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ABSTRACT. In this paper we consider the class )::,clioz, By 13
censisting of meromorphically wunivalent functions with positive
coefficients and fixed second coefficients. The object of the present
paper is to show coefficient estimates and closure thecrems for this
class. Alsc we obtain the radius of convexity for functions belonging

*
to the class }_'_:p’cf.oc,,?,u).
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1.Introduction

Let § denote the class of functions of the form

0
foz= 24 E: a_ =" (1.1
n=1
which are regular in U* = { =z :0 < |z|<1 } with a simple pole at the

origin with residue 1 there. Alsc let Ep denote the class of functions

of the form

v

a0
flzr= L& }: a z" . K(a 0 ) (1.2)
= n n

that are regular and univalent in U*.
*
A function f(z) in Ep is in the class Zp(a,ﬁ,u), 0<a<1, 0<p<1

and O0<u<i, if it satisfies for all ze U* the condition

zf’ (=)
i !
“') < A (1.3
2’ (z

3*
The class Ep(a,ﬂ,y) was studied by Nunokawa, Aouf and Owa [17].
We begin by recalling the fbllowing lemma due to Nunokawa, Aouf

and Owa [13].

LEMMA 1. Let the function f(z) be defined by (1.2). Then f(z) is

3
in the class Zb(a,ﬁ,y) if and only if

LN+ 1)+4 [un+ (14w o-11Y a < (14 RL-o). (1.4)
1

>Te

The result ié sharp.
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In view of Lemma 1, we can see that the functions f(z) defined by

(1.2) iﬁ the class Z:(a,ﬁ,p)-satisfy the coefficient inequality

(1+pp01 -0
a,s< — -
17 24p0pu+ 1+ a—-113%

. i K . - 1.5
Hence we may take

(1+u3pR0l-adc

R R S Y Y S I RS B

o
1A
n

IA
-

(1.6:

Makingbuse’of (1.6, we now introduce the following class of functions:
* : _ ; .
Let Z; c(a,ﬁ,p) denote the subclass of zp(a,ﬂ,p) consisting of
7

functions of the form

]lp—s

3

1+ Bl-ade 2 Cn
z = 1.7
flzy=— + {Z4+pRLu+ (L+wa-113 =¥ }Z %n ! (.7

where
anZO, and 0< ¢ <£1.
In this paper we obtain cbefficieht'inequaiities for ‘the clase
3% .
Ep C(a,ﬁ,u) and closure theorems. Further the radius of - convexity is
¥ .
.obtained for the class E; C(a,ﬁ,p). Techniques used are similar tc
¥
those of Silverman and Silvia [2]1 and Uralegaddi [31].
2. Coefficient Inequalities
Tueorem 1. Let the function f(z) be defined by (1.7)>. Then f(2)

is in the class Zg c(a,ﬁ,p)’if éndvonIY«if,
¥

8

{cn;1)+ﬁ[pn+c1+y)a413}a675(14uiﬁ<1~a)<1—c):':" a1
=2 ' :

Ll

The result is sharp.
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Proor. Putting

1+ p(1-adc

= <c=< L I
! {(2+p30p+ I+ o-173 7 0=c=1, (2.2)

in (1.4) and simplyifing we get the result. The result is sharp for

the function

) (14031 -0 ¢ (14 31 -0 (1-C)
f(z)=—+ ¥ . .’n
- =t TErAt I a-1IT ST {n+iye3 Cunt(I+ia-117

(n 2 2. 2.3
CoroLLARY 1. Let the function f(z) defined by (1.7) "be in the

*
class Zp’c(a,ﬁ,p). Then

1+ 3L~ (1-¢)
<
n = Tn+i)+3 Can+ I+ a-133

The result is sharp for the function f(z) given by (Z.3).

