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ABSTRACT. we consider the following Cauchy problem
$u_{\ell}=u\Delta u-\gamma|\nabla u|^{2}$ in $Q_{T}$ ,
$u(x, 0)=u\mathrm{o}(X)$ ,

$\mathrm{w}1_{1}\mathrm{e}\mathrm{r}\mathrm{e}N\geq 1,$ $T>0,$ $\gamma\in \mathbb{R},$ $Q\tau=\mathrm{R}^{N}\cross(0, T)$ and $u_{0}$ is a nonnegative function
on $\mathbb{R}^{N}$ . We establish the existence theorems of nonnegative viscosity solutions
under very weak assumptions on $u_{0}$ for any $\gamma\in$ R. We also investigate equivalence
between viscosity solutions and $\backslash \mathrm{v}\mathrm{e}\mathrm{a}\mathrm{k}$ solutions without SSH conditions.

1. INTRODUCTION

Consider the following Cauchy problem

$u_{t}=u\Delta u-\gamma|\nabla u|^{2}$ in $Q_{T}$ , (1.1)
$u(x, 0)=u_{0}(X)$ $x\in \mathbb{R}^{N}$ , (1.2)

$\mathbb{R}^{N}\mathrm{w}\mathrm{h}\mathrm{e}.\mathrm{r}\mathrm{e}N\geq 1,$

$T>0,$ $\gamma\in \mathbb{R},$ $Q\tau=\mathbb{R}^{N}\cross(0, T)$ and $u_{0}$ is a nonnegative function on

We define the upper and lower semicontinuous envelopes $u^{*},$ $u_{*}$ of $u$ by

$u^{*}(z)=f arrow\lim_{0}\sup\{u(z’);z’\in B_{r}(z)\}$ ,

AMS Subject Classifications: $35\mathrm{K}15,35\mathrm{K}55,35\mathrm{K}65$ .
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and
$u_{*}(z)= \lim_{farrow 0}\inf\{u(Z’);Z^{J}\in B_{r}(z)\}$ ,

respectively,
where if $z\in \mathbb{R}^{N},$ $B_{r}(z)=\{z’;|z-z’|<r\}$ and if $z=(x, t)\in \mathbb{R}^{N}\cross[0, \infty)$ ,
$B_{r}(z)=\{z’=(y, s);(|x-y|^{2}+|t-\mathit{8}|)1/2<r\}$ . Note that $u^{*}$ is upper semicontinuous
and if $u$ is upper semicontinuous, $u=u^{*}$ . Similarly, $u_{*}$ is lower semicontinuous and if
$u$ is lower semicontinuous, $u=u_{*}$ . We define viscosity solutions and weak solutions
of (1.1) as follows:

Definition 1.1. Let $u$ be a locally bounded function on $Q\tau$ . we say that $u$ is a
viscosity subsolution of (1.1) in $Q_{T}$ if $u^{*}$ satisfies that for $(x, t)\in Q_{T}$ and $(a,p, X)\in$

$P^{2,+}u^{*}(_{X}, t)_{j}$

$a\leq u^{*}(x, t)\mathrm{T}\mathrm{r}X-\gamma|p|^{2}$ .

$u$ is a viscosity supersolution of (. 1.1) in $Q\tau$ if $u_{*}$ satisfies that for $(x, t)\in Q_{T}$ and
$(a,p, X)\in P2,-u_{*}(X, t)$ ,

$a\geq u_{*}(x, t)\mathrm{T}\mathrm{r}X-\gamma|p|2$ .

$u$ is a viscosity solution of (1.1) in $Q_{T}$ if $u$ is a viscosity supersolution and viscosity
subsolution.

Here, for $(x, t)\in \mathbb{R}^{N}\cross[0, \infty)$

$p^{2,+_{u^{*}}}(x, t)$ $=$ $\{(a,p, X);u^{*}(y, s)\leq u^{*}(x, t)+a(s-t)+\langle p, y-x\rangle$

$+ \frac{1}{2}\langle X(y-X), y-x\rangle+o(|y-X|^{2}+|s-t|)$

as $(y, s)arrow(x,t)\}$ ,

and

$P^{2,-}u_{*}(X, t)$ $=$ $\{(a,p, X);u_{*}(y, s)\geq u_{*}(x, t)+a(s-t)+\langle p, y-x\rangle$

$+ \frac{1}{2}\langle X(y-X), y-x\rangle+o(|y-x|^{2}+|s-t|)$

as $(y, s)arrow(x, t)\}$ ,

Definition 1.2. $u\in L_{\iota\circ}^{\infty}(cQ\tau)$ is said to be a weak solution of (1.1) in $Q_{T}$ if $\nabla u\in$

$L_{lo\mathrm{c}}^{2}(Q_{T})$ and it holds that

$\int_{Q_{T}}[-u\psi_{t}+u\nabla u\cdot\nabla\psi+(\gamma+1)|\nabla u|2\psi]d_{Xdt}=0$ ,

for every $\psi\in C_{0}^{1}(Q_{T})$ .
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The approach by “viscosity” solutions is difficult for this problem because of its
degenerating property, that is, the coefficient $u$ of the term $\Delta u$ . Our first purpose is
to establish the “viscosity” approach for it. On the other hand, “weak” solutions for
the diffusion equations like this is studied by many authors. Our second purpose is
to investigate the relation to our “viscosity” approach and the “weak” solutions.

Bertsch, D. Passo and Ughi has shown the existence of discontinuous “viscosity
solutions” of $(1.1)-(1.2)([3])$ . They use “viscosity solutions” to indicate (weak or
strong) solutions constructed by the method of vanishing viscosity. We only use tlle
term here to indicate the one introduced by Crandall and Lions.

The existence of viscosity solutions and weak solutions with the semi superhar-
monic (SSH in short) condition is proved by $[\dot{2}]$ and [6]. Here, we say that a function
$u$ satisfies the SSH condition if $\triangle u\leq I\mathrm{t}’$ in $D’$ for some constants $IC$ (or if $u$ is a
viscosity subsolution of $I\mathrm{f}-\triangle u=0$).

Theorem 1.3 ([6]). Let $T>0,$ $N\geq 1$ and $u_{0}\in C(\mathbb{R}^{N})$ satisfy

$0\leq u_{0}\leq M(|X|^{2}+1)$ , (1.3)
$|\nabla u_{0}|\leq I\mathrm{f}_{1}(|x|+1)$ $a.e$ . in $\mathbb{R}^{N}$ , (1.4)

$\Delta u_{0}\leq IC_{2}$ in $D’$ , (1.5)

for some $con\mathit{8}tantSM>0,$ $K_{1}$ and $I\mathrm{f}_{2}>0$ . If $\gamma\geq \mathit{1}\mathrm{V}/9\sim$ , then there is a nonnegative
function $u\in C(\overline{Q_{T}})$ such that $u$ is the unique nonnegative viscosity solution and weak
solution of $(1.1)-(1.2)$ and satisfies that for some constants $M_{1},$ $IC_{3}>0$ ,

$0\leq u(x, t)\leq M_{1}(|X|^{2}+1)$ ,
$|\nabla u|\leq I\mathrm{f}_{3}(|x|+1)$ $a.e$ . in $\mathbb{R}^{N}$ ,

$\triangle u\leq I\zeta_{2}$ in $D’$ ,

where $\Lambda I_{1}$ depends only on $M_{J}N$ and $T$ .

