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The p-hyponormality of the Aluthge transform

WAL KRE - HEMEH
EHE £ (Takashi Yoshino)

For a bounded linear operator T' on a Hilbert space H and for
some p such as p > 0, if (T*T)? > (I'T*)P, then T is called to
be p-hyponormal. For an operator 71" with its polar decomposition
T = U|T| = |T*|U, we say that T'(s,t) = |T|SU|T|* defined for
any s and £ such as s > 0 and ¢ > 0 is the Aluthge transform
of T. About the g-hyponormality of the Aluthge transform 7'(s,t)
of a p-hyponormal operator T', we have the following. In the case
where s =t = 1, this result is proved by A. Aluthge ([1]) under the

condition that U is unitary.

Theorem. Let T be p-hyponormal for some p such as p > 0.

Then, for any s and ¢ such as max(s,t) < p, T'(s,t) is 1-hyponormal

p+min(s,t) _

and, for any s and ¢ such as max(s,t) > p, T(s,?) is =5

hyponormal.

To prove our theorem we need the following lemmas which are
the slight modifications of known results ([2], [3]).

Lemmal. IfA>B> O, then

(1) (BYA*B")?* >(BYB*B")*
and  (2) (AYA%AY)P° > (ATB*AY)P°
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for each a, (3, v and (5 such as
af —1
2(1-6)

(In the case where v = 0, it is well-known as Heinz’s inequality).

and 0<6<1.

%<a 0<ﬁ<1 v =

Lemma 2. If A> O and ||B|| <1, then
(B*AB)5 > B*A°B foreach §suchas 0<6<1.

Proof of Theorem Since T is p-hyponormal, |T'|?P > |T™*|?P.
Let max(s,t) < p. Then we have

T(s,)*T(s,t) = |T|{U*|T|?*U|T|t = |T|'U*(IT) U|T*
> |TPU*(|T*|*)>U|T|* by Heinz’s inequality
= [TIFU*|T* U T = |T|H| T} T}
= [T|(IT?)% T|*
> |T|S(|T*|2p)% |T|° by Heinz’s inequality
= [T|°|T*|%|T|° = |T|°U|T/2U*|T|* = T(s,t)T(s,t)".
- Since, in the case where p < s, Lo
{U*llesU} > U*{|T|*}*U by Lemma 2
= U*|T|?*?U | |
> U*|T*PU = [T,
we have . .
{T(s,0)*T(s, 1)} = {|T'U*|T]?°U|T|'} 5
- ptt
= [@zen {wieen)t) grens|
) p+t

(T177)% {|TPP}? (TPP)% |
- ITlZ(p+t) ; (i)

v
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| by putting A, B, «, [ and 6 in Lemma 1 (1) as follows
A={U"|TPU}:, B =T,

azf, ﬁ:p+t and 6=1.
. p s+t T
Next, let max(s,t) > p. Then, in the case where max(s,t) = s,
we have
{T'(s,t)"T(s, ) e = {T(s,t)*T(s, t)}s+t |
> |T|*®*0 by (0). (i)
If p > t, then

s 1 sy 2t
T 2@+ = {|T| (|T‘2p)lp‘T‘ &=
> {|T|*(|IT*|?%)%|T|*} % by Heinz’s inequality
= {ITPIT* PH{TI#} 5% = (| T)°U T2 U™ 7]} 5%

p+min(s,t)

— {T(s,8)T(s,8)* Y55 = {T(s,t)T(s,8)*} >+

and if p < t, then

i pts
TR = (TP (1TP7)F (1TP7) % |

i i is zt)+: pta
> [{ureoyss qreprybrems }

; s|*12t sp_+t s 2t *VF.sEjj'r
= (e ey = (o)

+min(s,t)

— {T(s,t)T(s,£)" Y = {T(s,8)T(s5, )"} 7+

by putting 4, B, a, B3 and § in Lemma 1 (2) as follows

A=|TP?*, B=|T*,

t
a———z, ﬂsz_rs and 6= Pt
P t+s p+s
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And hence, for any ¢ > 0, we have

ptmin(s,t)

TPE > {T(s,t)T(s,)*} *¥ . (i)
Therefore, in the case where max(s,t) = s, we have, by (ii) and (iii),
p+min(s,t) p-+min(s,t)

{T(s,8)"T (5,0} 557 2 {T(s, )T (5, )"} "+

In the case where max(s,t) = ¢, we have

{ (3 t)T(S t) } s+t 4 — {T(S,t)T(S,t)*}QI:
— {ITISUlTI2tU*|T|S}giSS — {|T|SIT*|2tIT|S}1:i—:

= { (o) B (1 20y (1) B ) T

p+s

<{(TPrB(TPeys (TP |

= (T T T)} 5 = |72+ (iv)
by putting A, B, o,  and § in Lemma 1 (2) as follows

A= ITI2p7 B = |T*|2pa

2
o= -, ﬂ_p—l_s

» i and 6§ =1.

If p > s, then

IT2®+) = {|THT2| Tt} 5 = (| TPV |T**U Ty
= {|T|*U* (|T*|?7) s U Tt} 55
< {|T|tU*(|T}2p)%UlT!t}% by Heinz’s inequality |
= {|TI'U*|TP°U|T|t} 5
= {T(s,t)* T(s,£)} 55 = {T'(s,£)"T(s, 1)} 52
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and if p < s, then

|T|2P+s) = {|T|2+0)} 5 } ot e

p+s
< {{T(s t)*T (s, t)}?iﬁ] Pr by (i) and by Heinz’s inequality

p+min(s,t)

= {T'(s,)"T(s, )} 5 = {T(s )T (s, t)} ok

And hence, for any s > 0, we have

p+min(s,t)

TP < {T(s, )" T(s,t)} =% (v)

Therefore, in the case where max(s,¢) = ¢, we have also, by (iv) and

(v),
p+tmin(s,t) p+min(s,t)

{T(s,t)T(s,1)*} s <{T(s,t)*T(s,t)} =¥t
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