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Order preserving operator function via the inequality

“A> B >0 ensures (AFAPA%)si+ > (A5BPA% )+ for p> 1 and r > 07

FORERRE #iE BZ  (Masahiro Yanagida)
(L SBA  (Takeaki Yamazaki)
HH #Z (Takayuki Furuta)

1 Introduction

In what follows, a capital letter means a bounded linear operator on a complex Hilbert
space H. An operator T is said to be positive (denoted by T' > 0) if (T'z,z) > 0 for all
x € H and also an operator T is strictly positive (denoted by 7' > 0) if T is positive
and invertible. The following Theorem F is an extension of the celebrated Lowner-Heinz
theorem [12](10].

PT (1+r)g=p+r
S S g=1
Theorem F (Furuta inequality) [4]. \\\ p=gq
If A> B >0, then for each v > 0 \%\\\\
T T r T \\\
(i (B5APB%): > (B5BPBE)i S
and
(i) (A5APA%)s > (A3BPA%)a . §
. ) q
hold forp >0 and ¢ > 1 with (1+r)g>p+r. (0, =r)
Figure

We remark that Theorem F is essentially the same as the inequality made in its title
and Theorem F yields the Lowner-Heinz theorem when we put = 0 in (i) or (ii) stated
above: A > B > 0 ensures A* > B® for any « € [0, 1]. Alternative proofs of Theorem F
are given in [2] [5] and [11] and also elementary one page proof in [6]. It was shown in
[13] that the domain surrounded by p, q and r in the Figure is the best possible one for
Theorem F. In [8] we established the following Theorem G as extensions of Theorem F.

Theorem G (Generalized Furuta inequality) [8]. If A > B > 0 with A > 0, then for
eacht € [0,1] and p > 1,

Fyu(A, B,1,5) = AT {A5 (A7 BPAT ) AR} o0ir AT

is decreasing forr >t and s > 1 and F,,(A, A,r,8) > F, (A, B,r,s), that is, for each
te€0,1] and p > 1,

(1.1) AT > (AS(AT BPAT ) AR enei

holds for any s > 1 and r > t.
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Recently a nice mean theoretic proof of Theorem G is shown in [3]. Ando-Hiai [1]
established excellent log majorization results and proved the useful inequality equivalent
to the main log majorization theorem as follows; If A > B > 0 with A > 0, then -

A" > {AR(AT BPAT ) A%}>
holds for any p > 1 and 7 > 1. Theorem G interpolates the inequality stated above by
Ando-Hiai and Theorem F itself and also extends results of [7].

Since now, many applications of Theorem F and Theorem G have been developed in
the following branches by many authors.

APPLICATIONS OF THEOREM F

(A) OPERATOR INEQUALITIES

1) Characterizations of operators satisfying log A > log B
2) Generalizations of Ando’s theorem
3) Other order preserving operator inequalities

(
(
(
(4) Applications to the relative operator entropy
(5) Applications to Ando-Hiai log majorization
(

6) Generalized Aluthge transformation
(B) NORM INEQUALITIES

(1) Several generalizations of Heinz-Kato theorem
(2) Generalizations of some theorems on norms
(3) An extension of Kosaki trace inequality and parallel results

(C) OPERATOR EQUATIONS

(1) Generalizations of Pedersen-Takesaki theorem and related results

Very recently the following result is obtained as an extension of Theorem G.

Theorem H [9]. If A > B > 0 with A > 0, then-for each t € [0,1],¢ > 0 and
p > max{g, t},

Gpat(A, B,1,s) = AT {A5(A7 BPAT ) A3} o 0ei AT

is decreasing for r > t and s > 1. Moreover for each t € [0,1],q € [t,1] and p > ¢,
Gpat(A, A1, 8) > Gpqai(A, B,r,s), that is,

(12) ATHT > [AF(AT BPAT ) AB}E

holds foranys>1andr > 1.
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The proof in [8] of Theorem G is complicated and technical and also the proof in [3]
is based on mean theoretic one. Here we show a simplified proof of Theorem H which is
an extension form of Theorem G only using Theorem F and the following Lemma F.