Theorem 1.4 ([2]). Let $N\geq 1$ and $u_{0}\in C(\mathbb{R}^{N})\mathit{8}atisfy(1.3),$ $(1.4)$ and (1.5). Then
there exist $T>0,$ $L_{0}>0$ and a nonnegative function $u\in C(\hat{Q}_{T})$ such that $u$ is the
unique nonnegative $visCo\mathit{8}ity\mathit{8}oluti_{\mathit{0}}n$ of $(1.1)-(1.2)$ and satisfies that

$0\leq u(x,t)\leq\Psi_{T,M}(t)(|x|2+1)$ ,
$|\nabla u|^{2}\leq\Psi T,L0(t)u$ $s.e$ . in $\mathbb{R}^{N}$ ,

$\Delta u\leq(1+\gamma+)\Psi\tau,L0(t)$ in $D’$ ,

where $\hat{Q}_{T}=\mathbb{R}^{N}\cross[0, T),$ $\Psi_{T,C}(t)=C/(1-\tau^{-1}t)$ for $C=M$ or $L_{0}$ and $\gamma_{+}=$

$\max(\gamma, 0)$ .
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To prove theorem 1.3 and 1.4, we consider the following Cauchy problem

$u_{t}=(u+\epsilon)\Delta u-\gamma|\nabla u|^{2}$ in $Q_{T}$ , (1.6)
$u(x, \mathrm{O})=u_{0}^{\epsilon}(x)$ $x\in \mathbb{R}^{N}$ , (1.7)

where $\{u_{0}^{\epsilon}\}\subset C^{\infty}(\mathbb{R}^{N})$ such that $u_{0}^{\epsilon}arrow u_{0}$ in $C(\mathbb{R}^{N})$ as $\epsilon\downarrow 0$ and $u_{0}^{\epsilon}$ holds (1.3),
(1.4) and (1.5) for $0<\epsilon<1$ . Then it is shown that the Cauchy problem $(1.6)-(1.7)$
has a smooth solution $u_{\epsilon}$ for $0<\epsilon<1$ and the sequence of smooth solutions $\{u_{\epsilon}\}$

converges uniformly to the viscosity solution of $(1.1)-(1.2)$ under the assunlptions of
theorem 1.3.

Below, section 2 is devoted to state our main results and to establish the existence
of viscosity solutions of (1.1) which are lower semicontinuous and satisfy the initial
condition

$u(x, 0)=u0*(x)$ $x\in \mathbb{R}^{N}$ (1.S)

instead of (1.2). For constructing solutions, we use the inf-convolution approximation
of initial functions and apply the results of theorem 1.3 and 1.4 which establish the
existence in a rather narrow function classes. Our method is not used before so long
as we know.

In section 3, we discuss the behavior of viscosity (sub) solutions. We show that
every viscosity solution $u$ satisfies $\lim_{tarrow}\sup_{0}u(X, t)\leq u_{0}^{*}(x)$ for $x\in \mathbb{R}^{N}$ . This implies

that if $u_{0}$ is continuous, then the viscosity solution constructed in section 2 is really
viscosity solution of $(1.1)-(1.2)$ and satisfies $\lim_{tarrow 0}u(X, t)=u_{0}(x)$ for any $x\in \mathbb{R}^{N}$ . If
$u_{0}$ is piecewise continuous, then $\lim_{tarrow 0}u(X, t)=u_{0}(x)$ almost everywhere in $\mathbb{R}^{N}$ .

In section 4, we consider equivalence between viscosity solutions and weak solu-
tions.

2. EXISTENCE RESULTS

In this section we assume that the initial function $u_{0}$ is just a real valued function
and satisfies

$0\leq u_{0}(x)\leq M(|X|^{2}+1)$ $x\in \mathbb{R}^{N}$ , (2.1)

for some constants $M>0$ . Note that we don’t assume the continuity of $u_{0}$ . Our
purpose of this section is to construct the viscosity solutions and weak solutions of
(1.1) with the initial condition (1.8) in $LSC(\hat{Q}_{T})$ , where $LSC(\hat{Q}\tau)$ is a set of lower
semicontinuous functions in $\hat{Q}_{T}$ . The main results in this section are the following
theorems.

Theorem 2.1. Let $N=1$ and $u_{0}$ satisfy (2.1).
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(i) If $\gamma\geq 1/2$ , for any $T>0$ , there exists $u\in C(Q_{T})\cap LSC(\overline{QT})$ such that $u$

is a nonnegative viscosity $\mathit{8}oluti_{\mathit{0}}n$ of $(1.1)-(1.8)$ . Moreover, $\lim_{tarrow}\sup_{0}u(X, t)\leq$

$u_{0}^{*}(x)$ for $x\in \mathbb{R}$ .
(ii) If $\gamma<1/2$ , there exist a $T>0$ and $u\in C(Q_{T})\cap LSC(\hat{Q}\tau)\mathit{8}uch$ that $u$ is

a nonnegative viscosity $solution..of(1.1)-(1.\mathrm{s})$ . Moreover, $\lim_{tarrow}\sup_{0}u(X, t)\leq$

$u_{0}^{*}(_{X)}$ for $x\in \mathbb{R}$ .
$\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\Gamma \mathrm{e}\ln 2.2$ . Let $N\underline{>}2$ and $\gamma\geq N/2$ . If $u_{0}$ satisfies (2.1) then there exists
$u\in LSC(\overline{Q\tau})\mathrm{n}L_{loC}^{\infty}(\overline{Q_{T}})$ such that $u$ is a nonnegative $vi_{\mathit{8}}cosity$ solution of $(1.1)-$

(1.8) in $Q_{T}$ . Moreover, $\lim_{tarrow}\sup_{0}u(X, t)\leq u_{0}^{*}(x)$ for $x\in \mathbb{R}^{N}$ .

Remark 2.3. The viscosity solution $u$ of $(1.1)-(1.2)$ constructed in Theorem 2.1 or
2.2 is a weak solution and satisfies (i), (ii) and (iii) in proposition 2.4. Moreover, (iii)
in proposition 2.4 implies that if $\gamma>N/2$ then $u$ in theorem 2.2 is continuous.

The behavior near $t=0$ is discussed in section 3 (theorem 3.2).
To prove the existence part of ou.r theorems, we need the following notation: for

$u\in LSc(\mathbb{R}^{N})$ ,

$u_{\epsilon}(x)= \inf_{y\in \mathrm{R}^{N}}\{u(y)+\frac{1}{2\epsilon}|x-y|^{2\}}$ .

This $u_{\epsilon}$ is called the inf-convolution of $u$ . Then $u_{\epsilon}$ is semiconcave. This $\mathrm{i}\mathrm{n}$)$\mathrm{p}\mathrm{l}\mathrm{i}\mathrm{e}\mathrm{s}$ that
$u_{0\epsilon}$ satisfies (1.3), (1.4) and (1.5) (see remark 2.3 in [2]).

Now, let $u_{0*}$ be the lower semicontinuous envelope of $u_{0}$ and $u_{0\xi}$ be the inf-
convolution of $u_{0*}\mathrm{f}_{0}\mathrm{r}$ any $\epsilon>0$ . We consider the the Cauchy problem (1.1) with the
initial condition

$u(x, 0)=u0\epsilon(x)$ $x\in \mathbb{R}^{N}$ . (2.2)

By theorem 1.3 and 1.4, it has a viscosity and weak solution $u_{\epsilon}$ . We want to take the
limit as $\epsilon$ to $0$ . However, the estimates of $\nabla u_{\epsilon}$ and the terminal time $T$ in theorem
1.4 depend on the constants $I\zeta_{1}$ and $I\mathrm{f}_{2}$ appeared in (1.4) and (1.5), which $\mathrm{n}\dot{\mathrm{u}}\mathrm{g}\mathrm{h}\mathrm{t}$ be
infinite as $\epsilonarrow 0$ . Therefore, first we have estimate them so as not to depend on $I\mathrm{f}_{1}$

and $IC_{2}$ .
Proposition 2.4. Let $N\geq 1,$ $\gamma\in \mathbb{R}$ and $u$ be the solution in theorem 1.3 and 1.4.
Then the following properties hold.

