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1 Inroduction

Let M be a closed manifold with a Riemannian metric and f; M — M be
a C2-diffeomorphism. “For A,p > 0and 1 < k < dimM - 1, we denote by
A = A(—p, A, k) the set consisting of Lyapunov regular points = such that

1. Lyapunov exponents of x are less than —u or greater than /\—,A
2. the dimension of the fiber of stable bundle E“’(x) equals k.

Without loss of 'gervlerality, we may assume that A has a dense orbit. In
this note we construct a “symbolic dynamics ”that represents A, and study the
structure of A in the case when A is a fractal set. »

2 symbolic dynamics of A

The set A is represented by a f‘éymbolic dynamics ”as follows.
I Let W= {Wy,}n>o be a family of sets W,, of words of length n + 1 such
that

1. There are symbols {By, -+ ,B,,Cy,--- ,C,}, and for any n > 0

Wn.C {Bl,"' 3Bpsclv"' 7Cq}n+1>

2. (x," - ,an) € Wy, implies ag, ap € {B1,--- , Bp},

3. If (a0, ,&n) € Wn, (B0, Bm) € Win and o, = fl, then
(ao,"' 7an,ﬁls"' ,ﬂm) E Wn+ma
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4. for any By, B; (1 <1i,j < p), there are n 21 and (o, - ,0) € W, with |

Qg = B,;,Oén.z Bj.

IT For a fémily of sets of Wordé W = {W,}n>0 as above, we define a subset
of shift (not necessarily subshift) ¥ = (W) as follows:

1. S=%(W) C{B1,,Bp,CL, - ,C)}2
2. ¥ is generated by W = {W, }n>0, that is,

(a) @ = (an)nez € X if and only if for any N > 0 there are m,n > N
such that (a——ma Aomt1, " 00, " aan) € Wiin



,(b) ao € {Bo, - , By}

III We denote by X a collection of £ = (W), where W = {Wp },>0, is de-
fined in I and I1. And an equivalence relation ~ is defined in the disjoint union
UX(W) as follows:

if a~b forac¥,bel and o™(a) € ¥,0™(b) € ¥’

then o"(a) ~o™(b), where o is the shift map. ; ; _
IV For the quotient space ¥ = UX(W)/ ~, a shift map & : & — ¥ is defined
as follows: '

for & = (an)n € T with ag, ax € {B1,- -, Bp}, we have &*a] = [3],
where 8 = (B,), € X is given by 8, = any. :

With the notations as above, we have the following.
Theorem 2.1. For a Lyapunov reqular set A = A(—pu, )\, k), there are V
1. a collection T = {Z(W)} of countable subsets of shifts (W),

2. an equivalence relation ~ on UX(W) and the shift map
X =UXW)/~— L,

3. a collection of maps ¥ = WUs, 1 ¥ — A (forL e X ) which is compatible
with the equivalence relation ~,

such that the map
P8 — A
induced from {¥ = s, | ¥ € X} is surjective and the diagram

g
—_—
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&
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18 commutative.

Remark 2.1. Let € be an arbitrary positive number. In Theorem2.1. we may
choose the symbols {By,--- ,Bp,Cy, - ,Cq} of any W and maps ¥ = ¥y, such
that : : :

1. p=1,
2. diam¥(X) <e forE=X(W)e X,

3. forzx - U((an)n) € W(W)
ITf™ | E*(z)|| <exp(-pn) if ao = an = By,
T | E¥@)| <exp(—=An) if a_p, =ao = Bi.
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3 Locally self-similarity with countable contrac-

tions

Let A = A(—u, A\, k) be a Lyapunov regular set. In the sequel we assume that
Y= {E} where ¥ = (W), and maps ¥ = ¥y, : & — A (X € X) are given as in
section 2 and satlsfy Remark2.1.

Then A is a countable union of closed sets:

A= ] o).

e

In this section we consider the structure of U(%).
Let Gr(W) be the set of generators of W, that is,

Gr(W) = {(ao, -+ -ax) € Wi | ap = ar = B1,a; € {C1,--- ,Co} 1 <i < k— 1},
W) = JG:W)
k

For a = (ag, -+ ,akx) € G(W), the right contraction

R(a): ¥(X) — ¥(%)
is defined by

- R(@)(¥((an)n) = ¥((Br)n) for (an)n € %,
where
Qp—k, k S n,
ﬁn = ana O S n S k7
Oy, n < 0.

Similarly the left contraction _

L(a): ¥(X) — ¥(X)
is defined by

L(a)(&?((an)n) =WU((Bn)n) for (an)n € L,

where '

- an7 0 S n7

Bn = § An+k, -k <n< 0,
Ontk, n< -k o
Then we have the follow'mg
Proposition 3.1. The set ¥(X) is a countable union of images of ¥(¥) by
maps R(a)L(b);
()= J R@LDL@E).
a,beG(W)
If the map ¥ =¥s: ¥ — A is injective, then for any a,b € G(W) the map
L(b)R(a) = R(a)L(b): ¥(X) — X(X)

is a contraction.And U(X) is self-similar by countable contractions.
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4 Hausdorff dimension of local stable manifolds

Form.the propositions in the revious section,we have
)= |J Ra)L(b) (¥(2))
a;,b1eG(W) ’
= U U  R(a)L(bz)R(ar)L(by) (¥(Z))
a2,beG(W) a;,b;€G(W) ) :

= U U R(az)R(al)L(szL_(bl)(sp(z))
a1,a2€G(W) by,b2eG(W) -

= U R@L®@E),

a,beG(W)N ' )

where ,

a= (a17a27 e )7. l_) = (bl,bZ, . ) € G(W)N,

and , |

L(b) (%)) = (1) L(bw) - L(b1) (¥(T)).
N>1 .

Besides the set L(b) (¥(X)) coincides with an intersection of a local unstable

manifold and ¥(X). : _
Let Lip (R(a) | L(b) (¥(X))) be the Lipshitz constant of the map

R(a): L(b) (¥(X£)) — L(b) (¥(%)) .

By choosing € > 0 in Remark2.1 sufficiently small, we have
f Lip (R(a) | L(B) (¥(5))) < exp(—An).

Because the number of the elements of G (W) is less than or equals ¢®~1, this
implies the following.
Proposition 4.1. Forb ¢ G(W)N, there is c(b) > 0 such that

> Lip(R(a) | L(b) (2(2)“® = 1.

a€G(W) :

The number ¢(b) dominates the Hausdorff dimension of the intersection of
the local unstable manifold and ¥(X):

Proposition 4.2. The Hausdorff dimension of L(b) (¥(X)) is less than or equals
c(b). | '
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