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MODULUS OF CONVEXITY AND CONVERGENCE THEOREMS FOR
FAMILIES OF NONEXPANSIVE MAPPINGS

HHIERAFEKER WHRETEHER B2 ST (Sachiko Atsushiba)

1. INTRODUCTION

—DOBREB L UBKRRIINT 5 ABRGEMEIREA ICHE S TE& T 5. Mann [10]
(3 Hilbert ZZ DEAR T ORB FEMED 72012k D & S 7% iteration scheme ¥ EA L 7-.

71 =2 €C, Tny1 =Ty + (1 —0,)Tz, forevery n>1, (1)

CIT {an} o, € [0,1] 22T EHFITH 5. Reich [13] 1 Freéchet #5TThE 2 /
Vb % b D—kkiy7% Banach Z2[8 T Z O iteration scheme ZAF%2 L, S5CREE 258 L7-.
Atsushiba and Takahashi [1] & (1) ® iteration scheme DHE%& % % & IZ nonexpansive 5
&IR O iteration scheme % & A L, Hilbert Z2f1Z31) 5 nonexpansive B D 58 A H)
HADEY, SRR 230 L 7. R TIE, [1] TEH SN/ 2 D iteration scheme 12
& o TERKOABY A% Banach ZHTERT AL 2HWET A, 22T, 7
#6% 12 Banach 22/ @ #8444 D modulus of convexity ¥ €& L, #hE AV LT
RELKREG 2 5. RIZENS OFER % Fv>s T T & 72 nonexpansive Bk O 3584
BRANOBMPOREREB L UBHIGREE 252, & 5ICMIEEROGHICOWTERS &
LT 5.

2. PRELIMINARIES

KRR CRUE B 2% Banach ZM% 5 5 b L, B3 E ORBEME L, (5,07 1 o €
EDyec ETOERHOLDTINDET S, 7, — 3 i sequence {z,} H5z ICFFIET 5 =
Ledbol, ARk, - 2 3HMIRT 22 %2H5bF. F2lima, =2 d 2,252 12

BIOKT 52 L 255 bT. R &ERY BENEN, TRCOEHD S % b EE, TTO
FROEHDP O BEELT H. EOWTEES AV LT, oA, @A & co,A IXZN2
n, A @ﬂ}l/ﬂ, Eﬁﬂl@‘, £4 {Z?_:O a;Y; Y € A a; > O,Zfzo a; = 1} E¥ 5.

C& EDETRVHLNEBGRELT S, C25 C~DEET H C L0 nonexpansive T
»HAHEIT .

[Tz —Ty|| < |lz ~y|| forevery z,yeC

kBITEETHD. F(T)RC LOBET OREEESLETE. —H.CH5 C~D
BRT(s) % bBBROKS = {T(s) : s € S} pRD (i),(il) AT L X, C Lo
nonexpansive  semigroup TH b L Wb 3.

(i) T(st) =T(s)T(t) EEDt, s € ST LTHILT 5,
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1) |T(s)x — T(s)yll < lz —y|| BEBED z,ye C & s € SITHHLTHRILT 5.
F(S) W T(t),t € S DIBEREE, $2bL F(S)=[F(T() 2bbbTdNET 2.

tes
E 7% Opial’s condition [11] #&7:F &%, 2, ~ z € E 2 A THEREDORS {z,.} CE
LT, ‘ |

liminf ||z, — z|| < liminf ||z, —y||

Ny#zeHhlTETDy € E X LTHEILE &%\ 9. $72Banach 2/ E @ norm 2
Gateaux BT TH 5 & EBD 2,y € Sp KA LT

IR .
AHAET B LI IIT, Sp= (e B o] =1} £F5. 3 € SpHLT, (2) 0
BNy € Sp 1T L T—HR T2 & &, Banach 22/ E @ norm %* Fréchet f53 AT HET &
HEWVT .