(i) $\triangle u\geq-\frac{1}{t}$ in $D’$ .
(ii) For any $R>0$ and $0<s<T$ , there $exist\mathit{8}$ a constant $C>0$ such that

$\int_{0}^{s}\int_{B_{R}}|\nabla U|2dxdt\leq c$,

where $C$ depends on $N,$ $\gamma,$ $M,$ $T,$ $R$ and $s$ only.
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(iii) If $\gamma>N/2$ ,

$\Delta u\leq\frac{N}{(2\gamma-N)\iota}$ in $D’$ ,

$| \nabla u|^{2}\leq\frac{2u}{(2\gamma-N)t}$ in $D’$ .

Remark 2.5. (i) in proposition 2.4 implies that $\triangle u$ is a Radon measure.

To prove this proposition, we show the following lemma.

Lemma 2.6. Let $\epsilon>0$ and $u^{\epsilon}$ be a smooth sofution of (1.6). Then the following
properties hold.

(i) $\Delta u^{\epsilon}\geq-\frac{1}{t}$ .
(ii) Let $R>0$ be any fixed number, $0\leq s<T$ and $\mathit{1}l’I_{R,s}$ be a positive number such

that $0\leq u^{\epsilon}\leq M_{R,s}$ holds on $B_{R+1}\cross[0,\mathit{8}]$ for any $\epsilon>0$ . Then for $0<\alpha<1$

with $\alpha\neq\gamma+1$ , there $exi\mathit{8}tS$ a constant $C>0$ such that

$\int_{0}^{s}\int_{B_{R}}\frac{|\nabla u^{\epsilon}|^{2}}{(u^{\mathrm{g}}+\epsilon)\alpha}dxdt\leq C$, (2.3)

where $C$ depend on $N,$ $\gamma,$ $R,$ $\mathit{8},$ $M_{R,s}$ and $a$ only.
(iii) If $\gamma>N/2$ ,

$\Delta u^{\epsilon}\leq\frac{N}{(2\gamma-N)t}$ in $D’$ ,

$| \nabla u^{\epsilon}|^{2}\leq\frac{2u^{\epsilon}}{(2\gamma-N)t}$ in $D’$ .

Proof. (i) for $\gamma\geq 0$ and (iii) is proved by [4]. Moreover, by applying the maximum
principle we can prove (i) for $\gamma<0$ in an analogous way to that for the porous
medium equation (see [1]).

Finally, we prove (ii). Let $v^{\epsilon}=u^{\epsilon}+\epsilon$ and $\phi\in C_{0}^{\infty}(B_{R}+1)$ satisfy that $0\leq\phi\leq 1$

in $B_{R+1},$ $\phi=1$ in $B_{R}$ and $|\Delta\phi|\leq 1$ in $B_{R+1}$ . Then

$0$ $=$ $\int_{0}^{s}\int_{B_{R+1}}\{v_{t}^{\epsilon}-v\triangle\epsilon v\epsilon+\gamma|\nabla v^{\epsilon}|2\}(v^{\epsilon})^{-}\alpha\phi dxdt$

$=$ $\int_{0}^{s}\int_{B_{R+1}}\{\frac{((v^{\epsilon})^{1-\alpha})l}{1-\alpha}\phi+(1-\alpha+\gamma)\frac{|\nabla v^{\epsilon}|^{2}}{(v^{\epsilon})^{\alpha}}\phi+(v^{\epsilon})^{1}-\alpha\nabla v^{\epsilon}\cdot\nabla\phi\}dXdt$

$=$ $\int_{0}^{S}\int_{B}R+1\{\frac{((v^{\epsilon})^{1-\alpha})i}{1-\alpha}\phi+(1-\alpha+\gamma)\frac{|\nabla v^{\epsilon}|^{2}}{(v^{\epsilon})^{\alpha}}\phi-\frac{(v^{\epsilon})^{2-\alpha}}{2-\alpha}\triangle\phi\}d_{X}dt$.

6



EXISTENCE OF VISCOSITY SOLUTIONS AND WEAK SOLUTIONS

Hence,

$|1- \alpha+\gamma|\int_{0}s\int_{B_{R}}\frac{|\nabla v^{\epsilon}|^{2}}{(v^{\epsilon})^{\alpha}}dxdt$ $\leq$
$( \frac{2M_{R,s}}{1-\alpha}+\frac{M_{R,s}^{2-\alpha}\cdot s}{2-\alpha})m(B_{R1}+)$ ,

where $m(B_{R+1})$ is Lebesgue measure of $B_{R+1}$ . $\square$

Proof of proposition 2.4. (i) follows from lemma 2.6 (i). By lemma 2.6 and theorem
1.3, we have

$\int_{0}^{s}\int_{B}R|\nabla u|^{2}\epsilon dXdt\leq\{$

$(M_{1}(R^{2}+1))^{\alpha}C$ , $\gamma\geq N/2$ ,
$(\Psi_{T,M}(S)(R^{2}+1))^{\alpha}C$ $\gamma<N/2$ ,

(2.4)

which implies that (ii) holds valid. By (2.4) we see that $|\nabla u^{\epsilon}|^{2}arrow|\nabla/u|^{2}$ in $D’$ .
Indeed, since $\nabla u^{\epsilon}-\nabla u$ weakly in $L_{loC}^{2}(Q_{T}),$ $\triangle u^{\epsilon}arrow\triangle u$ in $D’$ and $u^{\epsilon}arrow u$ uniformly
in $\overline{Q_{T}}$ or $\hat{Q}_{T}$ , we have

$\int_{0}^{s}\int_{B_{R}}|\nabla u^{\epsilon}|^{2}\phi dXdt$ $=$ $- \int_{0}^{S}\int_{B_{R}}u\nabla\phi dXdt\epsilon_{\nabla u^{\mathcal{E}}}.-\int_{0}^{s}\int_{B_{R}}\triangle u^{\epsilon\epsilon}u\phi dxdt$

$arrow$ $- \int_{0}^{s}\int_{B_{R}}u\nabla u\cdot\nabla\phi dxdt-\langle\triangle u, u\phi\rangle=\int_{0}^{s}\int_{B_{R}}|\nabla_{U}|2\phi dXdt$ ,

for any $\phi\in C_{0}^{\infty}(B_{R}\cross(0, s))$ . Hence (iii) holds. $\square$

Next, when $N=1$ we prove that the terminal tinle $T$ is independent of $IC_{1}$ and
$I\mathrm{f}_{2}$ in (1.4) and (1.5) for $\gamma<1/2$ .

Theorem 2.7. Let $N=1$ and $\gamma<1/2$ . Assume $tl\iota atu0\in C(\mathbb{R})$ satisfies (1.3) and
(1.5). Then there exist $T–T(M,\gamma)>0$ and $u\in C(\hat{Q}_{\tau})$ such that $u$ is a nonnegative
viscosity solution of $(1.1)-(1.2)$ and satisfies

$0\leq u(x, t)\leq\Psi_{T,M}(t)(|x|^{2}+1)$ $(x, t)\in\hat{Q}_{T}$ ,

(i) and (ii) in $prop_{\mathit{0}}\mathit{8}ition2.4$ .

Proof. Let $T=[2M(1-2\gamma-)]^{-1}$ , where $\gamma_{-}=\min(\gamma, 0)$ and $u^{\epsilon}$ be a smooth
solution of $(1.6)-(1.7)$ . Then, since $\Psi_{T,M}(t)(|x|^{2}+1)$ is a supersolution of (1.1) and
$\Psi_{T,M}(0)(|x|^{2}+1)=M(|X|^{2}+1)\geq u_{0}^{\epsilon}\geq\epsilon$ , by the maximum principle, we have

$\epsilon\leq u^{\epsilon}+\epsilon\leq\Psi_{T,M}(t)(|x|^{2}+1)$ in $\hat{Q}_{T}$ .