Lemma F (Furuta lemma) [8]. Let A > 0 and B be an invertible operator. Then
(BAB*)* = BA2(A* B*BA3)*~1A: B*
holds for any real number \.

Firstly we show a short proof of the inequality (1.2) of Theorem H. Secondly we show
a proof of the monotonicity of the function G, 4:(A, B, r, s) of Theorem H. Lastly we give
three counterexamples and a conjecture related to Theorem G and Theorem H.

2 Results on inequalities |
Theorem H-i [9]. If A > B >0 with A > 0, then for each 1 >q>t>0 and p Z‘q,
(L2) ATHT > (A5 (AT BPAT ) AS Y ovei
holds for s > 1 and r > t.

Theorem H-i is proved as an immediate consequence of the following Theorem 1.

Theorem 1. Let S and T be positive invertible operators on a Hilbert space such that
Ao
Sho > (S%QT"‘°S%1)“0+1’0 holds for fized ag > 0 and By > 0. Then

8 8, 2t8

> (SETQ,S'i) a+8

B
2

(1Y

(2.1) SET05

holds for any o ‘2 o and B > (.

.
Proof of Theorem 1. Applying (ii) of Theorem F to the hypothesis S% > (S %QT_"‘OS 7 ) %f%,
we have
(22) SUR > (M (sFT5%) 0B S ™ forany pr > 1and 1y > 0.

Putting p; = %‘l > 1in (2.2), we have

(1+771)Bg (+r)Bg . _(A+r1)Bg
2 2

)a0+(1+r1)/30 R

(2.3) St+rbo > (g TS
Put 8= (1+71)B0 > B in (2.3). Then we have

(2.4) S8 > (S8T%0S5)%%  for B> B
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(2.4) is equivalent to the following (2.5) by Lemma F
(2.5) T® < (TFSPTF)a8  for B> fo.
Again applying (i) of Theorem F to (2.5), we have

dtry

(2.6) T+ < (TF(TF ST )°o+ﬂT r }P2+f2 for any p» > 1 and 7, > 0.

Putting p; = a_oang > 11in (2.6), we have

(2.7) Tra)ao < (PR g Ctpien) (LR,
Put a = (14 r3)ap > ap in (2.7). Then we have
(2.8) T* < (T3S8°T%)s%  for a > ag and B8 > .

Raise each side of (2.8) to the power 2=22 ¢ [0, 1] by Lowner-Heinz theorem, we have the
first inequality of the following (2.9)

T2 < (T5SPT%) s+

(2.9)
| —T252(SzT°'Sz) =5 1527% by Lemma F.

refining (2 9) and taking inverses of both sides, we obtain (2.1).

Proof of Theorem H-i. If A > B > 0, then the following (2.10) holds
(2.10) AT > (AngAg)% forp>gq,q€(0,1] and r >0

by (ii) of Theorem F since (1+r ”+T >p+rand % > 1 in this case.

In the case t = 0. (1.2) is valid by (2.10) in this case.

Inthe case p=q=1t € [0,1]. Let C = AT BtA%. As I > C > 0 holds by Lowner-
Heinz theorem, A" > AzC*A: for s > 1, that is, (1 2) holds in this case.

In the case p > >0 Put X = (A3 BPA%)#—. Then we have A3 X?~*A% = BP and
A > (Az XP- tAz) by the hypothe51s A>B2>0.Putfy=te (0,1 and ap =p—t > 0.

Then A > (A FX®0AT )ao+ﬁo and
Ao > (A% X0 4% tms

holds by Lownew-Heinz theorem. Put o = (p —t)s and f =r. Then o > oy and 3 > £
hold since s > 1 and r >t hold, so that Theorem 1 ensures the following inequality

(AZXA%)¥5 < ABx2048,

that is, we have

p—t+r

{A%(A?B :2—) 5}(p-t)s+r

(2.11) , .
<ASAT BPAT AS.
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. « . . _t+r
Raising each side of (2.11) to the power I=-7

the first inequality of the following (2.12)
| (A5 (AT BPAT) A5} Gonetr
(2.12) (AT prAT) |
' < AT

€ [0, 1] by Léwner-Heinz theorem, we have

and the last inequality holds by replacing r by r—¢ > 0 in (2.10), so the proof of Theorem
H-i is complete. .