Cororrary 2. If 05 c,=< c

1 <1, then

2

k3 ¥* ;
Zﬂ, c?—(ai RIS Zp, Cl(a’ﬁ’“) -

3. Closure Theorems

TueoreMm Z.. Let the functions

. L 1+ B(L-a0 ¢ ® o N a1y
;=T TEprm eIy 2 ) %n, i @n, 79 -
' n=2

be in the class E: c(a,ﬁ,p) for every j=1,2,...,m. Then the function
r . : !
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(1+p3pdl-adc

_ 1
glz)= _Z—+ 2+p0 i+ (1 +da-133

(0 ¢]
z+ E:'bf 2" (b2 ®» 2.2)
n n

m
b = L E: a .. | (3.3)
n m n, j

Proor. Since fj(z) e 2: c(a,ﬁ,u) it follows from Theorem 1 that
y . .
o0
{(n+1)+ﬁcpn+(1+p)a—1]}én j <1+ p1-0) (1-c) (3.4

y
=2

s

for every j=1,2,...,m. Hence

(o]
E: {(n+1)+3[pn+(1+u)a—1]}bn
n=z2

o m
1
= E: {(n+1)+ﬁEpn+(1+u)a-1]}[ETEZ an,j ]

Az 551
m oo
=1 E: E: Cn+1)+ALun+ (14 a-11%a
m n,
=1 A==
<1+ AL ~o0 (1-c) (2.5

and the result follows.

TuecreM 3. Let the functions fj(z) defined by (3.1) be in the
class {; c(a,ﬁ,y) for every j=1,2,...,m. Then the function F(z) defined
y

by

[

m

F(z)= E: d. f (z2) (d, 20 (3.6)

J J
Jj=1
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*
. also in the same class zp c(a,ﬁ,u), where.
! 4 .

d

. =1 . 3.7>
J

"xi?[\/] 3

Proor. Combining the definitions (3.1) and (3.6), we have

(1+)3C1 o0 € X
ipiaF(lvwoa-11y = 7 Z

n==2

d. a_ . ]z”, (2.8
Jj®n,j
1

tﬁ[\/] 3

iere we have also used the relationship (3.7). Since f _.(z) e

z (s By) for every j=1,2,...,m, Theorem 1 yields
a, .

o
E: {(n+1)+B[yn+(1+u)a—1]}an ; S+ plL-a) (1-0) (3.9

y J

or every j=1,2,...,m. Thus we obtain

i~

{(n+DI+BLun+ (1+p)a-112 d. .
<{n BLun ul) o [ E: Jan,g ]

m
=)l
j:

L(n+1)+BCpn+(1+p)a—1]}a ; ]
Ny J

?:[\/Js

1
U1+ p(1-a) (1~ (3.10)

3
<hich (in view of Theorem 1) implies that F(z2)e Ep C(a,ﬁ,u).
R B ?

* . ; .
Tueorem 4. The class Zp c(a,ﬁ,p) is closed  under convex linear
y
combination.

Proor. Let the functions fj(z) (j=1,2) defined by (3.1} be in the

class z;,c(a’ﬁ’“)’ it is sufficient to‘prove that the function H(z)
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defined by
H(z)=Kf1(z)+(1~x)f?(z) COSAZ1) (2.11)

is alsoc in the class Z;’c(a,ﬁ,u).

Since
. 1+ pCl-ad ¢ o o
{zy=—+ z { - z 12
A= —* oty asT +§: Aan grA-al s 3T, (3-12)
n=2
we chserve that
o
¢ ) (1+da-113EN -\ 3
Tn+)+plun+ (1+uda-11 kan'1+(1 7\)&1'_‘,2
n=2
< 1+ pR1-a) (1-¢) (3.1

with the aid of Thedrem 1. Hence H(z) « E: C(a,ﬂ,y). This completes the
y

proxf of Theorem 4.

TueoreEM 5. Let

1+ -ad ¢

1 :
)= e - -
LWt opm eI ¢ (.14
and
L+ B -a0 ¢ 1+ BC1-00 (1-C) b
fo(zy=1 s z+ ' z"
n ° = {(24+p0u+ 1+ a-113 7 {(n+1¥+3 [un+(14+p)a-110
(n=2). (2.15)

“hen f(z) is in the class E: c(a,ﬁ,y) if and only if it can be
14

:2xpressed in the form

8

f(z) = Y 2 f (z) , (2.16)
) ,

3
]



20

[+ o]
where A 2 0 (n21 ) and E: A =1 .
n n

n=1
ProoF. We suppose that f(z) can be expressed in the form

(3.16). Then we have

. (1w pll-adc ® A+ B-ad (1-CIX

F2)=—* gt a-113 Z+§: (D Fppn (¥ a=113 = *
n=2 (3.17)
Since
@ {(n+1)+3 [un+(1+da-113 (1+u)ﬂ(1—a)(1—c)ln
2: I+ a1 - (1-0) " {(n+t1)+p Lpun+tCl+pdia-112
n=2
oo

= 2: X, = 1-a< 1, 3.18)

it follows from Theorem 1 that F(z) Zz’c(a,ﬁ,u).