Moreover, $u^{\epsilon}$ satisfies (i) and (ii) in Lemma 2.6 for any $\epsilon>0$ .
Next, put $p^{\epsilon}=u_{xx}^{\epsilon}$ . Then $p^{\epsilon}$ is a solution of

$p_{t}-u^{\mathcal{E}}p_{xx}-2(1-\gamma)up_{x}x-\epsilon(1-2\gamma)p2=0$ . (2.5)

It can be easily seen that $\Psi_{K,S}(t)$ is a supersolution of (2.5) in $\hat{Q}_{S}$ , where $S=[K(1-$
$2\gamma)]^{-1}$ . Hence, by (1.5), $u_{xx}^{\epsilon}\leq\Psi_{K,S}(t)$ in $\hat{Q}_{S}$ . Therefore $u^{\epsilon}$ is uniformly semiconcave
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in $\mathbb{R}\cross[0, \delta)$ and is uniformly semiconvex in $\mathbb{R}\cross[\delta/2, T)$ for some $0<\delta<S$ .
This yields that it is locally equicontinuous in $\mathbb{R}^{N}\cross[0, T)$ . Therefore, there exists
a subsequence $\{\epsilon_{i}\}$ converging to $0$ as $iarrow\infty$ and $u\in C(\hat{Q}_{T})$ such that $u^{\epsilon_{i}}arrow u$

uniformly in $\hat{Q}_{T}$ as $iarrow\infty$ and $\nabla u^{\epsilon}\cdotarrow\nabla u$ weakly in $L_{lo\mathrm{c}}^{2}(Q\tau)$ . This $u$ satisfies our
requirement. $\square$

Renuark 2.8. In theorem 2.7, since $u^{\epsilon}$ satisfies (i) in lemma 2.6 for any $\epsilon>0$ , we
get $|\nabla u^{\epsilon:}|^{2}-|\nabla u|^{2}$ weakly in the sense of measure, i.e.,

$\int_{Q_{T}}|\nabla u^{\epsilon:}|^{2}\psi_{dxd}tarrow\int_{Q_{T}}|\nabla u|^{2}\psi_{d_{X}}dt$ for any $\psi\in C_{0}(Q_{T})$ .

Therefore, $u$ in theorem 2.7 is a weak solution.

Proof of theorem 2.1. Let $u_{0\epsilon}$ be the inf-convolution of $u_{0*}\mathrm{f}_{0}\mathrm{r}$ any $\epsilon>0$ .
Let $\gamma\geq 1/2$ and $T>0$ be arbitrary. By theorem 1.3, there exists a viscosity and

weak solution $u_{\epsilon}\in C(\overline{Q_{T}})$ satisfying the assertions in theorem 1.3 and proposition 2.4
for any $\epsilon>0$ . This yields that $\{u^{\epsilon}\}$ is locally $\dot{\mathrm{u}}\mathrm{n}\mathrm{i}\mathrm{f}\mathrm{o}\mathrm{r}\ln$ bounded and equicontinuous
in $\mathbb{R}\cross[\delta, T)$ for any $\delta>0$ . Therefore, there exist a subsequence $\{\epsilon.\}$ converging to $0$

as $iarrow\infty$ and $u\in C(\mathbb{R}\mathrm{x}[\delta,T))$ such that $u_{\epsilon}.\cdotarrow u$ unifornly in $\mathbb{R}\mathrm{x}[\delta, T)$ as $iarrow\infty$

for any $\delta>0$ . That is, $u\in C(Q_{\tau})$ and it is a viscosity solution of (1.1). Further,
$u_{0\epsilon}(x)arrow u_{0*}(x)$ as $\epsilon\downarrow 0$ for $x\in \mathbb{R}$ . This implies that $u(x, 0)=u_{0*}(X)$ for $x\in \mathbb{R}$ .

In the case $\gamma<1/2$ , by theorem 2.7, there is $T=T(M, \gamma)>0$ and $u_{\epsilon}\in C(\hat{Q}_{T})$

such that $u_{\epsilon}$ is a viscosity and weak solution of $(1.1)-(2.2)$ and satisfies the assertions
in proposition 2.4 and theorem 2.7 for any $\epsilon>0$ . In the same manner, there exists
$u\in C(Q_{T})$ such that it is a viscosity solution of (1.1) with initial data $u(x, 0)=$
$u_{0*}(_{X)}$ .

Finally, since $u_{*}\in LSC(Q^{*}T)$ and $u(x, 0)=u_{0*}(X)\in LSC(\mathbb{R})$ , for any $\eta>0$ there
exist $\delta_{\eta}>0$ and $t_{\eta}>0$ such that

$u(y, s)\geq u_{*}(y, s)>u_{*}(x, \mathrm{o})-\eta=u(x, 0)-\eta$ ,

for any $x\in \mathbb{R},$ $y\in B_{\delta_{\eta}}(x)$ and $0\leq t<t_{\eta}$ . Hence, $u\in LSC(\hat{Q}_{T})\cap C(Q\tau)$ . In
particular, if $u_{0}\in LSC(\mathbb{R})$ then $u(x, 0)=u_{0*}(X)=u_{0}(x)$ . $\square$

Proof of theorem 2.2. Let $u_{0^{\epsilon}}$. be the inf-convolution of $u_{0*}\mathrm{f}_{0}\mathrm{r}$ any $\epsilon>0$ and $T>0$
be arbitrary. Then, by theorem 1.3, there is $u_{\epsilon}\in C(\overline{Q_{T}})$ such that it is a viscosity
solution and of $(1.1)-(2.2)$ .

We set $u(x, t)= \sup_{\epsilon>0}u_{\epsilon}(x,t)$ . Then $u\in LSC(\overline{Q\tau})\cap L_{l_{\mathit{0}}c}^{\infty}(\overline{Q\tau}),$ $u(x, 0)=u_{0*}(x)$ for
$x\in \mathbb{R}^{N}$ . Perron’s method yields that $u^{*}$ is a viscosity subsolution of (1.1). Further,
by the comparison theorem for viscosity solutions under the SSH condition (Theorem
3.1 in [6] $)$ , we see that $u_{\epsilon}\uparrow u$ as $\epsilon\downarrow 0$ .
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Finally, we prove by the contradiction that $u$ is a viscosity supersolution of (1.1).
Assume that there exists $(x_{0}, t_{0})\in Q_{T}$ and $(a,p,X)\in P_{Q_{T}}^{2,-}u$ ( $x0,$ to) such that

$a-u(X_{0}, t_{0})\mathrm{T}\mathrm{r}X+\gamma|p|^{2}<0$ .
For $\mu$ and $\nu>0$ , we set

$u_{\mu,\nu}(x, t):=u(x_{0}, t_{0})+\mu+a(t-t\mathrm{o})+\langle p, x-x_{0}\rangle$

$+ \frac{1}{2}\langle X(x-x_{0),X\rangle}X-0-\nu(|X-x_{01^{2}}+|t-t_{0}|)$ .

Then $u_{\mu,\nu}$ is a viscosity subsolution of (1.1) in $B_{r}(X0, t_{0})$ and $B_{f}(X_{0},t_{0})\subset Q_{T}$ for
small enough $\mu,$ $\nu$ and $r>0$ . Now, $u_{\mu,\nu}(x_{0}, t0)=u(X0, t0)+\mu>u(X_{0}, t_{0})$ . And since

$u(x, t)$ $\geq$ $u(X_{0}, t_{0})+a(t-t_{0})+\langle p, x-x_{0}\rangle$

$+ \frac{1}{2}\langle X(x-x_{0}),X-x\mathrm{o}\rangle+o(|x-x_{0}|^{2}+|t-t_{0}|)$

$=$ $u_{\mu,\nu}(x, t)-\mu+\nu(|x-X0|^{2}+|t-t_{0}|)+o(|x-X_{0}|^{2}+|t-t_{0}|)$ ,

if $r>0$ is sufficiently small and $\mu=\frac{\nu}{8}r^{2}$ then there exists $d>0$ such that

$u_{\mu,\nu}(x, t)+d\leq u(x, t)$ $(x, t)\in B=\overline{B_{\Gamma}(x_{0},t_{0})\backslash B_{\tau}/2(x_{0},t_{0})}$ . (2.6)

Moreover, there exists $\epsilon_{1}>0$ such that
$u_{\mu,\nu}(x, t)\leq u_{\epsilon_{1}}(x, t)$ $(x, t)\in B$ .