3. MODULUS OF CONVEXITY

Z OFTIE, 12 Ui Banach 227 modulus of convexity D5 % 25F, Banach ZE[H
O MERS4E4A C O modulus of convexity % €T 5. —#i™h7% Banach 22 THRAILY 57
fEAA%, Bruck [5, 6] 12 & T, Banach 22 modulus of convexity Z V15 Z & T/REN
TV, & OLERS A C ® modulus of convéxity WA Z & T, #5874 Banach
ZE DT 87 IS ES ETRUBOERES, JBoN7z0T, T OFRZTHS
HhAH®WRE I LT A,

Definition 3.1. Let E be a Banach space. We define, the function 6§ of [0, 2] into [0,1]

as follows: 7
sy = {1~ Loy € ol < 0l < L —al 2

Then, the function § is called the modulus of convexity of E.

Definition 3.2. Let C be a nonempty convex subset of a Banach space E with diam(C) > |
0 and let r be a real number with 0 < 7 < 1diam(C). We define the function é¢, of [0, 2]

into [0, 1] as follows:

_ . 1 x4y
6g,r(6)_1nf{1 THZ 5 ‘

cz,y,2 €C

lz—all < rllz =yl < 1.l =yl 2 e}

We also define go(C,7) = sup{e : 0 < & < 2, 6¢,(e) = 0}. (seé also [8])

ERLVRDOIELDPHERDIIZONS.



140

Lemma 3.3. We obtain that §(0) = 0,0 < d(¢) < 1 for every ¢ € [0,2] and 6(¢) is

increasing in €.

Banach 22l E 25831 T 5 L i, W;”V<1ﬁmuzmn—1#0x¢y%a

7T HEED z,y e EWX UTHRILT AL &%\, Banach 22 E "— /W TH 5 & &i
r>e>0 %&f’?‘ﬁ%@r eeRIZHLT,

)

Bl <r, lyl<réllz—yll>e 2BITL2TD1,y € E OJTL’CEZ_LTéé(e/r)
FEETHEEEVS. b L5 A, — T HIUDRE N Th 5.

Banach ZZ[#] E ® modulus of convexity § DEAKWLHEE L LT, ROFERIRINT
w5,

Lemma 3.4. Let E be a uniformly convex Banach space. Then, for any € > 0, §(¢) > 0.

Lemma 3.5. Let E be a uniformly convex Banach space. Then, §(¢) = 0 if and only if
€= ()

—#%1"172 Banach Z2 [ T convex approximate property & XITNBROBEEH M7 &
NBEZEPRENTNVES

Lemma 3.6. Let E be a uniformly convex Banach space. Then, for any ¢ > 0, there
exists a positive integer p such that coM C co,M + B,(F) for all subset M of C.

Lemma 3.3 ~Lemma 3.6 2 E% V5 Z & T, RO—F 7% Banach 22 FDkE R
(Lemma 3.7~ Lemma 3.9) 4% Bruck [5, 6] IZX o TRENTW A

C % Banach 22 E DZTRWHAMESEE L L, TE4(0) = 0 % A 72 ¢ 53k Tl
2By RT 5> RY OBEELTH. CHH C~DEBRT Htype(y) TH b LiE, £ED
T,y € C Lce0,1i LT, (|cTz+(1—c)Ty—T(cz+(1—c)y)|l) < lz—yll-||Tz-Ty|
ATy e T BBEETHLE SRV, (B]).

Lemma 3.7. Let E be a uniformly convex Banach space. Then, there exists v € I" such
that every nonexpansive mapping T of C into itself is of type (7).
C % Banach ZZf] E DZETRVHMNEGESGLE L, T2 CH 5 CDEH LT A, TE
De>0 LT, COMGESF.XRDLIICEET 5.
F,(T)={z€C:|Tz—z| <€}
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Lemma 3.8. Let E be a uniformly convex Banach space and let C be a nonempty closed
convex subset of E. For any ¢ > 0 there exists 6 > 0 such that for any nonexpansive
mapping T of C into itself,

CoFs(T) C F.(T).

Lemma 3.9. Let E be a uniformly convex Banach space and let C be a nonempty

bounded closed convex subset of E. Then :
| R
Tl — - Tl
where N(C') denotes the set of all nonexpansive mappings of C' into itself.

