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MONOTONICITY OF THE FURUTA INEQUALITY
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1. FF. IV READRFERINTHIC 1 0FEU LOEANNS, OB, ZOFRERITNANEEE
TRREINENSHE. FMEEXT, ST0EMIIX FIEFAMFICBOTREINTWS, 1987 £ [8] I
BNTREZINEZINVIFERDOBHIOBIIKRDL S bDOTH S,

p g=1 (1+2r)g=p+2r
TINEITER: ([8),cf.[9]) IfA>B>0, \\ p=gq

then for each r > 0, ‘ \\\\\ '

(BTAPBT)} > (B"BPB)} N

AR

and » 1, 1)K

(ATAPAT)e > (ATBPAT)3 1,0) v

(0, —2r)

holds for p and q such that p > 0 and q > 1 with Figure

(1+2r)g>p+2r.
p,q,r DWW T ZDRIZ BT B EIHA best possble TH S Z & DFEBAIIHIE [19] IZBWTRIN TS, 7
WEFRBZERIZBNT r =0 ELEEE KD Lowner-Heinz RERZBHIENTES,

Lowner-Heinz AF: If A > B > 0, then

A% > B® for a €[0,1].

AR—LE 17 WK BERBRFEZHANTINIFRERZRDT ERDE SIS,
Atﬁlz_: B”SAandBSBtﬂl%: AP, forp>1andt<O.
I THEDLNTNSEES i, 1 a-power mean EMENZHDT
Ao B=A3(A"3BA™%)*A3}, for a€[0,1]

ICE>TEABNS, D a-power mean ZRVTIINIRERDFHHAE2 525 L TROEREZES
2 EMTET (ch7],]14])-

Satellite theorem of the Furuta inequality : If A> B >0, thenforp>1and £ <0,

A‘ul_:: BP SBSASB‘HL:_: AP,
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2. il TV FERERICHEORERD RO M DBEBIEET 2 Z L2 BN L =Dl 5 %
[21] TH B, BLIZZOEMHEZTITROL S BHEREHB ([4]).
IfAZB>0,0§t<pand%Spsl,then
Nh%%BPSA

IITHEONTWSEF b, dse RICHLTAY, B= A3(A-3BA-3)A} TEA N3, chi
s€f0,1] DEE Y &E—HT 3,

—H 0<t<p< i DBRBITONTORERISME[20) ICE > TRED SN, BT ZT

0<t<p<lii¥lL. A>B>0 &5 A bie BP < A (IRLII T B /.

EVWSEREEREL TWS, INEIEORESIES,
ﬁbﬁl@ﬁ%ﬁﬁ?éﬁ%fﬁﬁhﬁ‘%5p51®%ﬁ®%ﬁ%&t%ﬁ0§t<p§%@%QK

DT HH—HRIEAZEZA D ETROIIICELD D T ENTE([16)).

Let A>B>0and0<t<p<1. Then )

(i) for 1 < p,

(1) Aty BP <B <A,
Y-domain
(ii) for p < 1, / om
I
1
? A'bggey BT < B < A 12 P’ —— FFK-domain
2 -\ - K-domai

2 5IZIN% operator function DEFANSRDEL DI omain

—RALT B T LT EI=([5],(6])- - , i

- Theorem F.F.J.JK.Let A>B>0,0<t<p<landae€(0,1. Figure

(i) If%5p,thenforﬂ2(1—t)a+tandg—lp;_-t-tlgzl,

3) (A* hoey B")H™ < A hooge B < BUDTH < gt g, B < AU-De
p—t p—t
and f(8) = (A? fp-¢ B”)Sl_—l’% is a decreasing function of 8 such that 8 > (1 — t)a + t.
p—t

(ii) If p < 3, then for 3 > (2p — t)a +t and %)3 >1,

(4) (At hu Bp)!2p—t)m+t < At h 2p-tya BP < B(2p—t)a+t < At ua B2p < A(2p—t)a+t
p—t p—t

and g(f3) = (At} et BP) gt s a decreasing function of § such that g > (2p — t)a + t.
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3. #£8. LD Theorem IZBIT5 formulation DRFHE— RTINS TWi=, F/= formulation & D
HbOLEHTHD, TITHE. INSOBHEROLSICEBETLIENTESL I LE2H/ET S,

Theorem. (i) Let A> B > 0and 0 <t < p < 1. Then for each § with ¢t < § < min{1, 2p},

F() = F5(6) = (A" hazy B")

is a decreasing function of for § > §, and

(%) (A" hay BP)R < A' sy BP < A”.