Indeed, assume that for any $\epsilon>0$ there exists $(x_{\epsilon}, t_{\epsilon})\in B$ such that
$u_{\mu,\nu}(x_{\epsilon}, t_{\epsilon})>u_{\epsilon}(x_{\epsilon}, t_{\epsilon})$ .

We may also assume that there exist the subsequence $\{\epsilon_{i}\}$ converging $0$ as $iarrow\infty$

and $(x_{0}, t_{0})\in B$ such that $(x_{\epsilon:},t)\epsilon:arrow(x_{0}, t_{0})$ . Since $u_{\mu,\nu}$ is continuous, by (2.6),
there exists $\epsilon_{d}>0$ such that for any $\epsilon_{i}\in(0, \epsilon_{d})$ ,

$u(X_{0}, t_{0})$ $\geq$ $u_{\mu,\nu}(x_{0}, t_{0})+d$

$>$ $u_{\mu,\nu}(x_{\epsilon}t_{e}. \cdot)i’+\frac{d}{2}>u_{\epsilon}.\cdot(X_{\mathcal{E}}.\cdot, t\epsilon:)+\frac{d}{2}$ .

Since $u\in LSC(\overline{Q_{T}})$ , we have

$u(x_{0},t_{0}) \geq\lim \mathrm{i}\mathrm{n}\mathrm{f}iarrow\infty u_{\epsilon}.(Xe_{1}.,\epsilon t.\cdot)+\frac{d}{2}\geq u(X_{0}, t_{0})+\frac{d}{2}$.

This is a contradiction.
Then

$U_{\epsilon_{1}}(x, t)=\{$

$\max\{u_{\epsilon_{1}}(X, t), u_{\mu,\nu}(x, t)\}$ $(x, t)\in B_{r}(X_{0},t_{0})$ ,
$u_{\epsilon_{1}}(x, t)$ otherwise,

9
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is a viscosity subsolution of (1.1) with initial data

$u(x, \mathrm{O})=u_{0\epsilon_{1}}(x)$ $x\in \mathbb{R}^{N}$

and $u_{\epsilon_{1}}<U_{\epsilon_{1}}$ . This is a contradiction since the comparison theorem for viscosity
solutions under the SSH condition holds valid. $\square$

Proof of remark 2.3. Let $u_{\epsilon}$ be defined as in theorem 2.1 or 2.2. Then, since $u_{\epsilon}$

is a weak solution and satisfies (i) and (ii) in proposition 2.4, there is a subsequence
$\{\epsilon_{i}\}$ such that

$\nabla u_{\epsilon_{1}}$. $arrow\nabla u$ weakly in $L_{loc}^{2}(Q_{T})$ ,
$u_{e1}.\nabla u_{\epsilon_{t}}arrow u\nabla u$ weakly in $L_{loc}^{2}(QT)$ ,
$|\nabla u_{\epsilon_{1}}.|^{2}-|\nabla u|^{2}$ weakly in the sense of measure,

$\triangle u_{-i}\epsilonarrow\triangle u$ in $D’$ .

as $\epsilon_{i}arrow 0$ . Hence, the proof of (ii) is complete. $\square$

3. THE BEHAVIOR NEAR $t=^{\mathrm{o}}$

The purpose of this section is to establish the behavior for the viscosity (sub)
solutions of $(1.1)-(1.2)$ near $t=0$ . The viscosity solutions constructed in section 2 is
lower semicontinuous at $t=0$ and satisfies $u(x,0)=u_{0*}(x)$ for $x\in \mathbb{R}^{N}$ . This implies
that for any $y\in \mathbb{R}^{N}$

$\lim_{tarrow}\inf_{0}u(y, t)\geq u_{0*}(y)$ .

We consider the estimates of $\lim_{tarrow}\sup_{0}u(y, t)$ for any $y\in \mathbb{R}^{N}$ . To do it, we prove

Theorem 3.1. Let $N\geq 1,$ $\gamma\in \mathbb{R},$ $v$ be locally Lipschitz continuous in $\mathbb{R}^{N}$ and $w$ be
a viscosity subsolution of (1.1). $Then_{r}$ if $w(y, \mathrm{O})\leq v(y)$ for $y\in \mathbb{R}^{N}$ ,

$\lim_{tarrow}\sup_{0}w(y, t)\leq v(y)$ for $y\in \mathbb{R}^{N}$ . (3.1)

Thus, we have

Theorem 3.2. Let $N\geq 1,$ $\gamma\in \mathbb{R},$ $u_{0}$ be locally bounded and $u$ be a viscosity solution
of $(1.1)-(1.2)$ . Then,

$\lim_{tarrow}\sup_{0}u(y, t)\leq u_{0}^{*}(y)$ for $y\in \mathbb{R}^{N}$ . (3.2)

Proof. We set

$u_{0}^{\mathit{5}}(x)=y \in\sup_{N\mathbb{R}}\{u_{0}(y)-\frac{1}{2\delta}|_{X}-y|2\}$ .

10
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Then, $u_{0}^{\delta}$ is locally Lipschitz continuous for any $\delta>0$ and $u_{0}^{\mathit{5}}(x)\downarrow u_{0}^{*}(x)$ as $\delta\downarrow 0$ for
$x\in \mathbb{R}^{N}$ . Hence, from theorem 3.1, we see that for any $y\in \mathbb{R}^{N}$

$\lim_{tarrow}\sup_{0}u(y, t)\leq u_{0}^{\mathit{5}}(y)$ .

Letting $\deltaarrow 0$ , we have (3.2). $\square$

Note that This theorem holds for all viscosity solutions of $(1.1)-(1.2)$ . Moreover,
for the viscosity solutions constructed in section 2, the following holds.

Corollary 3.3. Let $N\geq 1,$ $\gamma\in \mathbb{R},$ $u_{0}$ be continuous and $\mathit{8}atisfy(2.1)$ . Then, the
viscosity solutions $u$ constructed in section 2 $sati_{\mathit{8}}fy$

$\lim_{tarrow 0}u(y, t)=u_{0}(y)$ for $y\in \mathbb{R}^{N}$ , (3.3)

$i.e.,$ $u$ is continuous at $t=0$ . Moreover, if $u_{0}$ is piecewise continuous, (3.3) holds
almost everywhere in $\mathbb{R}^{N}$ .

Proof. If $u_{0}$ is continuous at $y\in \mathbb{R}^{N},$ $u_{0}(y)=u_{0*}(y)=u_{0}^{*}(y)$ . $\square$

Proof of theorem 3.1. We use the $\mathrm{c}o$mparison theorem for viscosity solutions of
(1.1) on bounded domains which can be established in a exactly analogous way to [2]
and [6]. For sake of brevity, we don’t state it here in a precise form.

Let $y\in \mathbb{R}^{N},$ $r_{0}>0,$ $t\in(\mathrm{O}, T)$ be fixed. We set

$h_{y,\epsilon}(x, t)=v(y)+ \epsilon+\frac{L_{r_{0}}^{2}}{\epsilon}|x-y|^{2}+e^{\lambda_{e}t}-$. $1$ ,

where $L_{r_{0}}=||\nabla v||_{L^{\infty}(B(}r_{0}y$ )), $0<\epsilon<1$ and $\lambda_{\epsilon}>0$ .
When $\gamma\geq N/2$ ,

$(h_{y_{\mathcal{E}}},)_{t\epsilon}-h_{y},\triangle h_{y,\epsilon}+\gamma|\nabla h|^{2}y,\epsilon$

$= \lambda_{\epsilon}e_{\lambda_{e}}-\frac{2L_{r_{\mathrm{O}}}^{2}N}{\epsilon}(v(y)+\epsilon+e^{\lambda_{\epsilon}}-1)+\frac{\underline{9}L_{r0}^{4}}{\epsilon^{2}}|x-y|^{2}(2\gamma-N)$

$\geq e^{\lambda_{e}}[\lambda_{\epsilon}-\frac{2L_{r0}^{2}N}{\epsilon}(v(y)+1)]$ .

