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THOM’S CONJECTURE ON TRIANGULATIONS OF MAPS

MasanIRo SHIOTA (3§18 & &)
Graduate School of Polymathematics, Nagoya University

§1. INTRODUCTION

Let f;: X; — Y;, 1 = 1,2, be proper C° maps between closed sets in Euclidean

spaces. We call f; and f, R-L equivalent if there exist homeomorphisms n: Y1 — Y3
- and 7: X1 — X such that no fi = foor. We call fi triangulable if it is R-L
equivalent to a PL map between closed polyhedra in Euclidean spaces.

Thom [T] conjectured that a so-called “Thom map”, which Thom called une
application stratifiée sans éclatement, is triangulable. In the present paper we solve
the conjecture in a more general form. Partial solutions were given by Teissier [Te]
and Proposition IV.1.10 in [S].

‘A tube system {T; = (|Tj|, 7}, pj)}j=1,... k for a C* stratification {¥;};=1,.. &
with ¥ = U;Y; C R™ and dimY; < dimYj4 consists of one tube T} at each Y7,
where 7;: |T;] — Y is a C™ open tubular neighborhood of Y; in R™ and p; is a
non-negative C*° function on |Tj| such that Py L0) =Y; and each point y of Yj
is a unique and non-degenerate critical point of pJ] Sy)- We call a tube system

{T}} strongly controlled if for each pair j and j ! with j < j', the following property
holds true:

ct(T},Ty) ~ mjomp=m; and pjomy =p; on [T N|Ty|,
and (sc) the map (7}, pj)|y,,n1y| is @ C°° submersion into ¥; x R. Note that any
Whitney stratification admits a strongly controlled tube system. An example of
a C* stratification which admits a strongly controlled tube system but is not a
Whitney stratification is {the z-axis, {(z,y,2) € R®: y = 22sinz/z, z # 0}}.

Let {X”}J .y and {Y;};=1,.. k be C* stratlﬁcatlons of sets X and Y in

R™, respectlvely, such that dlsz g < dlIIlXH_l j and dimY; < dleH_l, and
let f: X — Y be a C*® map (i.e., the restriction to X of a C® map f between
neighborhoods of X and Y) such that each restriction f|x, ; is a submersion into
Y;. Let {T; = (|Tj|,7;;p;)} be a strongly controlled tube system for {¥;}, and
let {Ti; = (|T3,51, 7,5, i,5)} be a tube system for {X;;}. We call {T; ;} strongly
controlled over {T};} if the following conditions are satisfied. (sc1) For each (3, 7),
it holds that fom; ; =m0 f on |T; |- (sc2) For each 7, {T ;}i=1,.. k; is a strongly
controlled tube system for {X; ;}i=1, .. ,. (sc3) For any pair (3, 7) and (¢, 5") with
i< j/, it holds that Ti,5 © Myr 50 = T 5 ON lTi,j[ N ‘Ti',j"y and (71’1',3', f)|X,-/,jlﬂlTi,jl isa
C*° submersion into the C*° manifold {(z,y) € X;; x (Y N |T;]): f(z) = m;(y)}.
(An example of f: X — Y where there do not exist such tube systems {7} and
{T; ;} is the blow-up of S™, n > 1, at a point of S™.)
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Theorem. Let {X;;} and {Y;} be C™ stratifications of closed sets X C R™
and Y C R"™ respectively, and let f: X — Y be a C™ proper map such that each
restriction f|x, ; 18 a submersion into Y;. Assume there exist a strongly controlled

tube system {T} for {Y;} and a tube system {Ti;} for {X,;} strongly controlled .
over {T;}. Then f is triangulable.

The theorem is proved by a theory developed in [S] and hence can be proved
also in the semialgebraic, subanalytic and X categories. (See [S] for the definition
of X.) (In the subanalytic and X cases, we argue in the C™ category for a positive
integer 7). In the following proof we use integrations of vector fields. But we
can avoid this in the above important special cases as shown in [S]. Note also
 that we can construct effectively a triangulation, i.e., polyhedra X’ and Y’ and
homeomorphisms 7: X’ — X and n: Y’ — Y such that n=1 o f o 7 is PL in the
cases. Hence the following assertion seems true. ,

Let k, [, m € N. The cardinal number of the R-L equivalence classes of all
proper semialgebraic Thom maps between closed semialgebraic sets in R*¥ whose
graphs are defined by equalities or inequalities of I-polynomials of degree < m is
bounded by some recursive function in variables (k,[,m).

For the proof it suffices to find an effective method of choosing a Thom stratl-
fication f: {X; ;} — {Y;} of a Thom map f: X — Y, because we can effectively
construct strongly controlled tube systems {7} ;} and {T } of a Thom stratification
f:{Xi;} — {Y;} [S]. (See [G-al] for the definitions of a Thom map and a Thom -
stratification.) Therefore, we can prove the above assertion if we replace the phrase
“Thom maps” with the one “Thom stratifications f: {X;;} — {¥;}” and add the
condition that {X; ;} and {Y;} are defined by l-polynomials as graph f.

§2. C* TRIANGULATIONS

In this paper, K and L always denote simplicial complexes in some Euclidean
space. Let |K| denote the underlying polyhedron of K. For a point z in |K],
let st(z, K) denote the subcomplex of K generated by the simplexes containing
z. We denote by K* the k-skeleton of K for a non-negative integer k. For a
~simplex or a manifold ¢, Intc and Go denote the interior and the boundary of
o respectively. If K C L, the simplicial neighborhood N(K,L) of K in L is the
smallest subcomplex of K whose underlying polyhedron is a neighborhood of |K]|
in |L|. If a subset W of |L| is the underlying polyhedron of a subcomplex of L, we
call the subcomplex L|y. For each simplex o of K, let v, denote the barycenter
of 0. The barycentric subdivision K’ of K consists of all the simplexes spanned by
Vg, """ Vg fOr g C+-- Cox € K.

A C%® map h: K — R™ is a continuous map h: |K| — R™ such that all the
restrictions h|,, o € K are of class C™. Let b € |K|. We deﬁne dhy: |st(b, K)| —
R"™ by

~dhy(z) = d(hls)s(z —b) for oest(h,K), z€&o

We call h a C°° imbedding if h and dh; for all b € |K| are homeomorphisms onto
the images. Let Z C R™ A C® triangulation of Z is a pair of K and a C*®
imbedding h: K — R™ such that h(|K|) = Z. (A triangulation of Z consists of
K and a homeomorphism from |K| to Z.) An approzimation of h is a C* map
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h: K — R™ such that K is a subdivision of K ,
|h(z) — h(z)| <c for z€|K],

and
|dhy(z) — dhy(z)| < cjz—b] for bel|K|, z€]st(bK')

for a small positive number c.