—7J5 Banach ZEf] E DY 5EE5C D modulus of convex1ty bor DEXRBILHEL L
*Ck@#%ﬁ b5,
P#rid0<r < 3diam(C) 2 B 1T HEBOER L T 5.

lim sup

n—o0

TeN(C)

Lemma 3.10. We obtain that 6¢(0) = 0,0 < §¢,.(¢) < 1forevery e € [0,2] and é¢(¢)

is increasing in €. We also see that 6z .(g) = 6(¢) for all r > 0. (cf. Lemma 3.3)

Lemma 3.11. Let C be a nonempty convex subset of E. For a € E, we can see that
65’T(e) = 0cr(€) and that d¢yer(€) = bcr(€).

Lemma 3.12. Let E be a strictly convex Banach space and let C' be a nonempty compact
convex subset of £. Then, for any € > 0, dc,(¢) > 0. (cf. Lemma 3.4)

Lemma 3.13. Let E be a strictly convex Banach space and let C' be a nonempty compact
convex subset of E£. Then, ¢¢(C,r) = 0. Therefore, é¢(¢) = 0 if and only if ¢ = 0. (cf.
Lemma 3.5). '

% Banach B a v 327 b ﬁ*ﬁﬁ%/\ ¥ Lemma 3.6 &?Tﬁﬁ'%zj{@f_@’g ¥
DIEDBBEZITRENS.

Lemma 3.14. Let E be a strictly convex Banach space and let C be a nonempty compact
convex subset of . Then, for any ¢ > 0, there exists a positive integer p such that
coM .C cop,M + B(E) for all subset M of C.

Lemma 3.10~Lemma 3.14 ¥ Fi\» 5 Z & T, Lemma 3.7~Lemma 3.9 & [§] U T, $es&iy
7z Banach ZZE D 3 37 + BB EE THRILT 5 ROFEF (Lemma 3.15~Lemma 3.17)
PHELNG.
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Lemma 3.15. Let E be a strictly convex Banach space and let C be a nonempty compact
eonvex subset of E. Then, there exists v € I" such that every nonexpansive mapping T of
C into itself is of type (7). (cf. Lemma 3.7)

Lemma 3.16. Let E be a strictly convex Banach space and let C' be a nonempty compact
convex subset of £. For any ¢ > 0 there exists § > 0 such that for any nonexpansive
mapping T of C into itself,

ToFs(T) C Fe(T).
(cf. Lemma 3.8)

Lemma 3.17. Let E be a strictly convex Banach space and let C' be a nonempty compact

convex subset of E. Then,

' 1 L 1 L
lim su _ Ty—-T | —— T
TEN(C) = =v

where N(C') denotes the set of all nonexpansive mappings of C into itself. (cf. Lemma 3.9)

4. CONVERGENCE THEOREMS

Di#% S 1d semigroup % & L,B(S) {38 FEKMEEKD S % 5 Banach Z & L, #
® norm {3 supremum-norm &3 5. ¥72,D i B(S) DS EEEDHSDLTDHINDL +%.
p€D* I LT, u(f)i3ud fe DTDEEDHLDLTH, u(f) Eu(f(t) & Ldd
5. D1 2@t &, D EOMBRBEE L ||ull = p(1) =1 % A727 % 51X D LD mean
Ewbihs. ‘

S % semigroup & L, C % Banach 22| E DZZTHWHMBOEEA LT SH. S = {T(t):

t € S} # C L nonexpansive semigroup T F(S) # ¢ & A72TdDET 5. SHIEE
DzeClTxLT {T(t)x t €S} DEBAANTEI LT THEZ L Mim'a‘é D%
B(S) DT 2RE T 1 2 & A l,-invariant TH Y, 7EED 2 € C L 2* € E* 1Z3xf L
T, (T()z,z*) € D AT bDET B, D LOEED meany EFEED z € C IZxF LT
(T z,y) = ps(T(s)z,y) WEED y € B LTHRLT 5 C DT Ty HME— ﬁﬁ‘:a‘%
([7, 14]) F7:, T,25C %5 C~® nonexpansive BZIZ 2 5 Z & SHIBN TS, 22T
Atsushiba and Takahashl [1] 3R iteration scheme % & A L7z,