Hence, if $\lambda_{\epsilon}=2L_{r_{0}}^{2}\epsilon^{-1}N(||v||_{L^{\infty}}(B_{r}(\mathrm{o}y))+1),$ $h_{y,\epsilon}$ is a classical supersolution of (1.1)
in $B_{r_{0}}(y)\cross(\mathrm{O}, T)$ . Now, for $x\in\partial B_{\gamma}(0y)$ ,

$w(x, 0)-h_{y,\epsilon}(X, \mathrm{o})\leq v(x)-hy,\epsilon(x, \mathrm{o})$

$\leq(v(_{X})-v(y))-(\epsilon+\frac{L_{r_{0}}^{2}}{\epsilon}|x-y|^{2})$

$\leq L_{r_{0}}|_{X}-y|-(\epsilon+\frac{L_{r_{0}}^{2}}{\epsilon}|x-y|2)\leq 0$ .

11
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Let $\epsilon_{0}=L_{r_{0}}^{2}r_{0}M^{-1}1/20$ and $r_{e}=(\epsilon M_{0})1/2L_{r_{0}}^{-}1$ , which $\Lambda f_{0}=||w||_{L}\infty \mathrm{t}^{B}r0(y)\cross[0,t\mathrm{o}])$ . Then,
for any $0< \epsilon<\epsilon_{1}:=\min(\epsilon_{0},1)$ ,

$h_{y,\epsilon}(X, t) \geq v(y)+\epsilon+\frac{L_{\mathrm{r}0}^{2}}{\epsilon}\cdot r_{\epsilon}^{2}+e^{\lambda_{e}t}-1$

$\geq M_{0}\geq u(x, t)$ ,

for $(x, t)\in\partial B_{r_{0}}(y)\cross[0, t_{0}]$ . Moreover, $\Delta h_{y,\epsilon}=2L_{r_{0}}^{2}\epsilon^{-1}N<+\infty$ . Hence, by
comparison theorem for viscosity solutions on bounded domains, we see that $w\leq h_{y,\epsilon}$

in $B_{\tau 0}(y)\cross[\mathrm{o}, t_{0}]$ for $0<\epsilon<\epsilon_{1}$ . This implies that

$w(x, t) \leq 0<\epsilon<1\inf_{\zeta}h\mathcal{E}(y,)X, t$
$(x, t)\in B_{r_{0}}(y)\cross[0, t_{0}]$ .

In particular, for $t\in[0, t_{0}]$ ,

$w(y, t) \leq 0\epsilon\inf_{<\mathcal{E}<1}h_{y},\mathcal{E}(y, t)$

$=v(y)-1+_{0<\epsilon} \inf_{1<\mathcal{E}}(_{\vee}^{c}+e^{\lambda_{\xi}}t)$ .

Therefore, we have (3.1).
When $\gamma<N/2$ ,

$(h_{y,\epsilon})_{i^{-h_{y,\epsilon}\triangle}}h_{y},+\gamma|e\nabla h_{y},\mathrm{g}|^{2}$

$\geq e^{\lambda_{e}}[\lambda_{\epsilon}-\frac{2L_{r_{0}}^{2}}{\epsilon}(N(v(y)+1)+\frac{L_{r_{0}}^{2}}{\epsilon}\cdot r_{0}^{2}(N-2\gamma))]$ .

Hence, if $\lambda_{\epsilon}=2L_{r0}^{2}\epsilon^{-1}$ [$N(||v||L^{\infty}(Br0(y))+1)+L_{r_{0}}^{2}\Gamma_{0}2\epsilon^{-1}$ (N–27)], $h_{y,\epsilon}$ is a viscosity
supersolution of (1.1) in $B_{r_{0}}(y)\cross(0,T)$ . Therefore, in the same manner as the case
$\gamma\geq N/2$ , we can prove this theorem. $\square$

4. VISCOSITY SOLUTIONS AND WEAK SOLUTIONS

First, we give the definition of weak subsolutions and supersolutions of (1.1).

Definition 4.1. $u\in L_{loc}^{\infty}(Q_{T})$ is a weak subsolution (resp. supersolution) of (1.1)
in $Q_{T}$ if $\nabla u\in L_{l_{oC}}^{2}(Q_{T})$ and it holds that

$\int_{Q_{T}}[-u\psi_{t}+u\nabla u\cdot\nabla\psi+(\gamma+1)|\nabla u|2\psi]d_{Xdt}\leq 0$,

(resp. $\int_{Q_{T}}[-u\psi_{\ell}+u\nabla u\cdot\nabla\psi+(\gamma+1)|\nabla u|2\psi]dXdt\geq 0,$ )

for every $\psi\in C_{0}^{1}(Q\tau)$ so that $\psi\geq 0$ .
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$\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}1^{\backslash }\mathrm{e}1114.2$ . Let $N\geq 1$ . If $u\in L_{loc}^{\infty}(Q_{T})\cap USC(Q\tau)i_{\mathit{8}}$ a viscosity subsolution of
(1.1), $\nabla u\in L_{loc}^{2}(Q_{T})$ and satisfies

$\triangle u\geq-\frac{1}{t}$ in $visco\mathit{8}ity$ sense,

then $u$ is a weak subsolution of (1.1).

Theorenl 4.3. Let $N\geq 1$ . If $u\in L_{loc}^{\infty}(Q_{T})\cap LSC(Q\tau)$ is a $visco\mathit{8}ity$ supersolution
of (1.1), $\nabla u\in L_{loc}^{2}(Q_{T})$ and $satisfie\mathit{8}$

$\Delta u\leq f$ in viscosity sense,

for somc nonnegative functions $f\in L_{loc}^{1}(Q_{T})$ , then $ui_{\mathit{8}}$ a weak $\mathit{8}upersoluti_{\mathit{0}}n$ of (1.1).

Proof of theorem 4.2. Let $Q$ be a bounded subset of $Q_{T}$ with $\overline{Q}\subset\subset Q_{T}$ . We clloose
$\lambda>0$ and $\epsilon>0$ so that $Q_{\lambda}=\{(x, t);\mathrm{d}\mathrm{i}_{\mathrm{S}\mathrm{t}((x,t}), Q)\leq\lambda\}\subset Q_{T}$ and $\lambda>2(\epsilon L)^{1/}2$ ,
where

$L=\mathrm{s}_{\frac{\mathrm{u}\mathrm{p}}{Q_{\lambda}}}|u|$

. We may assume that $Q\subset \mathbb{R}^{N}\cross[\delta, T)$ for some $\delta>0,$ $u\in L^{\infty}(Q_{\lambda})$ ,

$\nabla u\in L^{2}(Q)$ and

$\triangle u\geq-\frac{1}{\delta}$ in viscosity sense on Q. (4.1)

Let $u^{\epsilon}$ be the $\sup$-convolution of $u$ , i.e.

$u^{\epsilon}(X, t)= \sup_{y_{S}(,)\in Qx}\{u(y, \mathit{8})-\frac{1}{2\epsilon}(|_{X}-y|^{2}+|t-\mathit{8}|2)\}$ .

