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INCLUSION PROPERTIES OF CERTAIN ANALYTIC FUNCTIONS
L1 JiaN LIN (#EJETZEXZFE)
SHIGEYOSHI QWA (IT& k¥ - #T)

ABSTRACT, The object of the present paper is to give sharp forms of

inclusion properties of the class P(p,a,B) under operators J

, F
,C’ m
N ;
and Jp,l‘
. INTRODUCTION
Let A(p) denote the class of functions of the form
= P v p+n -
f(z) zt + nzlap_’_nz (p e N=1{1,2,3,...}) (L.1)
‘which are analytic in the open unit disk [/ = {z: [z]| < 1}. A function £(z)

in A(p) is said to be a member of the class P(p,a) if it satisfies the
inequality Re{f'(z)/zp_l} >a (z € {)) for some a (0 < a < p). The classes
P(1,0) and P(p,0) were investigated by MacGregor [5] and Umezawa [67,

respectively.

For a function £(z) belonging to A(p), we define the generalizéd

Bernardi integral operator J c by

’

ct+p zZ c-1
J_ o (f) = [ t- Tf(t)dt -
p,¢C Z'C 0 . =
© c+p
= zp + a Zp+n

1 —“;f;—— p+n (peN;c> ‘P), (1.2)
n=1 c+p+n 4

The operator Jl c for ¢ € N was introduced by Bermardi [1]. Clearly; from

(1.2)'we see that

£ e Alp) == J; (D) = A B 2
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Thus, by applying the operator Jp c successively, we can obtain

’

n-1 '
) 3, G000 (n e )
J (£) = :
. b,c .
£(z) (n=0), (1.4)
Suppose aiso that
F(£) = J J
al® = Ip e Gy o oo Uy o (D)
p ® ptc. +n
=z + ] o —— ]a n? (c; > -p; me ). (1.5
n=1 j=1 ptutc, P ]

o

For an analytic function g(z) given by g(z) = E bp+nzp+n
n=

in |J, and
for a real number A, Flett [3] define the multiplier transformation Ikg(z)

by

A _ 5 - +n :
I"g(z) = ) (p+n+l) bp+nzp (z e ). (1.6)

n=0

The function ng(z) is clearly analytic in |J. It may be regarded as a
fractional integral (for A > 0) or a fractional derivative (for A < 0)
of g(z). Furthermore, in terms of the Gamma function, we have

1 1 1 Mt
A
I"g(z) = —— J [log-——] g(tz)dt (A > 0). (1.7)
() 0 t

Denote by ng(z) the multiplier transfomation I'Ag(z) for » 2 0, i.e.,

Dg(z) = I 'g(2) = E (p+n+l) b, 2P0 (>0 zel). (1.8
n=0 pr o

From (1.4) and (1.6),

35 1) = (p+1)M1™(£) meN; £eADP). (1.9)

Thus, one can define the operator J; 1 (depending on a continuous

parameter A > 0) by

3516 = e M) (o> 05 £ e A (1.10)
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Making use of the fractional derivative operator and operators J

’
’

Fm and J; 1 as mentioned above, Cho [2] introduqed and studied the class

?

P(p,a,B8) defined by

P(p,a,8) = (£ ¢ AP): (p+1) BDBE ¢ P(p, o)},

where 0 < o < p and 8 > 0. Observe that P(p,e,0) = P(p,e). If 8 > 0 and
0 < a; < dz < p, then P(p,az,s)c: P(p,al,B), The class P(1l,a,B) was
introduced and studied by Kim, Lee and Srivastava [4]. In [2], Cho showed

that

(1) if £(2) ¢ P(p,a,B), then Jp’c(f), Fm(f) and J;’l(f) are slao in
the class P(p,a,B), where c ¢ N and cj e N,

(i) if 0 < o < p and 2 0, then P(p,a,8+L) < P(p,u,8), where
p o= (2a(p+tl)+p)/(2(p+1)+1).

In the case of p = 1, these results correspond to the results by Kim,

Lee and Srivastava [4]. In the present paper, we give the sharp forms of

these results simply.

2. INCLUSION PROPERTIES

Our first result for the class P(p,a,B) is contained in

THEOREM [, If £(z) is in the class P(p,o,B), then Jp C(f) belongs

to the class P(p,u,B), where

- (-7
p=p+ 2(p-a)(ptc) ) ———
n=1 pintc

The result is sharp.