Let a: K1 — K, be a simplicial map between finite simplicial complexes in
R™. By induction on dim K; we define the mapping cylinder C (K1, K2) of a
which is a simplicial complex in R™ x R™ x R and whose underlying polyhedron
can be regarded as the mapping cylinder C,(|K1|,|Kz2|) of the topological map
a: |K1| — |K2|. Let K7 and K; be given in R* x 0 x 0 C R™ x R™ x R and
O0xR"™x1CR"™ xR" x R respectively, and let K{ and K} denote the barycentric
subdivision of K; and K, respectively. If dim K; = —1, i.e., K; = 0, then set
Co(K1,K3) = K. Let dimK; = k and assume we have already defined the"
mapping cylinder C’a(Kf‘l,Kg). For 0 € K; — K{c"l, let a, denote the middle
point of the barycenters of ¢ and of a(c) in R® x R™ x 1/2. We set

Cal(K1, Ks) = Cul(KE™Y K)

U U {as, 01, a5 * 01: 01 € K{|o U K3la(s) U Capp, (Kiloo, K2la(ss))}
ceK;—Kk !

where a, * o1 denotes the cone with vertex a, and base 0.

We show some good properties of Cy (K7, K2). Clearly it is a simplicial complex
in R™ x R™ x [0,1], K] and K} are subcomplexes of Co (K1, K2), and there is a
natural simplicial map C, (K1, K3) — Kj, which is a retraction and carries the
barycenter of a simplex ¢ of K; and the above-mentioned a, to the barycenter of
a(o). Given a commutative diagram of simplicial maps

L, — I,

Lo

Kl '—"S!—") KQ)

there exists a natural simplicial map Cg(L1, L2) — Ca(K1, K2). On the other hand,
Cia(K1, K1) is naturally and simplicially isomorphic to the barycentric subdivision
L of the cell complex K7 x{0, 1, [0,1]}. Hence we have a natural simplicial map L —
Co (K1, K3), which equals the identity map on |K;| x 0 and e on |K7| % 1. Through
this map we identify |C, (K1, K2)| with the mapping cylinder of the topological
map «.
Let M be a subset of R™. We call M a C® manifold possibly with corners of
dimension m if it is locally C*° diffeomorphic to an open subset of R, where Ry =
[0, 00[. Note that such an M admits the canonical C* stratification {Z;}i=o,... . m
such that each Z; is the subset of U%_,Z; where U}_,Z; is locally C*° diffeomorphic
to R*. Faces of M are the closures of the connected components of Z;. For a face
M’ of M of dimension m/, set Sing M’ = M'N U:’;Io“lZi.
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For continuous maps ¥;: A; — B, 1 = 1,2, let A; X (41,92) A2 denote the fibre
product — {(al, az) € A X Ay: ¢1(a1) = 7,[)2((12)}.

The key of proof of the theorem is the following lemma, which is similar to
Proposition 1.3.20 in [S].

Lemma 1. Let M and M; be compact C* manifolds possibly with corners.
Let ¢: M — M be a surjective C° submersion which carries surjectively and
submersively any face of M to some face of My. Let M’ be a face of M. Let
(L,g) and (K,h) be C* triangulations of My and a neighborhood of a union of
subfaces of M' in M, respectively, such that g~'oipoh is a PL map from |K| to |L].
Shrink the neighborhood of the union and subdivide K. Then keeping the property

that g~ opoh is PL, we can extend h to a C™ triangulation of a neighborhood of
M’ in M.

Proof of Lemma 1. We can assume that the given neighborhood is a neigh-
borhood of Sing M’ in M. Recall the following assertion in the proof of Proposition
1.3.20 in [S].

Assertion. Let n > n; be non-negative integers, let p: R — RT* be the
projection onto the first ni-factors, let a: A — R7 be a C*° imbedding of a finite
simplicial complex A, let (B, §) be a C* triangulation of R7* such that 8~'opoc
is PL, and let C be a compact subset of R7}. Then there exist a simplicial complex
Ao and a C* imbedding og: 49 — R} such that some subdivision of A is a
subcomplex of Ag, the restriction ap|j4): Aoljaj — R7 is a strong approximation
of a,

A1 C Ao, aolja, =clja,), @0(l4o]) DC, (JAo| - |4]) N]AL] =0,

and 87! opo g is PL, where A; = {o € A: a(0) N C = (}.
It is easy to see that h=1(M’) and h~!(Sing M’) are the underlying polyhedra
of some subcomplexes of K. Set U = A(|N(K|n-1(singm), K)|). Then U is a

compact neighborhood of Sing M’ in M, and we can assume U N M — A(|K]) = 0.
(Here replace K with its barycentric subdivision if necessary.) Let {Ci}i=1,.. k be
a covering of M’ — h(|K|) by compact sets such that for each i, there exist an open
neighborhood V; of C; in M and C* imbeddings 7;: V; — RT and 6;: ¢(V;) —
R, where m = dim M and m; = dim M, such that V;NU = 0, and the composite
f;0p0 T,i_li (Vi) — R is the restriction of the projection of R7" onto the first
ma-factors.

Let 0 < I < k be an integer. Assume we have already constructed a C*° triangu-
lation (Kj_1,hi—1) of a neighborhood of U U Ué;}C’i in M such that g~ oo hj_y
is PL, some subdivision of K is a subcomplex of K;_1, hi—1]|x is a strong approx-
imation of h, and h = hy_; on h~1(U). Then it suffices to obtain (K}, k;) with the
corresponding properties. ' '

Subdividing finely L and then K;_;, we can assume that (i) for o € Kj_1,
if hj—1(c) N Cy # 0 then hj_1(c) C V, (ii) for 01,02 € L, if oy Noy # 0 and
g(o1) N(Cy) # 0 then g(o2) C ¢(V), and (iii) for o € K;—1 and o1 € L, if
hi—1(c)NC; # 0 and po h_1(c)Ng(o1) # B then g(o1) N(Cy) # 0. Let D denote
the complex generated by ¢ € L with g(o) N ¢(Cy) # 0.
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Apply the assertion to

n=my, n;=0,

(4,@) = ({o € L: g(0) C o(Vi)}, 01 2 (g]14))),
(B,6) = ({0},id), and C=[0," —a(JA])

for a large number c. Then by (ii) we have a C* triangulation (Ao, ap) of a
neighborhood of [0,¢]™ in R% such that Ag D D and ap = a on |D|. Repeat a
similar argument for ¢; = ¢,cy,... — oo. Then we obtain a C'® triangulation
(B, B) of R such that B > D and B=6,0gon|D|.