Then $\iota 1_{1}\mathrm{e}\Gamma \mathrm{e}$ exist $M^{\epsilon}\in L^{1}(Q;S(N))$ and $S(N)$-valued measure $\Gamma^{\epsilon}$ on $Q$ such that
$\nabla^{2}u^{\epsilon}=M^{e}+\Gamma^{\epsilon}$ , $\Gamma^{\epsilon}\geq 0$ in $D’$ , (4.2)

$(u_{\ell}^{\epsilon}(X, t),$ $\nabla u(\epsilon t)x,,$ $M^{\epsilon}(x, t))\in \mathcal{P}^{2,+}u(y^{\epsilon\epsilon}, s)$ $\mathrm{a}.\mathrm{e}$ . in $Q$ , (4.3)

$u^{\epsilon}(x, t)--u(y, s) \epsilon\epsilon-\frac{\epsilon}{2}(|\nabla u^{\epsilon}(X, t)|^{2}+|u_{\ell}^{\epsilon}(X, t)|^{2})$ , (4.4)

where $y^{\epsilon}=y^{\epsilon}(x, t)=x+\epsilon\nabla u^{\epsilon}(x,t),$ $\mathit{8}^{\epsilon}=s^{\epsilon}(x, t)=t+\epsilon u_{t}^{\epsilon}(X,t)$ and $S(N)$ is a set
of $N\cross N$ symmetric matrices (see [5] and [7]). Since $u$ is a viscosity subsolution of
(1.1), for almost all $(x, t)\in Q$ ,

$u_{t}^{\epsilon}(x,t)-u(y,s\epsilon\epsilon)\mathrm{T}\mathrm{r}M\epsilon(x, t)-\gamma|\nabla u(\epsilon x, t)|2\leq 0$.

For the sake of simplicity we omit the independent variables $(x,t)$ henceforth. Let
$\psi\in C_{\dot{0}}^{\tau\urcorner}(Q)$ so that $\psi\geq 0$ . Since, $\Gamma^{\epsilon}\geq 0$ in $D’$ ,

$\int_{Q}u_{t}^{\epsilon}\psi dXdt-\langle u(y^{\epsilon}, \mathit{8}^{\mathrm{g}})\Delta u, \psi\epsilon\rangle+\gamma\int_{Q}|\nabla u^{\epsilon}|^{2}\psi_{d_{X}}dt\leq 0$.

Here, $\iota \mathrm{v}\mathrm{e}$ remark that $\triangle u^{\epsilon}$ is Radon measure for any $\epsilon>0$ . Moreover, we have

$\int_{Q}|\nabla u^{\epsilon}|^{2}\psi$ d.xdt $=- \langle u^{\epsilon}\Delta u^{\epsilon}, \psi\rangle+\frac{1}{2}\int_{Q}(u^{e})^{2}\triangle\psi_{dXd}t$ .
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Hence,

$\int_{Q}(-u^{\epsilon})\psi_{t}dxdt-\langle(u(y^{\epsilon\epsilon}, \mathit{8})+\gamma u^{e})\triangle u^{\epsilon}, \psi\rangle+\frac{\gamma}{2}\int_{Q}(u^{\epsilon})^{2}\Delta\psi d_{X}dt\leq 0$. $(\iota.5)$

Moreover, by (4.1),

$\triangle u^{\epsilon}\geq \mathrm{T}\mathrm{r}M^{\epsilon}\geq-\frac{1}{\delta}$ in $D’$ . (4.6)

We choose $\lambda’>0$ so that $Q_{\lambda’}=\{(x, t);\mathrm{d}\mathrm{i}\mathrm{S}\mathrm{t}((x, t), Q\lambda)\leq\lambda’\}\subset Q_{T}$ and fix any
$\epsilon’>0$ so that $\lambda’>2(\epsilon’L’)^{1}/2,$ where. $L’= \frac{\sup}{Q_{\lambda}},$

$|u|$ . Since $u^{\epsilon’}$ is locally Lipschitz

continuous, $u^{\epsilon’}(y^{\epsilon}, \mathit{8}^{\epsilon})arrow u^{\epsilon’}$ uniformly in $Q$ as $\epsilonarrow 0$ . This implies that for ally
$\eta>0,$ $u^{\epsilon’}(y^{\epsilon\epsilon}, s)\leq u^{\epsilon’}+\eta$ in $Q$ for small enough $\epsilon.$ The.n, since $u^{\epsilon}(x, t.)\leq u(y^{\epsilon}, s^{\epsilon})$

and $u\leq u^{\epsilon’}$ in $Q_{\lambda}$ , if $\gamma\geq 0$ ,

$\langle(u(y^{\zeta}, S^{\mathcal{E}})+\gamma u^{\epsilon})\triangle u^{\epsilon}, \psi\rangle$

$=$ $\langle(u(y^{\epsilon\epsilon}, \mathit{8})+\gamma u^{\epsilon})(\Delta u^{\epsilon}+\frac{1}{\delta}),\psi\rangle-\frac{1}{\delta}\int_{Q}(u(y^{\epsilon}, \mathit{8})\epsilon+\gamma u^{\epsilon})\psi_{d_{Xd}}t$

$\leq$ $(1+ \gamma)\langle u^{\epsilon’}(y, S)\epsilon\epsilon(\triangle u^{e}+\frac{1}{\delta}), \psi\rangle-\frac{1+\gamma}{\delta}\int_{Q}u^{\epsilon}\psi dXdt$

$\leq$ $(1+ \gamma)\langle(u+\zeta’\eta)\triangle u^{\epsilon}, \psi\rangle+\frac{1+\gamma}{\delta}\int_{Q}(u^{\epsilon’}+\eta-u)\xi\psi dxdt$ .

Hence, by $\triangle u^{\epsilon}arrow\Delta u$ in $D’$ and (4.5),

$\int_{Q}(-u\psi_{\ell})dxdt-(1+\gamma)\langle(u^{\epsilon’}+\eta)\Delta u, \psi\rangle+\frac{\gamma}{2}\int_{Q}u^{2}\Delta\psi dXdt$

$- \frac{1+\gamma}{\delta}\int_{Q}(u^{\epsilon’}+\eta-u)\psi_{d}xdt\leq 0$.

By letting $\etaarrow 0$ and $\epsilon’arrow 0$ ,

$\int_{Q}(-u\psi_{t})dxdt-(1+\gamma)\langle u\Delta u,$ $\psi)+\frac{\gamma}{2}\int_{Q}u^{2}\Delta\psi dxdt\underline{<}0$ .

Since $\nabla u\in L^{2}(Q)$ , we conclude that

$\int_{Q}(-u\psi_{t}+u\nabla u\cdot\nabla\psi+(\gamma+1)|\nabla u|2\psi)d_{X}dt\leq 0$ . (4.7)

When $\gamma<0$ , let $0<\epsilon<\epsilon’$ . Then, since $u^{\epsilon’}\leq u^{\epsilon}$ ,

$\langle(u(y^{\epsilon}, s^{\mathrm{g}})+\gamma u)\epsilon\Delta u\epsilon, \psi\rangle$

$\leq$ $\langle((1+\gamma)u^{\epsilon’}+\eta)(\triangle u^{\epsilon}+\frac{1}{\delta}), \psi\rangle-\frac{1+\gamma}{\delta}\int_{Q}u^{\epsilon}\psi dxdt$ ,
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for snuall enough $\epsilon$ . Therefore, by the same manner as the case of $\gamma\geq 0$ , by letting
$\epsilonarrow 0,$ $\etaarrow 0$ and $\epsilon’arrow 0$ , we have (4.7). This completes the proof. $\square$

Proof of theorem 4.3. Let $Q,$ $\lambda,$
$\epsilon,$

$\lambda’$ and $\epsilon’$ be defined as in the proof of theorem
4.2.

Let $u_{\epsilon}$ be the inf-convolution of $u$ , i.e.

$u_{\epsilon}(x, t)= \inf_{(y,s)\in Q\lambda}\{u(y, \mathit{8})+\frac{1}{2\epsilon}(|x-y|^{2}+|t-s|2)\}$ .