3 Results on functions

Theorem H-f [9]. Let A > B > 0 with A > 0. For each t € [0,1],q > 0 and
p = max{g, t},

| CoilA, B,r,8) = AT [AS(AT BPAT ) A5} G0 AT
is decreasing for r >t and s > 1.

Theorem H-f is proved as an immediate consequence of the following Theorem 2.

Theorem 2. Let S and T be positive invertible operators on a Hilbert space such that

$0 > (S3T05%)m%% holds for fized ap > 0 and fy > 0. Then for fived § > —fh,
fl@,B) = S7(S5T*S%)ais 57

is a decreasing function of both o and 8 for a > max{6, ap} and 8 > So.
Proof of Theorem 2. ‘
(a) Proof of the result that f(«a, ) is a decreasing function of a for a > max{é, ap}.

The hypothesis in Theorem 2 ensures (3.1) in the same way as the proof of Theorem 1
(3.1) (T38°T%)a+s >T*  foralla> ag and 3 > fo.
(3.1) yields the following (3.2) by Léwner—Heiﬁz theorem
(3.2) (T38°T3)a% >T*  forall a> ag,8> f and any u such that a > u > 0.
Then we have |
gla) =(S3T°S%)
—{(S5T°5%) 545" yarire
:{SgT%(T%SﬁT%)ﬁT%Sg}% by Lemma F
>{SETETvTE 55 ) rirm

:(SgTa+uS§)ait+,3 et g(a + u)

&+8
a+pB
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and the last inequality holds by (3.2) and Lowner-Heinz theorem since

a+'u.+ﬁ € [0 1]
holds by the hypothesis on «,3 and 6. Hence f(a,8) =S 7 g(a)S 7 isa decreasing
function of a for o > max{é, ap}. '

(b) Proof of the result that fla,B) isa decréasing function of B for B = Bo.

By Lemma F, :
flo,) = 57 (SETe58) s
= T5(T3SPT%)sT%
and (3.1) is equivalent to the following (3.3) by Lemma F
(33) S8 > (S5T°58)5%  forall @ > ag and B > fo.
(3.3) yields the following (3.4) by Lowner-Heinz theorem
(3.4) SY>(S2T*S%)s%  for all @ > ap, B > By and any v such that 8> v > 0.
Then we have
| —{(T58°T%) 55" ) ot
—{T385(58T5%)¥ 55T3}a%% by Lemma F
>{T%555°S5T% ) avsro |
—(T% 5P+ T%)s+3 5 = h(B + v)

and the last inequality holds by (3.4) and Lowner-Heinz theorem since +ﬁ & € 1-1,0]
and taking inverses. Hence f(a, 8) = T2h(B)T% is a decreasing function of 3 for 8 > B,.

Consequently we have finished a proof of Theorem 2 by (a) and (b).

Proof of Theorem H-f. We consider the case p > ¢ > 0. Put X = (42 " BPAT )P |
Then we have A2XP*Az = BP and A > (A3 XP Az ) by the hypothesis A > B > 0.
Put fp =t € (0,1] and o =p—¢ > 0. Then A > (A 2 x0AR )a0+ﬁo so that

Ao > (A% X0 A% )2tm

holds by Léwnew-Heinz theorem. Put a = (p —t)s,8 = r and § = ¢ — t. The hypothesis
t € (0,1],¢ > 0 and p > max{gq, t} in Theorem H-f satisfy the conditions required on «, 3
and 6 in Theorem 2, that is, § > —f, a > max{ay, 6} and 8 > (y. Applying Theorem
2,

fla,B) =AT (ATXA%)=5 A7

t g—ttr

:A%{A%(A%BPA%)SAﬁ}@—nWA 3
=Gpq:(A, B,T,5)
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is decreasing for r >t and s > 1, so the proof in the case p > ¢ > 0 is complete.

In the case t = 0, Theorem H-f easily follows by [7, Theorem 3].