T1=2€C and Tpp1 =0nTn+ (1= )T, z, forevery neN, (3)

ZZTH{an} ida, € 0,1 ZATEBINE L, {p,} 12 D LD mean DFIL T 5. HED
neNIZXLT, '

T2 = apt+ (1 — a,)T,,x forevery z €C
LB L, BT, C 55 C D nonexpansive Ef%c‘: &5 SHIT,EEDn e N IZxf

LT, F(S) C F(T,,) C F(T,) DB L, %R F(S) C ﬂ F(T,) #BL¥ 5. (3) T

n=1
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3N 5 iterates {zn} 1
Tnt1 = TpTnoq - T1721.
t%”’é Sn = TnT'n.—l T1 tB < & xn+16i
.CL'n+1 = Sn.’El.

LEEHOLDLTILDTES,

HEEDseSE feBS) LT, rfeB(S) L I,feBS) %

(ro f)(®) = f(ts), (L)) = f(st) forall teS

TERTS. T TERTN L L OXRBRIEREZEZDHODT. se SDLE, B(S)
DERSZEM D % 1 -invariant TH 5 &1, FEDO fe DI LTLfe D THAH L IV
9. re-invariant b EERICER SN S.

Atsushiba and Takahashi [1] 1% (3) TiE#& & 115 iteration scheme (C & - T Hilbert 22/
? nonexpansive semigroup 23§73 555, MR EHE 25 L7z, AAFZE Tid 2 D iteration
scheme 12 & A BAZEOAE) S %% Banach B TEE L, TTROFGIHERE L1572,

Theorem 4.1. Let E be a uniformly convex Banach space which satisfies Opial’s condi-
tion or whose norm is Fréchet differentiable. Let C be a nonempty closed convex subset
of E and let S be a semigroup. Let S = {T(t) : t € S} be a nonexpansive semigroup on C
such that F(S) # 0 and let D be a subspace of B(S) containing constants and /,-invariant
for each s € S. Suppose that for each 2 € C and z* € E*, the function ¢ — (T'(t)z,z") is

in D. Let {u,} be a sequence of means on D such that
i [l — L] = 0
for every s € S. Suppose z1 = z € C and {z,} is given by
Tnt1 = QpTp + (1 = an)T,, 2, forevery n>1,

where {a,} is a sequence in [0,1]. If {a,} is chosen so that a, € [0,a] for some a with
0 < a < 1, then {z,} converges weakly to a common fixed point z, of T'(t),t € S. Further,
2y € nE{Sma: :m >n}NF(S).
n=1
Banach 2 @ (3) TEFE I L5 iteration scheme O IR (Theorem 4.5) MFERHIZ
HEZRECH)IHEZET 5.
Xu [15] DFEROBSE D LIZ LT, ROMHELF.

Lemma 4.2. Let p € Rt with p > 1. Let E be a strictly convex Banach space and let

C be a nonempty compact convex subset of E. Then, there is a function g : Rt — Rt
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which is strictly increasing, convex and continuous on [0, diam (C)|, and satisfies that
g(0) =0 and

IA(z — ) + (1 = A)(z = YII” < Allz — 2]” + (1 = Ml =yl = M1 = Ng(llz — yl)
forall z,y € Cand A with0 < A < 1.

Lemma 3.15~Lemma 3.17 2 EZ W T, RO#R (Lemmas 4.3,4.4) PFoN 5.

Lemma 4.3. Let C be a nonempty compact convex subset of a strictly convex Banach
space E and let S be a semigroup. Let S = {T(t) : t € S} be a nonexpansive semigroup
on C and let D be a subspace of B(S) containing constants and I,-invariant for each
s € 5. Suppose that for each x € C and z* € E*, the function t — (T'(t)z,z*) is in D.
Let {4} be a sequence of means on D such that

tim [y = L] = 0
for every s € S. Then, for any t € §
| lim sup ||,z — T(t)T,,z| = 0.
c

n—oo z€

Lemma 4.4. Let E be a strictly convex Banach spacé, let C be a nonempty closed
convex subset of E' and let S be a semigroup. Let § = {T(¢) : t € S} be a nonexpansive

