Definitio 1.2, the fractional derivative
of order (n+ ) is defined by

Dy f(2) = DAf (2) (7)

where 0 < A <1 andn € Np ={0,1,2,---}.

Srivastava, Saigo and Owa defined the following fractional integral operator involving
Gauss’s hypergeometric function :

Definition 1.4 (Srivastava, Saigo and Owal[6]) For real number o> 0, B and 1, the
fractional integral operator IO @bm is defined by

_aﬂ

I'(e)

where f(z) is an analytic function in a simply-connected region of the z-plane containing
the origin with the order
I

’ﬂ’"f(z) —

[-ortr(arpman-) ok ©

f(2) = O(lz[), asz—0,

where € > max{0, 3 —n} —1 and the many-valuedness of (z—&)*~1 is removed by requiring
log(z — £) to be real when (z —§) > 0.

From Definition 1.1 and Definition 1.4, it is easy to see that
D;°f(z) = Iz *"f(2).
Lemma 1.1 (Srivastava, Saigo and Owal[6]) Ifa >0 and k> 8 —n—1, then

0 T Tk—-B+DI(k+a+tn+1)

Using Definition 1.4 and Lemma 1.1 above, we showed the following result:

Theorem 1.1 ([5]) Let o, B and n satisfy the inequalities, o >0, f <p+1, a+n>
—(p+1), B—n<p+ 1. Choose a positive integer n such that

26(oz+77)_

«

-1
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If f(2) € A(n,p,{B}) and By, > By, then

Fp+DI'p—FB+n+1) 2P
Fp—pB+DI'p+a+n+1)

’I“’ﬂ’"f )| < max [0,

(P+1-B+ )+ Dn .
g {1—-(p+1—ﬁ)n(p+1+a+n)n3n+plz| H (9)
and
& Pp+)I(p—-B+n+1)
1527 f(2)] < Py e s
(p+1‘5+7l)n(P+1)n n
g {”<p+1—ﬁ>n<p+1+a+n)n3n+plzl} (10)

for z € Uy, where

U_{O}7 /6>p

and (X\)y is the pochhammer symbol defied by (4).
Equalities fold for the function defined by

<
UO:{ U, B<p,

1
Bty

fz)=2"-

z

Recently, Choi, Kim, and Srivastava defined the following generalized operator of fracti-
nal calculus:

Definition 1.5 (Choi, Kim and Srivastava[l]) Let a,m € R+, and 8,1 € R. Then

the fractional integral operator I f;g ts defined by

Z“m(a‘l‘ﬁ)

Igbnf(z) = T

z m m a— fm m
i fem—enrn (av et - 50 roaen
where the function o Fy is Gauss’s hypergeometric function defined by (3) withp—1 = q = 1.
and f(z) is an analytic function in a simply-connected region of the z-plane containing the

origin with the order
f(z)=0(2), z—0

where v > maz{0,m(B — 1)} — m, and the multiplicity of (2™ — (™)*! is removed by
requiring by log(z™ — (™) to be real when (2™ — (™) > 0.
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It is easy to observe that
I f(2) = Iz " f(2).

We need the following Lemma:
k
Lemma 1.2 Ifa>0 anda >3 —n—1, then

k k
F<—+1>F<—+1—ﬁ+n>
@k _ m m Sh—mB

Iyomz" =
P k k
F(~+1—ﬁ>F<—+1+a+n)
m m

Proof. We shall prove Lemma 1.2 in a simillar fashion to the proof of Lemma 1.1 by
Srivastava, Saigo and Owal6).

(12)

320
y—m(a+B)  rz m a1 p 1 & kg(gm
- T(-&TA(Z _5) 2 1<a+/8)—777aa “?n')g (5 )
Z_m(a+ﬁ) z h k R
= _——— ™ _ h)* L F —n;a;1 — — | hmdh :
F(Ol) A (Z ) 241 (O! + /67 7, &, Zm> dh (13)

ZmER e ]
= I [ a-t)m —m; o t) dt
F(a) A ( ) 2 1(Ot+,8, 5 &, )

zk‘ﬁf‘<£+1) f
= = F<a+ﬁ,—n;—a+1;1)
k m
F<-+a+1)
m
r(fan) r(Evan)r(Eeasn)
_ m k-mg \M m
k g % %
tEear)  r(Eoss)r(E e
m m m
k k
F<—+1)F<—+1—6+n> ‘
= — i mk oRmb, 4
r(“+1_ﬁ)r(_+1+a+eta>
m m
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2 Distortion theorem

Theorem 2.1 Letm € N and o, 3 and n satisfy the inequalities a > 0, § < %+1, a+
7]>—(£+1) andﬁ—n<£+1. Choose a positive integer n such that
m m
s mBlatn) _
o
If f(z) € A(n,p; {Bx}) and By < By.1, then
” F(£+1>F<%+1—ﬁ+n>
55 f ()] > max |0, —— 5 Elid
F(—+1~/3)P(E+1+a+n)
F(p+1—[3)1‘<£+1+a+77> 5
X 1— 5 pm B’" |2|™ (15)
I‘(—+1>F(——+1 ﬁ+n> nip
m m
and
P(£+1)F(£+1—ﬂ+n)
EEa @] < gt 2P
I‘<—+1—[3>1“<——+1+a+77>
m A\m
r(£+1—ﬂ)r<£+1+a+n> 5
x 414+ —1 n |z (16)

I‘(£+1>F(£+1—[3+n) Brip
m m .

for z € Uy where

Ui U mf < p,
CTlLU-{0}, mB>p
and b, is given by
bm = max  {y(k)},

n+p<k<n+p+m-—1

where

I‘<£+1>I‘<£+1—ﬁ+n>
m m

w(k) = :
F(%+1—,@>F<%+1+a+n)




Proof. Define a function ¥(z) by
P(£+1—ﬁ)1’<£+1+a+n>
m m
F<£+1)F(£+1—-ﬁ+n)
m

U(z) =

Then, by virtue of Lemma 1.2, we have

u ()
j = F(%+1—ﬁ>l“(%+1+a+n>
TR T E ) B

F<£+1)I‘<l€-+1—ﬁ+n>
m m a
k k
= 2P i O (k)agz®
k

:n+p

X ka

where
F<£+1—-ﬁ)r(£+1+a+n)
o= m m

F(%+1)F(p +1—ﬁ+n>

m

I‘<%+1>F<%+l—ﬂ+n)
F(—+1—6)F<—+1+a+77)
m m

For a positive integer n such that

o> mBlatn)
- o

m—p,

we have
0<y(k+m)<yk) (k>n+p).

Hence, defining 6, by

5m: maX{¢(”+P),¢(n+P+ 1)7¢(W+P+2)a,¢(”+l’+m— 1)}7

2P ISP f(2).
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(17)

(18)
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we have

0<y(k)<bm (k=n+p).

Therefore, we have that

@) < P+ S @U(Rarl

k=n-+p

< 2P+ ®6,)2" 1P Z ax

k=n+p
1
< 2P+ @6,z (19)
n+p
We have the last inequality above, because
> a <
k=n+p n-+p
by the assumption of the theorem such that f(z) € A(n,p;{Bx}) and By < Byy1.
In the same manner, we have
1
9(2)] 2 max {o, 2P — Bl } . (20)
Bnip

By virtue of (17), these estimates (19) and (20) lead to (15) and (16), respectively.
Remark 2.1 Ifm =1 in Theorem 2.1, then we have Theorem 1.1([5]).
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