Proor, It follows from the definitions (1.2) and (1.8) that

D73 (0) = 3 () PP o)
fl. c-1 -8B
= (p+c) J “t {(p+1) "D f(tz)}dt. : (2.1)
0

Therefore, setting
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H(z) =-(p+1)‘BDB(Jp J(E(2))) and  h(z) = (p+1) " BpPe(2), (2.2)
we must show that

. B'(2) . '
Re|—p | > Ozec<pic>-pzeld) (23

zZ

whenever h(z) ¢ P(p,a). Note that (2.1) gives

{ H'(2) I (pte) ‘(l pte-1 [ h'(tz) 4 (2. 5
Re|——-—7 | = (ptc t R - }.t° -
ZP o N ‘zzz;ﬁ—r . k

Since h(z) e P(p,a), we have

[ h' (tz). 1 . p o~ (p-20)t © 1 U) (2.5)
Re — T > < t < 1l; z ¢ .
(zt)p_ 1+ t -
and hence (2.4) yields
¢ B'(2) 1 .. p -~ (p-20)t
Re|——=1 | > (ptc) gPre-l dt
el 2P~ ] pre JO 1 + t
© n
= p + 2(p-0) (pre) § D (2.6)

n=1 p¥otc

Further, to show that the result is sharp, we consider the function

B
o . 2(p-a)(p+l).
fO(Z> _ Py 2 (p-a) (p+l) (_l)nzp+n

5 2.7)
n=1 (p+n) (p+nt+l)

1

which belongs to the class P(p,a,B). Since

Hy(2) = (DD (£0(2)))
: w -
= 2P + 2(p-a) (p+o) ] P (o> o),

n=1 (p+n) (p+ntc)

one can easily show that Jp P

2

(Eq(2)) € P(p,u,B), but J

» (Eq(2)) ¢ Plp,u’,8)
if ' > p, This completes the proof of Theorem 1.

REMARK I, For 0

In

a < pand c > -p, we have from the right-hand

side of (2.6) that'a < y < p, and hence P(p;u,B)CZ.P(p,a,B) (8 >0).
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CoroLLARY [, If £(z) ¢ P(p,o,B), then rm<f(z)) defined by (1.5)

belongs to the class P(p,um,B), where

§ -1nH" L
H. = p + 2(p-u, ;) (p+cy) ——— (i
J i-1 3 n=1 p+n+cj

1,2,3,...,m)

and‘uo = a. The result is sharp,
Next, we derive

THEOREM 2; If f£(z) is in the class P(p,o,B), then Jg l(f(z)) defined
by (1.10) belongs to the class P(p,y,B), where ’

Yy = p + 2(p-a) J (-l)n[
pin+l

n=1

The result is sharp.
PROOF; Making use of (1.7) and (1.8), the definition (1.10) yields

(p+1) PPy (£(2))) = 3 (o) PP s

(p+1D* 1, 1 ya-1 an
= — J llog-—] (p+l) "D (f(tz))dt (A > 0; 82>0)
T(A) 0 t (2.8)
Therefore, setting
G(z) = (1) PD(I} [ (£(2))) ana h(z) = @ PDP(Ea), (2.9)
we ha&e to show that
G'(2) |
ReL—ZE;jT ] v> v (z € ) _ (2.10)

whenever h(z) e P(p,a). Applying (2.5), we obtain

R { G"(Z) ] (P"H.)}\ 1 ( 1 \)\—'l P { h'(tz) ]
e = 1 — R dt
oy rOo fo e ) TR T

)t 1 1 yx-1 _p - (p-2o)t
> —_— J {log-—— P dt
r(x) 0 t 1 + ¢t
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) © n p+l \l
b+ 2w ] (D [——] (2.11)
n=1 pto+l /-
To show that the result is sharp, we take the function fo(z) given by
(2.7). Since
= 1) " BpB A
Go(2) = (+1) PRI} | (£,(2)))
‘ o ( p+l A ("l)n
= 2P + 2(p-a) § | ] P (2.12)
n=1 ‘ ptntl :

p+n

with 0 < o < p, X > 0 and B > 0, we see that J; l(fo(z)) e P(p,vy,8B), but
J; l(fo(z)) £ P(p,y',B) if y' > y. Thus we éomplete the proof of the

theorem.

REMARK 2, For 0 < o < p'and » > 0, we have from the right-hand side

of (2.11) that @ < vy < p, and hence P(p,v,B8) C P(p,a,B8) (B > 0).

CorOLLARY 2, If 0 <o < p and 0 ¢ B < p, then P(p,a,0)C P(p,vy.8),

where
o ptn yp-B
Yo =Pt 20me) [ DM ——]
n=1 ptn+l
The result is sharp,.

PROOF, Setting A = p-g > 0 in Theorem 2, we observe that
£(2) € P(p,a,p) ==> 30" }(£(2)) € P(p,v,0)
| &> e PP HE@)) € Plp,vy)
& oD P () € Plp,vy

S=>1f(2) € P(p,v(.8). (2.13)

CoroLLARY 3, If 0 < o < p and 8 > 0, then P(p,a,B+l) P(p,v,8),

where
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: ) oo n p+l
Yp =P +2(p-a) ] (-DF —— .
n=1 pin+l

" The result is sharp,

for the special values of p, «a, B

Proor, Putting A = 1 in Theorem 2, we have
£(2) € P(p,a,8+1) == JL ((£(2)) € P(p,vy,B+1)
& e TG @) € Py
&> e+ PP (£(2)) € P(p,vy) |

S £(2) € P(p,v . 8).

REMARK 3; We note that the several cases of Theorem 1 and Theorem 2,

¢ and A, will improve some known results.

’
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