In consideration of application of the assertion, set newly

n=m, ni=my,
(4,0) | | |
= (the complex generated by o € K;_; with hj_1(¢) N C; # 0, 7 0 (hi-1l14))),
(B,B) = (B,3), and C =mr(C).

By (i), a is well-defined. By (iii), o(|A|) € B(|D]). Hence S8l opoa (=g7to
0" loporoh_ = g lo@oh_y) is PL. Thus the conditions in the assertion
are satisfied. Let ag: Ag — RT be a resulting C*® 1mbedd1ng Set Kj_1 = {U €
Ki_1: hi_1(o)NC) = 0}. Remember that

(Ao o) =(A,@) on [{o€A: h_1(c)NC, =0}

and regard
| 4o N |Ki—1] = I{O’ €A:h_1(c)NC = @H

Let E’ denote the barycentric subdivision of a simplicial complex F as always.
Then the family Aj UK]_; is a simplicial complex. Let X denote the complex We
can assume that ao(le|) C 1i(Vi). Set

. { 71 o ap on {Ao.l
= .
hl—l on |Kl——ll - IAOl-

Then this map is well-defined and a C*™ imbedding by 8.8 in M], and (K, hy)
fulfills the requirements. O

§3. VECTOR FIELDS AND REMOVAL DATA

Let X, Y, {Xi;}, {Y;}, f: X - Y, {T;;} and {T;} be the same as in the
theorem except for the assumption that f is proper. Assume dimY; < dimYj41
and dim X; j < X;41,5. Let the set of indexes of {X;;} be H = {(4,7) € N2: 1 <
j<k, 1<i<k;} Set H=H — {(ks, k)} Give a lexicographic order to H and
Hsothat(z,j)<( Jifj<j orj=j andi<7.
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A wector field v¥ on {Y;} consists of one C® vector field vj on each Y;. We call
vY controlled if for each pair j and 7,

ATty = Vjm, (y) |
ev(Ty, Tyr) for yeY,NU;,
dp;vir, =0 7 ’
ivVi'ly —

where U is some neighborhood of Y; in |T}|. If only the former equality is assumed,
we call v¥ weakly controlled. We call a vector field v = {vij} on {X; ;} controlled
- over v¥ if the former equality of cv(T;, 5, Ty j¢) for each pair (4,7) and (7,7, the
latter for each pair (7,5) and (¢/, j), and the following equality for each (¢,4) hold:

df’l)i,jx = Vjf(z) for z€ X,;,j.

Let v¥ = {v;} be a vector field on {Y;}. Foreachj,letw;: Q; —» Y;, Q; C Y;xR,
be the maximal C* flow defined by v;. Set {2 = UQ; and define a map w: Q - Y

by wlq; = w; for each j. We call w the flow of v¥. We call v¥ locally integrable if
2 is open in Y x R and the flow is continuous. :
Assume X and Y are compact. Let 0 < g5_; < -+ < &; < 0o be numbers.
- Then for 7 <, (1) the following set is a C*° submanifold possibly with corners of
Y ' . '
| Y0 = Yin|Tj] = pr*(0,e1/2]) — - — p7,(0,e5-1/2D,

(2) if j < I, the restriction of (m;, p;) to ¥j ﬂ,oj_l(]O, 2¢4]) is a C* submersion into
Y;,; x]0,2¢;], and (3) the sets Y;; and Ujr»;Y; 5 ﬂpJTI([O,%j]) are compact. We
call € = {€;};=1,... k-1 with such properties a removal data of {T;}j=1,.. k-

A removal data € = {&;;}; jyen Of {T},Ti 5} jyezr is such that the following
eight conditions are satisfied. Let (i1,51) < (42,42) € H. (1) Each ¢;; is a small
positive number. Set ek, ; = €;. (2) {€;};=1,... k—1 is a removal data of {T}},=1, .. k-
(3) The following set is a C* manifold possibly with corners: ,

Xil,.‘h,iz,jz = Xiz,jz N ITiI;jll N (pjl ° f)—l([01 26.71])
— U (o5 0 1)71(00,55/2D) — | o1} (10, €15, /2D

J<i i<iy

(Here we ignore (pj, o f)71([0,2¢;,]) if j» = k.) (4) If j; = jp and if i1 < 4s,
the restriction of (m;, 5., pi;,5,) 0 X4} j1iz .0 ﬂp{l’ljl(]O, 2€5, ,5,]) is a C submersion
into Xi, 516,50 X 10,2€4,,5,]. (5) If j1 < ja, the restriction of (m,, j,, 05 © f) to
Xk, .31,i2,52 15 & C°° submersion into Xk, j, ks, 51 X ]0,25j1_].1 (6) If j1 < jp and .1f
i < kjl’ the restriction of (ﬂ-ilyjl) i pil,jl) to Xiz,jl,iz,jz n,pil,j»l ([Eil,jl /2’ 251'1,.7'1]) 18
a C'°° submersion into (Xil,jhil{jl ><(f,ﬂ’jl) (le,jz ﬂpj_ll (]07 281'1]))) X [5%'1,.11/27 2€i17j1]°
(7) The set Ui,5)> (kjy 51) Xk, 1,43 1S compact. (8) If i1 < kj,, the sgt U(s,5)>(i1,51)
X"lv]l)”'i.’ n p'/:}'yl([o’ 2611)31]) is CompaCt' .

It is easy to see existence of a removal data of {T}, T; j}; ;- Indeed, it suffices
to choose {¢;;} so that 0 < €11 <« o0 and &;; > ey ;v if (4,7) < (¢,5'). (Only
condition (6) is nontrivial. For each (i3,71) > (1,71), the restriction of (mi, ;;, f) -
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to Xiy i N |Tig,jul and (i, 5,y 03y gy ) 10 Xig iy N [Ty, | are C°° submersion into
Xisjr X(f,m5,) (Y5 N 1T5 1) and X, 5, x R, respectively, by conditions (sc2) and
(sc3). Hence (6) holds.)