Conversely, we suppose that f(z) defined by (1.7) is in the class
E: c(a,ﬁ,u). Then by using (2.4), we get
y

1+ B -0 (1-¢)

3nh ST eF Cpne (v o117 (nz2). ' (.19
Setting
' LCn+1d+3 Cun+t(1+da-112
N S E NI IS VRS Y] 2n (n22) (3.20
and o
M =t 'E: Mt (3.21)

n=2

we have (3.16). This completes the proof of Theorem 5.

4.Radius of Convexity

TueoreM 6. Let the function f(z) defined by (1.7> be in the

* .
ctlass Ep,c(a,ﬁ,p); Then f(z) is meromorphically. convex of order
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e(0=<p{1) in 0<|z|<r=r(a,ﬁ,p,c,p), where r(o,f3u,c,p) 1is the largest
value for which

(Z-p) U1+IB(1-0c . nlnt2-p) (14 B(1-a) (1-0)
Rl (v a-113 | Tnv1I+3 Lon+ I+ a=117

rMlei o0 i

for n22. The result is sharp for the function

(1+dp(1-ad ¢ 1+ pl-a(1-c)
F ()=t : =+ z" for
n = {2+pB0u+(1+uda-113% {(n+1)+03 Cun+t(l+da-113%

sSome N. (4.2)

z ”

Proor. It is suffices to show that —;7%5% +2]5 1-p (0O<p1) for

0< |z |<rlay B,y €, ). Note that

21+ pR(1-a0 ¢ " o=
' rZ+ ) nenera_ P
{Z2+p0u+(i+uia-113%
2D Lo
- 1+ B -0 © o o o
1 2+pRLu+ (I ) a-117 ro- na_ r
n=2
=17 (4.3
for O0<|z|<r if and only if
1 3 (0 4]
(B-pd) (1+uIBU -0 a1
= 2- <i-
ZHplpr (l+oa-133 *2: nin+2-pla_ r =1-p. (4.4)
n=2

Since f(z) is in the CIaSS':: c(a;ﬁ,p)‘from'(2;4)-we~may-take
’

(1+p)ﬁ(1—a)(1-c)kn _
= =2) -0
%n T ThF DR anv (it a-117 (n222, 4.3
where anO (n22) and
o

E: A, < 1.  (4.8)

n=2

For each fixed r, we choose the positive integer n.=n_ (r) for -which

0 0
n(n+2—p)rn+1

Tt D FpLan+ (1F D a-113 is maximal. Then it follows that
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(N 4+2-0) (14 B(1 =00 (1-C)
n+1 rMo*l, (4.7)

Te

. oMo

+2- - - -
nint2-pla  r i+ +plan. F(l+a-113
> O o] :

o
U

nen f(z) is convex of order p in 0<|z|<r(a,f3,u,c,p? provided that

(3-p) (14 ACL-00 e no(n0+2—p)(1+y)ﬁ(1—a)(1~c)

-

rn0+1 < 1-p.

T pt (v a-11y ¢ 7 Tingv DI *Alpng+ (Irw 113

4.8)

e find the value r0=r0(a,ﬁ,u,c,p) and the corresponding integer no(ro)

.= that
2 - b - -
(3-p) (1 pti-adc  ,, Mo'M0™? P Unppi-ed - H
A AlEF (I @a-133 0" Tin v DI Fplang(i+@oa-133 ' 0 0 "=l-p. (4.9

"hen this value rb is the radius of meromorphically convex of order g

*or functions beloging to the class Z;,c(a,ﬁ,p).

References

£1] M. Nunokawa, M. K. Aouf and S. Owa, On subclasses of meromorphic
univalent functions with positive coefficients, Sci. Rep.

Fac. Ed.Gunma Univ. 37 (1989), 1-10.

(21 H. Silverman and E. M. Silvia, Fixed coefficients for subclasses

of starlike functions, Houston J. Math. 7(1981), 129-136.

[31 B. A. Uralegaddi, Meromorphically starlike functions with

positive and fixed second coefficients, Kyungpook Math.
J. 29(13989) ,no.1, 64-68.

Department of Mathematics Department of Mathematics
Faculty of Science Faculty of science
University of Mansoura Gunma University
Mansoura, Egypt 4-2, Aramarkimachi,

Maebashi, Gupma 371
Japan