Then there exist A$f_{\epsilon}\in L^{1}(Q;S(N))$ and $S(N)$-valued measure $\Gamma_{\epsilon}$ on $Q$ such that

$\nabla^{2}u_{\epsilon}=M_{\epsilon}+\Gamma_{\epsilon}$ , $\Gamma_{\epsilon}\leq 0$ in $D’$ ,
$(u_{\epsilon t}(x, t),$ $\nabla u_{\epsilon}(x, t),$ $M_{\epsilon}(x, t))\in P^{2,-_{u}}(y\epsilon’ s_{\epsilon})$ $\mathrm{a}.\mathrm{e}$ . in $Q$ ,

$u_{\epsilon}(x, t)=u(y_{\epsilon’\epsilon} \mathit{8})+\frac{\epsilon}{2}(|\nabla u_{\epsilon}(X, t)|^{2}+|u_{\epsilon i}(x, t)|^{2})$ ,

where $y_{\epsilon}=y_{\epsilon}(x, t)=x-\epsilon\nabla u_{\epsilon}(X, t),$ $\mathit{8}_{\epsilon}=s_{\epsilon}(x, t)=t-\epsilon u_{\epsilon t}(x,t)$ . Since $u$ is a
viscosity supersolution of (1.1), for almost all $(x, t)\in Q$ ,

$u_{\epsilon t}(x, t)-u(y\epsilon’ s\epsilon)\mathrm{T}\mathrm{r}M_{\epsilon}(x, t)-\gamma|\nabla u\epsilon(X, t)|^{2}\geq 0$ .

We oinit $(x, t)$ henceforth. Let $\psi\in C_{0}^{\infty}(Q)$ so that $\psi\geq 0$ . Then,

$\int_{Q}(-u_{\epsilon})\psi_{t}dxdt-\langle(u(y\epsilon’ S_{\zeta})+\gamma u\epsilon)\triangle u\psi\epsilon’\rangle+\frac{\gamma}{2}\int_{Q}(u_{\epsilon})^{2}\Delta\psi dXdt\geq 0$ .

Now, if $\gamma\geq-1$ ,

$\langle(u(y_{\epsilon’\epsilon}s)+\gamma u_{\epsilon})\triangle u_{\epsilon}, \psi\rangle$

$=$ $\langle(u(y_{\epsilon}, \mathit{8}_{\mathcal{E}})+\gamma u_{\epsilon})(\Delta u_{\epsilon}-f),\psi\rangle+\int Q\gamma(u(y_{\epsilon}, S\epsilon)+u_{\epsilon})f\psi_{d_{X}d}t$

$\geq$ $(1+ \gamma)\langle u(\Delta u_{\epsilon}-f), \psi\rangle+(1+\gamma)\int_{Q}u(y_{\epsilon}, s_{\epsilon})f\psi d_{X}dt$

$- \int_{Q}(u-u(y_{\epsilon}, \mathit{8}_{\epsilon}))f\psi d_{Xd}t$ ,

where $f= \max(f, 0)$ . By letting $\epsilonarrow 0$ ,

$\int_{Q}(-u\psi_{t})dxdt-(1+\gamma)\langle u\triangle u, \psi\rangle+\frac{\gamma}{2}\int_{Q}u^{2}\triangle^{\psi_{d}x}dt\geq 0$. (4.8)
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If $\gamma<-1$ , since for any $\eta>0,$ $u_{\epsilon}’(y_{\epsilon’\epsilon}S)\geq u_{\epsilon’}-\eta$ for small enough $\epsilon$ ,

$\langle(u(y\mathcal{E}’ s_{\epsilon})+\gamma u)\epsilon\triangle u\epsilon’\psi\rangle$

$=$ $\langle(u(ye’ S_{\zeta})+\gamma u)\epsilon(\Delta u\epsilon-f),\psi\rangle+\int_{Q}(u(y_{\epsilon’\epsilon}s)+\gamma u_{\epsilon})f\psi d_{Xd}t$

$\geq$ $(1+ \gamma)\langle(u^{\epsilon}+\eta)’(\triangle u_{\epsilon}-f), \psi\rangle+(1+\gamma)\int_{Q}uf\psi d_{X}dt$

$+ \gamma\int_{Q}$ ( $u-u(y_{\epsilon},$ Se)) $f\psi dxdt$ .

Hence, by letting $\epsilonarrow 0,$ $\etaarrow 0$ and $\epsilon’arrow 0$ , we have (4.8). This completes the
proof. $\square$

We have the reverse assertion of theorems 4.2 and 4.3 as follows.

Theoren) 4.4. If the comparison principle for weak $\mathit{8}olution\mathit{8}holds_{f}$ then the weak
subsolution (resp. supersolution) of (1.1) is a viscosity $\mathit{8}ub_{SO}lution$ (resp. 8upersolu-
tion).

Proof may be done in the same manner as in the proof of theorem 4.5 in [6].

Theorem 4.5. Let $Q$ be an open set such that $\overline{Q}\subset\subset \mathbb{R}^{N}\cross(0, T)$ and let $u$ and $v$ be
a weak subsolution and $su_{l^{)e}}r\mathit{8}oluti_{\mathit{0}}n$ , respectively. Assume that $u\leq v$ on $\partial Q$ .

(i) $\mathrm{T}\ddagger’7len\gamma\geq-2/3$ , if $u$ and $v$ satisfy the $SSH$ condition, then $u\leq v$ in $\overline{Q}$ .
(ii) $\mathrm{f}\mathfrak{l}’7_{l}en\gamma<-2/3$ , if $u$ and $v$ satisfy that $\triangle u,$ $\triangle v\geq-1/t$ in $D’$ , then $u\leq v$ in

$\overline{Q}$ .

Proof. Let $w=u-v$ and $\zeta=u+v$ . As in the proof of lemma 4.6 in [6], we have

$\int_{Q}[-\frac{\lambda}{2}(w_{+})2+\frac{1}{2}\zeta|\nabla w_{+}|2-\frac{1}{2}(\gamma+\frac{3}{2})\triangle\zeta(w+)2]ed_{Xd}t\lambda t\leq 0$,

for any $\lambda\in \mathbb{R}$ .
In the case (i), since $\triangle\zeta\leq I\mathrm{f}$ for some $K>0$ , we have

$\int_{Q}(w_{+})^{2}edx\lambda tdt\leq 0$ , (4.9)

for $\lambda<-(2\gamma+3)K$ . This implies that $u\leq v$ in $\overline{Q}$ .
In the case (ii), we can assume that $\triangle\zeta\geq-2/\delta$ for some $\delta>0$ . Hence, we have

(4.9) for $\lambda<2(2\gamma+3)/\delta$ . $\square$
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Remark 4.6. We say that $\Delta u\geq-\frac{1}{t}$ holds in viscosity sense on $Q$ if $u$ is a viscosity

subsolution $\mathrm{o}\mathrm{f}-\triangle u-\frac{1}{t}=0$ in $Q$ . Then, if it holds in viscosity sense, it holds in
distribution sense. Indeed, by (4.2) and (4.3),

$\triangle u^{\epsilon}\geq \mathrm{T}\mathrm{r}M^{\epsilon}\geq-\frac{1}{t}$ in $D’$ .

Therefore, since $\Delta u^{\epsilon}arrow\triangle u$ in $D’,$ $\Delta u\geq-\frac{1}{t}$ in $D’$ . Moreover, if $u$ is continuous,
the converse statement holds. Similarly, we define that $\triangle u\leq f$ holds in viscosity
sense on $Q$ if $u$ is a viscosity supersolution $\mathrm{o}\mathrm{f}-\triangle u+f=0$ in $Q$ . Then, if it holds
in viscosity sense, it holds in distribution sense. Moreover, if $u$ is continuous, the
converse statement holds.
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