In the case where f is proper and the connected components of ¥; are bounded in
R", we need to and can easily generalize the above definition of a removal data. For
each 7, let {Yj‘}lep ; denote the family of the connected components of ¥;. Replace

the above {&;;}, Xi, j1 iz,g2r- -~ With {€i 1} ) e er;

Xiz,jz N f (le) N W;;ljl(f_l(y'll)) (Pj1 o f)—1<[0 25j1,l1])
- U onT00e5/20 — U pi5,00,€55.0./2D

j<j1 i€l ‘ 1<%
for ;€ le and [3 € Fjg,

. Then the generalization is clear. We omit the details.

If we undo the assumption that the connected components of Y; are bounded,
the generalization becomes complicated. See [S] for it. We need not consider this
case in the present paper by the following lemma. |

Lemma 2. In the theorem, we can assume that each connected component of
Y; is bounded in R™.

Proof of Lemma 2. In this proof we shall frequently shrink |T; ;| and |Tj|
without telling. Considering the unions of strata of same dimensions, we assume
dimY; =4, 7=0,...,k, only now. It is easy to construct a C*° proper function
€ on R™ such that for each y € Y}, £ is constant on 7r3'1( )y Z+ [- 1/3,1/3] =
Uzez[2—1/3,2+1/3] is common C* regular values of all f and &ly,, 7 # 0, and

EYo)N(Z+[-1/3,1/3]) = 0. Set

y;.’:Yj—g—l(Z) and Y] =Y;;1NEYZ).

Clearly {Y},Y]'} is a C* stratification of Y such that the connected components of
the strata are botmded in R™ and each Y; is the union of Y} and ¥;” ;. We want to
construct a strongly controlled tube system {T’ = (|T}], 3, pj) T = (|T7], 7}, 7))}
for {Y;,Y]'}.
Set
T =T~ €4(2), pj=p; on [T}l and
T} = [Tyl NE€H(Z +]-1/3,1/3]).

Let £ be a C* function on R such that
¢(z) =(z—2)®> on [2—1/3,2+1/3] for each z € Z.

Set
o] =pjr1+& o0& on |Tf|.

For the moment, set 7r;- = 7r3, which we need to modify.
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We want to define 7/ first on ¥;411 N |T;'| so that for j < 5, |

" " ‘
7TJ o 7TJ+]_ = 7!']+1 o ﬂ‘j/
Yip1 N [TV
"o 1 on Xyt jl
Pj O Tjr = Pj e

Shrink |T}'| sufficiently. Assume that there exist a vector field {v;+1} on {YJ_H N
T} such that v;41§ =1, and for j < 7/,

Iy . AT j+1Vj 41y = Vj+imja(y) |
ov'(i+1,5+1) dp! 0 | or v BNl
PjVj +1y = U '

Define 7 on ¥;11N|T}'| so that {W;,—l(y)}yeyjﬂ is the integral curves of vj+1. Then
j satisfies the required properties. Extend 7} to |T}'| by setting T =] oMy
Then it is easy to see that {T}'} is a strongly controlled tube system for {Y;’}, and
for j < j/, the former equality of ct(T}', T;:) and (sc) for (77 ,P])iY/nr_r"] hold

We now construct v;. Since £y, is C°° regular at Y3 N £~1(Z), there clearly
exists v1. Assume that we have already constructed v; for all j < k. It suffices to
construct vg. Moreover, consider the following downward induction Let I < kbea
nonnegative integer. Assume We have defined vx on Y N|T}_;| N (Ur<jck— 1|T5']) so
that cv/(j+1, k) hold on Y;N|T} 1|ﬁlT”| forall j with! < 7 < k—1. Then it sufﬁces
to extend vg to Y N|TY_{| N | /| so that cv/(I 4+ 1,k) holds on Y N [T} _;| N |T}],
because we easily extend v deﬁned on Y N |Ty_11 N (Uj<k-1|T}']) to Yi N |T,2’_1[
by using a C'*® partition of unity. ' '

Note that cv/(I+1, k) for vg holds on Y N|TY_ |0 |T}| N (Upsj<k 1|T}']). Indeed,
- the former equality follows from ct(Zj4+1,7j41), ¢v'(j + 1,k) and cv’(l +1,7+1),
and we have

dp}vky = dpry1Vky + d(€ 0 E)viy
=dpi4+1 0 dTj+1Vky + d(§' 0 &) 0 dmj11vky
=dp; 0 dmj11Vky = Ao}V 11m; 0 (y) = O |
for yeYen|T_i|NIT)|INIT}], 1<j<k-1

Forget T}', | < j < k-1, and consider only T}’. For sufficiently small |T}

the map (7rl+1,pl )lyka,;/ JniTy) is a C° submersmn into Y41 X R. Hence we
have a C* vector field vg; on Yi N|TY_,|N|T}’| such that v€ =1 and v/ (14 1,k)
holds. Consequently, pasting vi and vg; by a partition of unity, we can extend v to
YN |TY_,|N|T}"|. To be precise, let § be a C* function on Yx such that 0 < 6 <1,
6 = 1 outside Y, N (a sufficiently small neighborhood of Ui<j<k-1Y;" in R™) and 6 =
0 on YN (a smaller one). Shrink [TJf’|, | < j < k—1. Define vg, to be ug;+ (1 —6)vk
on YeITY4 | [TY10 (Ut kT2, vit 08 YN ITL 1| AITY] — (Ures <t TY]) and
vk on Y N|T{ ;|0 (Uicj<k—-1|T}'|) =T}’ - Then vy satisfies the required conditions.
Thus we obtain {T}'}. '
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It is easy to see that for j < j/, ct(T},T}:), the former equa,h'ty of ct(T},T}),

(sc) and the conditions of a tube system hold. If j +1 < j, then the latter of
ct(T}', T},) also holds because

p;.'o'zr;., =p;.'o7rj, = pj4+1 0™y +§’o§o7rj/
=pjt1+& o0k = p;-/ on IT{’| N [TJIII

But the latter of ct(Z}’,T},,) is not correct. (We need not consider ct(T3, T;r)
because we can choose IT’ | and |T7/| so that they do not intersect.) We modlfy

;.1 so that this holds as fo]lows

Shrinking |T}41| we assume p;+1 < 1. Let V; C V be small open neighborhoods
of Y/ x Z x 0 in Y/ x R x [0,1] such that Vi C Vs, and the image of V5 under
the projection Y;" x R x [0,1] — ¥}” x R is contained in (7, &) (Yj41 N |T}]). Let
a = (a1, 02,0a3) be a C™ dlffeomorphlsm of V' x (R - Z) X [0 1] such tha.t

a=id on Y/ x (R—12)x0,
ai(y,s,t) =y, oa3(y,s,t)=t, and
+((s—2)2+ )12 42
az(y, s, t) = on ViN(Y/ x([z—1/3,2+1/3] ——z) x[0,1]), z€ Z

5 outside Vj,

whose existence is easily shown if V; is sufficiently small.