In particular, for each § with p < § < min{1,2p},

(6) (At bozt BP)F < A'lhsy BP < B° < AC.

(ii) Let A>B>0,1<pand 0 <t <1, then

(7) F(B) = (A* bs—s B)? <B<A4,

and F(B) is a decreasing function of § > p.

Remark. Z® Theorem T (5) IZ 5= (1-t)a+t, a € (0,1] ZRATII (3) BMESNS = (2p—t)a+t
,a€(0,1] #RATBHIET (7) BMF5N 5,

BN INETH UIEUIEME > TEZRD lemma 252 TH< (cf.[S],[?],[lZ],[lG])o
Lemma. IfA>B>0andpeR, then for0<t<1,t<pandp<§<2p—1t,

At hﬁ;: BP < BS.

Proof. Since At fj, BP < BP~t)s+t for A> B> 0,peR,1<s<2and 0<t<1, by replacing

s= ,éf_—: we have the above.

Proof of Theorem. In the beginning, we point out that
(11) Nht%BPSBasAbﬂwp§6§2p

As a matter of fact, since A* > B® > 0 by (2) and 0 < % <E<1,
and BY, that is,

< B < 1, we can apply (4) to A°

[ S

Aoy BP = (A%) ot (B5)% < BY < A°.
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Our proof is done inductively. As the first step, let § > 6 such that 1 < % < 2, then we use Lemma

for At h s=t BP and A%, we have

At beoe BP = At bo=s (A bs=e BP)
= (A%} gy (A oy B7)
< (Al ez B")“—v"?——t+§
= (A’ by BP)%.

Since 0 < % < 1, applying (2) for a = %, we have

(At ha—s BP)B < Al fs— BP < B® < A°.
p—t =t
Secondary, for A° > (A® o=t BP)# and By such that 1 < &= <2, Lemma leads the following;
=
A hoye BY = Ath%_:T' (A" ho=y BP)

(A9} lgy—e (A" hozy BP)E)E
(At hor BP)B)E-DFT+E

IA

(A* by BNF.
e=
Applying (2) for o = 3‘51-, we have (A? g, ¢ B”)Fﬁ? < (A hh: BP)% and
p—-t =

(A bpy=e BP)Pr < (A'boos BP)S < A'hey BP < B < A°.
p—t P— P—

As the third step, let §3 be 1 < ﬁ’:t < 2, then we have

(At i _,BP)B‘; < (A" by eB”)T < A'hey B <B < AP

by similar calculation to the above. Repeating this method, we have the inequality (9) and the mono-

tonicity of F(0).

(ii) In the case of 1 < pand 0 < ¢ < 1, Lemma leads us to (A? hs—¢ Bp)é < B<A,whenp < < 2p—t.
p—t
Secondary, for 3; such that 8 < ; < 28 — t, we apply Lemma again to A and (A? fp_. BP)Tl’. Then
p—t

At h =t B = Ath_ﬂb;_—_: (Ath% BP)
= A'hgs (A" ey BT))
< (A ho=t BP)%)(ﬁ—t)%}:_T‘+t
= (A'he B7)?

1

Applying (2) to o= -
(A oy BP0 < (At b BN <B< A
p—t P—
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“Repeating this method like above, we have the conclusion.

Remark. 22 Tt<6<1 3t <6< 2pDEE, LOHRIT S <p DPEBZEALTHRN, ZO
ﬁAwseBP—AwstBPT%D ¢m$¥ﬁ®¥ﬁﬁi035<AW5tBP<A5ﬁ?<Vﬁbﬂ
%, u.@u_c‘:c]: 0. (5) HESNBHM, (6) i’CLPi?b?‘&b\

B, EICHITHBORBEICDNT, ZEMBICEA. 1L, BIHESICX 38 H0MEOR 2.
Ath% BP < B. Atul_:_: BP < ATRBIEVRINRREINLZ L2 MR TREL TS,
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