semigroup on C such that UT(t) (C) c K C C for some compact subset K of C. Let D

tes
be a subspace of B(S) containing constants and I,-invariant for each s € S. Suppose that

for each z € C and z* € E*, the function ¢ — (T'(t)z,z*) is in D. Let {u,} be a sequence

of means on D such that
Tim [l = | = 0
for every s € S. Suppose z; =z € C and {z,} is given by
Tnt1 = QnZn + (1 — )Ty, 2, for every n > 1,
where {a,} is a sequence in [0,1]. Suppose z; = z € C and {z,} is given by
Tnt1 = 0T + (1 — an)T,, 2, for every n eN,
where 0 < a,, < a < 1 for some a with 0 < a < 1. Then,

li£n||T(t)xn —Zy)| =0 for every te€S.

Lemma 4.2~Lemma 4.4 # VT, ROMPUEEHEZIEHTE 5.
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Theorem 4.5. Let E be a strictly convex Banach space, let C' be a nonempty closed
convex subset of E and let S be a semigroup. Let S = {T'(t) : t € S} be a nonexpansive

semigroup on C such that UT(t) (C) € K C C for some compact subset K of C and
. teS
F(S) # 0. Let D be a subspace of B(S) containing constants and [ -invariant for each

s € S. Suppose that for each z € C and z* € E*, the function ¢t — (T'(¢)z,z*) is in D.
Let {u.} be a sequence of means on D such that

Jim |l — E3pal| = 0
for every s € S. Suppose z; =z € C and {z,} is given by
Tntl = @nZn + (1 — @n)T,,z, for every n > 1,
where {a,} -, is a sequence in [0,1]. If {@,} is chosen so that a, € [0,a] for some a
with 0 < a < 1°Lthen {zn} converges strongly to a common fixed point 2y of T'(¢),t € S.

Further, 2y € ﬂw{Sm:c :m > n}NF(S).

n=1
5. APPLICATIONS (
Z DOFFTIX Theorem 4.5 Dhe L THEHICEEA T & 5 MIUREE 2 21T 5 .(cf. [1])
Baillon (3] IZ & o TR S N7 B OIERIL TV T— F @ HOBE % b L 12, RDHEIX
FEH O iteration scheme % EA L7z, 72, T D iteration scheme % —#%{k L T (3) T=E
#3125 iteration scheme % EA L7-.

Corollary 5.1. Let E be a strictly convéx Banach space and let C be a nonempty closed
convex subset of E. Let T' be a nonexpansive mapping of C into itself such that T(C) C
K C C for some compact subset K of C. Suppose z; =z € C and {z,} is given by

1 1 1 )
n — T 1_ _E Tln
Tntl n+1x+< n+1)ni_ v
1

= Tz,
n+1 Z e
for every n > 1. Then, {z,} converges strongly to a common fixed point of T'(¢),t € S.

N={0,1,2,...} £ L,Q = {gnm}nmen®RD (a)~(c) M % 729 matrix £ ¥ 5.

o0
(a) Supz |Gn.m| < 005
n>0 m=0

n—oo

=0
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(¢) Him > lgnm+1 = gam| = 0.

m=0 : : '
Z D& & matrix Q 13 strongly regular matrix & V3biLs ([9]).  L,Q A%strongly regular
matrix THIIT, EEDOm e NIZX LT,

|@nm| — 0, as m— o0
DKL B.([7)). -
Reich [12] % Hirano, Kido and Takahashi [7] AS3FB L7z UREE %2 K DA% b L 12
ROFBRIPIREH D iteration scheme ZEA L7z,

Corollary 5.2. Let F and C be as in Theorem 5.1. Let T be a nonexpansive mapping
of C into itself such that T (C) C K C C for some compact subset K of C and let
Q = {gnm}nmen strongly regular matrix. Suppose z; = z € C and {z,} is given by
Tngl = Oplpn + (1.— 0n) D oo nmT ™2y for every n > 1, where {a,}oe , is a sequence in
[0,1]. If {a,} is chosen so that o, € [0, a] for some a with 0 < a < 1, then {z,} converges

strongly to a common fixed point of T'(t),t € S.