Modify 7}, to be
(' Olyyanizy)) ™ o (e, 02) © (], €, pj) on [Tfa| NITY,
and do not change 7/, on |T +1|— |T'|. Then it is clear that {77} is a tube system

and (sc) is satisfied. Note that 7}, does not change outside (7r] & pj+1) " H(V2).

Hence ct(T r+1»Tj41) can hold for any 7' < j because we can choose small V; and

shrink |T" +1[ so that (7, &, pj+1) (V) and |T},, ;| do not intersect.
Moreover we have

mj 0 My =75 o (17, E)ly; amimy)) 7h o (a1, @2) 0 (7, €, pysn)
= oy 0 (17,&, pj1) = 75
on (n},& pjy1) " (V1) NETH([2-1/3,2+1/3] = 2), z€ Z,
and P 0 ip1 = pj o (17, E)ly; anmy) ™F o (a1, a2) 0 (], €, pjs)
€ 0 €0 (), ©)lyyanimy) ! o (0,02) 0 (17, ,py41)
=0+¢& 0ag0 (n},£ pje1) = (6 — 2)> + pjr1 = on the same domain.,
Therefore, if we shrink |T7'|, ¢t(T}', T} ) holds.
If y/ < 4, ct(T’ 7»Tj11) continues to hold. Indeed, this is clear on [T” | O |T5 1] =

(v2,€, ps41) (V). Shrink |T.,.,| and [TV 0 that 17,101 [T} (6, pi41)
(Vl) Then, on |T3| N |T: +1|ﬂ( J,§,pj+1) 1(Va), we have :

(ﬂ-”p])o (( 7p3)°7r/l)° J+1

= (m}), p) 0 (7r”o7rj+1) (75, p5r) o 5 = (nf), pfh).
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Thus a strongly controlled tube system {TJ’ , T’} is constructed.

From now on we remove the assumption dim Y; = j, and we change the definition
of Y} for

| Y =Y;ne(2).
In the same way as above, set
Xij=Xi; = (o f)™H2) and X[, =X;n(€0f)Y(2).

We want to define a tube system {T}; = (li}”j|,7r§’j,p§~’j),'1“i’,’j = (|Ti’,’j],7r§fj,p§',j)}
for {X; ;, X{';} strongly controlled over {T},T}'}. Let f denote the extension of f
in condition (scl) of strong controlledness.

Set

Tl =1Tesl = € )™H@), 1TV = 1Tos N (0 Y12 +]-1/3,1/3)),

T = Ti,j

!/
pi; = pi,j} o gl and
" A 3 /"
Pij=pij+&§o&of on |T;|
The definition of 7;’; is similar to that of m; as follows. Shrink [T}/
Then there exist C*° imbeddings

Oi: Xiy NI — Xi; x R
of the form (6; ;,£ o f) such that

| sufficiently.

x 1
0;;=id on X,

x 1 . "
f o 92’.7 = 71'] o f on XZ,] N ljﬂ’b,j|’
* i /!
55 0Ty on Xy N |Ti(,j/| N lTi,j|! and
" N " Y Y
Pij © Uy = p;; on the same domain if j = 5.

"o __ px o 7 : 7 : "o . m o
Set mi’; = 07 ; on X ; N|T}";|, and extend it to |T;';| by setting 7{; = n}'; o7y ;.

The tube system {T; ;,T;’;} satisfles the required conditions except that

ﬂ'i,j o 9;‘1,‘7'/ - 9

/ 3 /
fomj=miof on [T} ,

- But we can modify 7] ; S0 that this equality holds in the same way that we did 5
We omit the details. Thus we prove the lemma. O

Lemma 3 (I.3.2 in [G-al] and its proof). Let X, Y, {X,,;}, {¥;}, f: X —
Y, {T;;} and {T}} be the same as in the theorem except for the assumption that f
is proper. Assume dimY; < dimYj for j # 1.

Given a C™ vector field v on Y7, there exists a controlled vector field on {Y;}
which is an extension of v;.

Given a weakly controlled vector field v¥ = {v;} on {Y;} and a vector field
{vi,i}i on {Xi1}i controlled over {v1}, there ezists a vector field on {X; ;}; ; which
18 an ectension of {Ui,l}i and controlled over vY .

[G-al] treats only Thom maps. But the proof works in our situation. See [S].

Lemma 4 (1.4.6 in [G-al]). In the same situation as in Lemma 3, a controlled
vector field on {Y;} and a vector field on {X; ;} controlled over a locally integrable
vector field on {Y;} are locally integrable. o :
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§4. PROOF OF THE THEOREM

Proof of the theorem. Assume dimY; < dimYj4; and dim X ; < Xj41,5. Let
the sets of indexes H and H and an order in H and H be given as in §3. By Lemma
2 we can assume that each connected component of Y; is bounded in R™. But, only
for simplicity of notations, we assume, moreover, that Y is compact. The following
arguments work in the noncompact case. (See a generalization of the definition of
a removal data in §3.) Let a removal data & = {&; ;}jer of {Ti, Ti5} i 5 em P
fixed. Set ek, ; = €. ‘

Set |

=Y; - Upl 10,e), 7=1,...,k,

i<j

which are compact C*® manifolds possibly with corners. We want C'° triangu-
lations (Lj,g;) of Y such that for j < j’, the restriction of g;1 omjo gy toa .
neighborhood of g 1(,0J 1(¢;)) in |Lj| is a PL map to |L;|. We call the property
PL(j,5"). (Proposition 1.3.20 in [S] shows the existence. But we repeat the proof
because we shall use the idea.)

We construct the triangulations by 1nduct10n If we apply Lemma 1. to the
constant map Y7 — 0, existence of (L1, g1) follows. Let 1 <3 <z < k be integers.
Assume we have constructed (L;, g;) for all j with j < Iz and a C triangulation
(Li;, g1,) of a neighborhood of ¥}5 N (Ull<j<12pj_1(5j)) in Y)S with PL(j, l3) for all j
with 1 < j < l5. Then shrinking the neighborhood we need to extend (L, g1,) to a
C® triangulation of a neighborhood of ¥}’ N (U[1_<_j<12p3:_1(€j)) with PL(ly,12). Let
l1 < j <la. By PL(l1,7), PL(J,12) and ct(T},,T}), the restriction of gflom1 og, to
a nelghborhood of g;, l(pl1 (e1,) N p; ~1(e;)) in |Li,| is a PL map to |L,|. Note that
Y£Np; ' (e1,) is a disjoint union of faces of Y7, and ¥; Npy, Yew)N (U <j<taby ;) |
is a union of subfaces of ¥}> N p;. 1(e;,). Hence by Lemma 1 we can extend (Ly,, gi,)
as required. Thus we have a C* triangulation (Li,,gi,) of a neighborhood of Y
in Y with PL(j,l) for all j < lo. A further extension to whole ¥;] follows from
Lemma 1 applied to the map ¥} — 0. Therefore, there exist (Ljy95),7=1,...,k.