In the case p =t > ¢ > 0. Let C = AZB!AZ. Then I > C > 0 by Lowner-
Heinz theorem, so that A" > A2C®A?z holds since I > C' > 0 and s > 1, and agaln by
Lowner-Heinz theorem

(3.5) A% > (AngAg)% forr >u>0.

Then we obtain

Gigi(A, B,1,s) =A% (A3C°A g)g—_:ﬂA_Tr
=C3(C3ATCH)F O3 by LemmaF
=CH{(CIATCE) T} RCH

(3.6) =Cz{C2A%(A3C* Ag)%Ai"C%}fl—ic
>CEH{CEAB A ARCE) RO
~ci(ciarch s

(r+u)

—AT (AT C AT ) TR AT = Gyga(A, By r + u, 5)

(MY

by Lemma F

and the last inequality holds by (3.5) and Léwner-Heinz theorem since £ +u € [-1,0] and
taking inverses. Consequently G;,:(A, B, r, s) is a decreasing function of both r > ¢ and
s > 1 because Gy q4:(A, B, 1, s) is decreasing of s > 1 by (3.6) since I > C > 0.

Whence the proof of Theorem H-f is complete

4 Best possibility and counterexafnples

We discuss best possibility of (1.1) in Theorem G and also we cite counterexamples
related to Theorem G.

Counterexample 1. There exists a counterexample to (1.1) of Theorem G if we replace
A > B in Theorem G by log A > logB. Let p=2,t = 1,7 = 2 and s = 2. Theén p,t,r
and s satisfy the condition in Theorem G. Take A and B as

22 2
A (3 op_(32)
2 3 2 2

Then it turns out that log A > log B holds since (2 g) > (2 ;) and logt is operator
monotone, but A ? B holds and '

e g 50.1504--- 61.8403- - -
AR LAS(AT BPAT) AR oooee =
{42 (4> J AR} o 61.8403--- 74.8485- - -
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so that the eigenvalues of A'7t*" — {A5 (A= B”A 2 )sAz}?P et are —0.5563--- and
125.5643- - -, therefore A"+ # {AZ(AZ BPA%)* A% }<p—t>s+r

Hence we can’t replace A > B in Theorem G by log A > log B, which is weaker than
A>B>0.

Counterexample 2. There exists a counterexample to (1.1) of Theorem G if r and ¢
don’t satisfy the condition r > ¢. Let p = 2, 3—2 t=1€10,1] and r = ;. Then r % ¢.

Take A and B as
(28 44 5 [20 36
“\44 73)° 36 65

1.9229 - -. 0.6555- - -
0.6555--- —0.0547- -

Then A > B > 0 and

Al {Az(A2BpA )sAz}(p Sherr —<

so that the eigenvalues of A=+ — {A5(A% BPAT ) A5} %0+ are —0.2523--- and
2.1205- - -, therefore A" % {A5(AF BPAT ) A3 }ooverr,

Counterexample 3. There exists a counterexample to (1.1) of Theorem G if ¢ don’t
satisfy the condition ¢ € [0,1]. Let t = 1.2 € [0,1],p = 2,7 = 2,s = 2. Then r > t. Take

A and B as
(125 90 B 125 90
L9 69)° V9 65/

33.3128 --- 43.4624- - -
43.4624--- 55.3433- .-

Then A > B > 0 and
AT {AF (AT BPAT ) ARy = (

so that the eigenvalues of A!7t+" — {Ag(A_'zt BPA=Z )sAz}(P—ﬂsH are —0.5084--- and
89.1646 - - -, therefore A1t" ¥ {A5(AF BPAT ) A5} verr,

Remark. We remark the following result. By using his skillful and excellent technique
as almost same as one-in [13], K. Tanahashi [14] asserts that pl‘tt):i of the right hand
side of (1 1) of T heorem G is best possible in the sense of the following: At >

{AZ(A% BPAT )3A2}<P 95+ does not hold for any a > 1 in Theorem G.

At the end of this section, we cite the following conjecture related to Theorem H and
Theorem G.

Conjecture. There erists a counterezample to Theorem G in general for any r < t.

If t = 0 and 7 < 0 in Theorem G, we have already obtained a counterexample.
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