Hirano, Kido and Takahashi [7] A55EBH L 2 WUREE O % D L 12, RORICHEH
O iteration scheme Z&EA L7z ([2] ).

Corollary 5.3. Let E and C be as in Theorem 5.1. Let U and T be nonexpansiVe
mappings of C into itself such that T(C) NU(C) ¢ K C C for some compact subset
K of C and F(T) N F(U) # 0. Suppose 1 = = € C and {z,} is given by 2,41 =

T+ (1 — ay) 2 Ef];lo U'Tig for every n > 1, where {a,}>>, is a sequence in [0, 1]. If

n=1
{an} is chosen so that a, € [0,a] for some a with 0 < a < 1, then {z,} converges strongly

to a common fixed point of T' and U.

C % Banach ZH E DZTRVHMNBGEEL L, S = [T(s): 0< s < +o0} 2 CHH
CNDEBRDRETH. ZDL XS HRD ()~ (iv) AT & &, C LD one-parameter
nonexpansive semigroup TH 5 &\ | A

(i) T(0) = I;

(i) [IT(t)z — T(R)yll < |z — yl| FEED 2,y € C & t e RHCH LTHRELT 2
(iii) T(t 4+ s) = T@)T(s) PEEDt, s € RYIxT L THRILT 5;
(iv) t > T)z PEEDr € CIIX L THEHBETH 5.

Baillon [4] 2%3EH L72IERB LV T— F @84 EOMEE D L ISR ERD it-
eration scheme Z&E A L 7-.
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Corollary 5.4. Let FE and C be as in Theorem 5.1. Let S = {T(¢) : t € R*} be an one-
parameter nonexpansive semigroup on C such that F(S) # 0 and U Tt)(C)cKcC

0<too
for some compact subset K of C. Suppose z; = =z € C and {z,} is given by 2,41 =

Ty + (1 — ay) ;1; o T(t)zndt for every n > 1, where s, — 00 as n — oo and {an}or,
is a sequence in [0,1]. If {@,} is chosen so that a, € [0,a] for some a with 0 < a < 1,

then {z,} converges strongly to a common fixed point of T'(t),t € S.

Reich [12] % Hirano, Kido and Takahashi [7] #55EBA L 72 JUREH 2 EOBE&T b L1
ROBRINFEH D iteration scheme ZEA L7z,

Corollary 5.5. Let E and C be as in Theorem 5.1. Let S = {T'(t) : t € R*} be an

one-parameter nonexpansive semigroup on C such that F(S) # 0 and U T(t)(C)
0<too
K C C for some compact subset K of C. Suppose z; = z € C and {z,} is given by

Tl = 0nZpn + (1 — ay) 7y fo e~™'T(t)x,dt for every n > 1, where r, —» 0 as n — o0
and {a,}oo, is a sequence in [0,1]. If {a,} is chosen so that o, € [0,a] for some a with

0 < a <1, then {z,} converges strongly to a common fixed point of T'(t),t € S.
Q=Rt xRt - R &KX (i)~(ii) AT DDETS.
(@) sup [ 1Q(s, Dt < oo
0

s3>0
(b) lim [ Q(s,0)dt =1
§—>00 0

(¢) lim [ |Q(s,t+h)—Q(s,t)|dt =0  for every heR*.

S—00 0

DL X, QL strongly regular kernel &V b s,
Reich [12] »SiEHE L7 IR EH % EO#&%E b L IROMIPOREE O iteration scheme
REAL. |

Corollary 5.6. Let FE and C be as in Theorem 5.1. Let S = {T'(t) : t € R*} be an one-

parameter nonexpansive semigroup on C such that F(S) # 0 and U Tt)(C)cKccC
0<too
for some compact subset K of C. Let {Q(s,t)} be a strongly regular kernel. Suppose

71 =2 € C and {z,} is given by Zpy1 = @ + (1 — an) f; Q(8n,t)T(t)zndt for every
n > 1, where s, — 00 asn — oo and {a,}>2, is a sequence in [0,1]. If {a,} is chosen so
that o, € [0,a] for some a with 0 < a < 1, then {z,} converges strongly to a common
fixed point of T'(t),t € S.
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