Note that for 1 < j < j' <k, g Yo7 p; (gj)) is the underlying polyhedron of a

subcomplex of L;/. For a simplicial complex K, let K’ and K denote the barycentric
and some subdivisions of K respectively.

Set
=Y - 0,al, i=1,-.. .k

I<j

Note that
Y=Y, Y=Y and Y =Y, U(Y} N p5 Y([0,e]), 7=1,...,k—1.

We want to construct (not necessarily C*) triangulations (LJ , g+) of Y'*' such that
for1<j< j' <k, gj,l(pj 1(63)) is the underlying polyhedron of some subcomplex
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L3,(5) of LY, the map off (): |L%(5)| — |L;] is PL,

L (L;-{-l) uc, I (3)(L3+1( ) f‘j)a

g+1(3), = g+1) nC, + (J)(LJ+1(J) L, i)

9; IIL;"+1| —‘gj+1 and 9; ||Lj| = 9j

where | o5 (§) = g5 om0 (gﬁllL;*,(Q')l)'

(This is shown in the proof of Corollary 1.3.21 in [S]. We shall need the same
procedure.)

We define (LJ , g+) by downward induction on j. Clearly we set LT = . and
g = gx- Let 1 < j < k be an integer, and assume (Lj+l’g]+1)’ Set

gt = { 93-':-1 on ’L3+1[
’ gj on  |Lj].

We need to subdivide L;‘H and L; so that aﬁ_l(])v L/j;(y) —Lisa simplicial
map and then to extend g to C, 5 (J)(| th(y)| |L;|). The former requirement
is clearly fulfilled since o +1(j) is PL For the latter it suffices to find a homeo-
morphism 6;: ¥;* N pj"l(]O gi]) = (Y;7n pj_l(aj)) x ]0,¢&;] of the form (67, p;) such
that 7; 0 67 = m; and 65 = id on Y+ N p; Lej). Indeed, by such §; we can iden-

tify Yj'F mpj 1([0,&4]) Wlth Cr,l N— )(Y+ Np; ey, YF), and we can naturally

extend g t0 Cps (i) (L5, ()], 1L)). Tt is clear by ct(Tyr, Ty), PL(f', ) for §' < 5

it
and by the properties of a mapping cylinder that (L{r,the extension) satisfies all
the requirements.

Existence of §; immediately follows if we apply Thom’s Second Isotopy Lemma

to the sequence of maps Y np;t(10,e5]) 2 (rs.09) mi (Y NpyH(e;)) 10, g5l — Ered g, &)
(Note that =, (Y"" Np; '(e;)) does not necessarily coincide with Y?. We will show a
more precise construction of §; later because we need another addltlonal property.)
Thus we have the required (LJ , 95 .

Set

X«,ij=Xi,j‘U(pj’°‘f) 053 UP,E(OE} JD for (Z,])EE’

J'<g i<

which also are compact C° manifolds possibly with corners. We will construct
C® triangulations (Kj j, h; ;) of X ; with the following three properties. (1) For
(i,4) € H, the map g_loth 350 | K ;| — |Lj| is PL. Let (i1, 71) < (i2,72) € H. (2)

If j1 < ja2, the restriction of hhlJl o 7‘11 1 © hi, i, to a neighborhood of h22 2 (ph o

’ ) l(Ejl)mp‘ll,Jl (]0 611’31})071-11’31( ’Ll Jl)) ln h”Lgl_]g(pll,Jl (]O 811:]1])m7r1,1,_71( 1.1 31))
is a PL map to |Kj, 5| (Here we ignore p; ", (10,€4,,5,]) if 41 = kj,.) (3) If j1 = Ja,
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the restriction of hulj1 O Tiy,4y © hiy 3, to a neighborhood of A;} 52 (P ,13-1 (€i,5,)) In
|Ky,5,| is a PL map to |Kj, j,|-

As in the case of Y7, we construct them by induction. Existence of (K1,1,h1,1)
with (1) is clear by Lemma 1. Let (i1,51) < (i2,52) € H. Assume we have
(Ki’j,hi,j) for all (’L,j) < (’iz,jz) and a C* triangulation (Kiz,jzahiz,jz) of the
following set with property (1) for (iz,j2), (2) for any pair (7/,j') < (ia,72) with
(#,5") > (41, 71) and (3) for any pair (¢, j2) < (i2,2) with (7', j2) > (41,71)

U (a neighborhood of X{, . N (p; o f)~ (e;) N Uy (X": )

12,72
(7".7)>(11).71)2J<.72
in X} ﬂ7r‘1( $i)

12,52

U U (a neighborhood of X, ;, N pi, (i 5,) In XE, 5,)-
(i1,51) <(#",42)<(i2,2)

We call such (K, j,, hiy,j,) & C°° triangulation of R(iz, ja,4;,7;), where (i1, 5})
denotes the minimum of the elements of H greater than (iy,j1). We extend
(Kiy ja» Pig,j,) to a C°° triangulation of R(ia, j2,1%1,71). Let g5 > &5, be a number
sufficiently close to €},

There are four possible cases: (i) j1 = js, (ii) j1 < j2 and i1 = kjy, (iii) j1 < Jo,
11 < kj, and i3 = 1 or (iv) ji < j2, 41 < kj; and i3 > 1. In case (i), the arguments
on the extension are the same as in the case of Y}, because we do not need con51der
(2) and because (1) follows from (1) for (i, J1) and (3).

Assume (ii). We easily see the following three facts. First the fibre prod-
uct [Ki, g, | X(fohs, 5,75, 005,) gj:l(,oj_ll([ajl,53-1 D) is a polyhedron. (We treat not
95 (o5, ([es, €5,0)) but g3, (03, (le51, €5, ), because g7 (0.1 ([e5,,€7,])) is mot al-
ways a polyhedron. But g, 1(,oj"ll([ej1 ,€5, [)) is non-compact and hence does not ad-
mit a finite simplicial decomposition.) Second, the restriction of the map (ks, j,, 95;)
to some simplicial complex whose underlying polyhedron is this polyhedron is a
C* triangulation of the fibre product X7, ; X () (Y N p;ll([ejl,a;-l[)), which
is a C*° manifold possibly with corners. Third, the restriction of (m;, j,,f) to
X5, 52 N (g 0 ) lesu, €5, ) Ny (XE 5,) is @ C™ submersion onto a union of
some connected components of the preceding manifold possibly with corners and,
moreover, satisfies the conditions in Lemma 1. (Lemma 1 treats only compact sets,
and the present sets are not compact, But the problem is only around the com-
pact set X7 . N (pj, o f)7Hey) Ny, Jl( i.;,)- Hence Lemma 1 is applicable.)
Therefore, an extension of (Kj, j,, hi, j;) to a C* triangulation of R(i, jz,%1,J1)
is possible. .

Assume (iii) or (iv). In these cases, the preceding arguments do not work.
Indeed, the given (K, j,, hiy,j,) defines only a C triangulation of a neighborhood
of Xtez »Jz (le © f) 1(531) n 71—1-1 .71( 1'1,.71) n p1-1,.11(6‘1’11) in X Z2 2J2 n 7r.1—1.1.71( i .71) n
pil, i (€i,,5,), but for application of Lemma 1 in the preceding way, what is necessary
is a. C* triangulation of a neighborhood of the same set in X}, . N} 131 PRI
P 20, €:,,5:]). Hence we need such an extension of the C* triangulation.

To be precise, set

M X‘LEQ ,J2 N (le ° f) 1([8.71’6]1 [) nﬂ-’zl 31( 11 ]1) N pz—l}]l (]O’Eilyjl])7
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which is a C'*° manifold possibly with corners. Then we have

M = AUBUC UD,

where A=Mn(pj 0 f)—l(ejl)’ B=Mn( U pfzjlz (€i,52)),
' 1<iz

C=Mnp;; () and D=Mn(|] e} (6i4)),
1<t1

hi:2 ;jz (M ) is the intersection of the open neighborlllood hli—;j? (P 0f) " ([e40,€5,D) of
hi, i, (A) in | K, j,| and the closed polyhedron iy s (T (X )ﬂp[l}jl (10,4, ,511)),
and M NIm h;, j, is the union of C and a closed neighborhood U of B in M. Hence
 (Kis,4a» hiyj,) induces a C*° triangulation, say, (K,h) for simplicity of notation,
of U U C, which equals (Kj, j,, hi, j,) around hi‘z,lj2 (A). Shrinking U, we need to
extend (K, h) to a C* triangulation of U U (a neighborhood of AN C in M).
Assume (iii). Then B = (. Hence the extension follows from the following note,
which is clear by condition (6) of a removal data of {T; ;}. _
Note: There exists a C diffeomorphism 6: M N p; % ([es,,5,/2,€4,5,]) = C X
[6,'113'1/2, 51'1,.7'1] of the form (9*, pihjx) with Tiy,51 © " = Ti1,71 and f 0f* = f
Case (iv) remains. The situation is more complicated. The note is not sufficient.
Indeed, (K, h) would change if we used only the note, since B # §. Given a subset
E of M such that h~1(E) is the underlying polyhedron of some subcomplex of
K, let Kg denote the subcomplex by abuse of notation. We can assume that the
closure of the interior U° of U as a subset of M coincides with U, and |N(Kp, K)|
does not intersect with the boundary of |Ky| as a subset of |K|. Let a > 1 be a
~number close to 1. Let 3 be the simplicial function on K defined by 8 = a at the
vertices |KQ N K| — h~}(U°) and B8 = 1 at any other vertex. Clearly 8 =1 on
|IN(KB, K)|, and the polyhedron U,¢ g, X [1,8(u)] has a natural cell complex
structure. Paste the barycentric subdivision of this cell complex with K’ by the
identification of |K¢| x 1 with |K¢| in |K|. Let K denote this simplicial complex.
We want to define a C*° imbedding h: K — M so that (K, 77,) is the required
- C* triangulation. By 6§ in the note in case (iii), we can regard (M, C) as (C x
l€iy,5./2,€iy 5, ], C X €4, 5, ), because the problem is only local aroundC. We call the
latter pair (C x 10, 1], C x 1) for simplicity of notation. Let h be of the form (hi, h2),
where h;: |K| — C and hy: |[K| —]0,1]. Set
i { (h1,(2 = B)h2) on |K|
| (ha(u),t+1—B(w)  for ue|Kc|andte[L,Bw)

Note that & = h on |[N(Kp, K)|. Let a be sufficiently close to 1. Then h|g’ is a
strong approximation of h. Hence by 8.8 in [M], 77,{ k' is a C*° imbedding. On the
other hand, by the above definition of A, h outside K’ also is a C* imbedding.
Moreover, it is clear that A is a C'® triangulation of a neighborhood of BU(ANC)
in M.

In both cases of (iii) and (iv), we can extend (K, j,, i, j,) to a C°° triangu-
lation of R(is,j2,%1,71) in the same way as in case of (ii). That completes the
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induction step. Thus by induction we have a C* triangulation (K, j,, hi,,j;) Of 2
neighborhood of X}, ;, in X7 Its further extension to a C'°° triangulation of

J2 12,j2°

Xi, 5, With (1) follows if we apply Lemma 1 to the map fIXs P X5 5, Y

12,72

As in the case of Y}, note the following property. Let (i1, ]1) < (i2,72) € H. The
following set is the underlying polyhedron of some subcomplex of K, ;, :

-1 . . .
hzz,h(pzlgl(gu,.’u)) if j1=jo,

hipia (o4 0 F)Heqn) Nk (X5 ;) if 41 =kj and j1 <z, and
hipn (04, 0 £)™ e ) Ny (X5 51) N oY, (10, 641,5,]))  otherwise.

For each (i,7) € H, set

XN i (X5;) N e (0,45 if j=k
N;j; = Xﬂ(pjOf)'l([O,sj])ﬂw.‘.l(X-E-) if i=k;, i<k
X N (pj gf)”l([O,sj]) N 7r'1( )N pi; 1([0,:.4]) otherwise,
N{’j = Ni,j N U Nil,j/ and X:} = U N,,;/,jl.
' (#,3)>(3,9) (#,3") 2 (4,)
Since X;; = X, the theorem follows if we can construct triangulations (K A hjj)
of X; +~ such that the following three conditions are satisfied. For (4,7) € H,

;' 1 fo h"’ K| — ILT] is PL. For (i1,51) < (42,52) € H, hi; YNy, 50) s

12,J2

the underlymg polyhedron of some subcomplex K;: 211, 1) of K iy 804 the map
af (i1, 51): |K 5, (i1, 51)] = |Kiy 5] is PL, where

+ iy — pl
aiz,jz (217.71) et hilvjl o 7T1:1,Jl (h22’12| 12 ]2(1,1’_71)[)

For (3,j) € H, let (¢/,5") denote the minimum of the elements of H greater than
(2,7). Then

i = (K33 UGy o (K (1:9), Kag),

K 3) = (K ;)0 Co j/(m)(K o (1,9), Ki),

+ _ o+ —
hijliig 0= hiy and Al = hig.

Here ’ and " denote the barycentric and some subdivisions respectively.
We construct (K, h;) by downward induction as (L}, 9;)- Then by the same
reason, it suffices to ﬁnd a homeomorphism 6; ;: N; ; — X{; — N ; x]0, 1] of the

form (6} ., 6:*) for each (7,7) € H such that

4,57 74,]

(a) 0;;=id on N;; m;=mijo0;;
(b) pjof=0;-pjofob;; if j<k, and

() Gof=60fob;; on Nij—(pof)7H(0) i j<k
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_ It j =k, 6 is constructed as §;. So assume j < k. To distinguish elements of
H, we call (3,7) (i0,70) and use the notation (2,7) for a general element. Since the
problem is local around N;, j,, we assume

Ilr‘i,j‘l C lTio,on and |T,J, - Iriol for all (7'7.7) > (i07j0>'
Set |
Xogij) = U X jr and Yo, = U Yy for (i,j5)€H and ?¢ {=,>},
(i,3")2(65) 3'7

and let ®Z or ®(Z) in R™ x R™ denote the fibre product Xj, j, x Fiso) Z for a
subset Z of Y>;,. Define naturally a C* map @ f: X >(i0,50) — ®Y>j,. Then we can
easily construct a strongly controlled tube system {&T; = (| @ Ty|, ®;, ®p;)}i>jo
for {®Y;};>;, such that for each j > jo, ‘

®|T;| C | @ Ty,
®mi(z,y) = (z,m;(y))

©05(2,9) = p;(0) } or (my) € I},

and {ﬂ’j}(i’j)z(io’jo) is strongly controlled over {®T;}i>j0- Letpx: ®Y>j, — Xig 4o

- and py: ®Y>j, — Y5, denote the projections.

Let us specify the construction of 0% as in the proof of 1.5.8 (Thom’s Second
Isotopy Lemma) in [G-al]. There exists a controlled vector field {vi}isjo on {¥;N
p5, (10, 2¢5,) } 5>, such that |

(%) drjov; =0 and wvpjo =1, j > jo.

(The existence follows if we apply Lemma 3 to the map (Tjo, 50): YN pj_ol (10,2¢,4)
— Yj, x]0,2¢5,[.) Then by Lemma 4, {v;} is locally integrable. Hence if we define
050 = (83,5 pjo) so that for each y € Y}_(*)_ n p]‘;l (€30),

9;-‘0_1(y) = pj—ol (10,£5]) N (the integral curve of {v;} passing through y),

which is possible by condition (3) of a removal data of {T}}, then 6, fulfills the
requirements.

Multiplying v; by pj,, we replace the latter equality of (x) with VjPjo = Pjo- Let
(*)" denote the new equalities. Define a C* vector field v;, on Y;, to be 0. Then
v¥ = {v;};>;, is alocally integrable and weakly controlled vector field on {Y;}i>40-
(Local integrability around Yj, follows from (x)’.) '

‘We want to lift v¥ to a vector field v on {Xi,5}(4,5)>(i0.50) Which induces 6} ;
as v¥ does 6. First we lift v¥ to {®Y;}. Since dmj,v; = 0, there exists uniquely a
vector field v®Y = {®v;},>;, on {®Y;};>5, such that

dpx ® Vjz,y =0 and dpy ® Vjzy =vjy for (z,y) € Y, 7> jo.
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Clearly v®Y is locally integrable and weakly controlled, and it induces the homeo-
morphism :

@55 165 (0,€2])) 3 (2,8) — (2,05, (0)) € B¥;F 137 (50)) x 10,55)

Second, by the same reason as above we obtain a controlled vector field {v; jo Yi>io
on {Xi,jo}i>io such that

(**) dﬂ'io,jovi,jo =0 and Vi,jo Pio,jo = Pio,jor ¥ > 20

Set vig,5, = 0 on X, j,- Then {vi o }i>io is a locally integrable vector field on
{Xi,jo Fizio-

Third, by Lemma 3 there exists a vector field vX = {vi,5},5)> (i0,50) OB {Xij
}G,3)>(io,do) Which is an extension of {v; ;, }i>s, and such that {i5}6,5)> (i0.,j0) 1S
controlled over v®¥. Lemma 4 claims that {vi,3}(4,5)>(io,jo) 18 locally integrable.
 Moreover, it follows from (*)’, (**) and controlledness of {v3,5}i,5)> (o jo) OVeT V&Y
that v is locally integrable around X;, ;. -

In the same way as we defined 67 , we do 6}, . so that for each z € N/

0 10,J0 20,70

6;"073{) (z) = Niy,jo N (the integral curve of v* passing through z),
which is possible by conditions (7) and (8) of a removal data of {T; ;}, if vX points
outside of NVj, j, at each point of N/ , . The last condition is satisfied at Ny, s
(pjo © £)71{0,€5,}, and hence, by weak controlledness of vX, at a neighborhood of
N{ . N (pjs o f)~10) in N, ;.- Therefore, it suffices to choose sufficiently small

10,70 .
ejoci This means that when we fix {; ;} at the beginning of the proof, we construct
also Gi,j. :

By (b), 85 ;, is automatically defined on Nj, ;o — (05, © £)~1(0). It is extensible
to Nig,jo N (pjo © £)7H(0) — X¢, ,, for the following reason. Let w:  — X>(i0.50)
1 C X>(i0,50) X R, denote the flow of vX. Then by (*) we have

16,70

w(z,logt) = Bif),ljo(:c,t) for (z,t) € (N}, j, — (Pjo © £)71(0)) x ]0, 1].

Conditions (a), (b) and (c) are satisfied. Indeed, the former equality of (a) is
trivial. The latter follows from controlledness of {43} 5,7)> (i0,50) OVver v®¥. (c) is
clear by the definition of 0%, and 67 . and the same controlledness. O
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