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MATRIX COEFFICIENTS OF THE MIDDLE DISCRETE SERIES OF S U(2,2)

REKFHER S RHFE (TAKAHIRO HAYATA),
ZERFHE HEERE HARUTAKA KOSEKI),
KRR B (TAKAYUKI ODA)

1. INTRODUC"I’ION‘

Among the discrete series representation of the non-compact real unitary group SU(2,2)
of signature (2+, 2—), there are representations whose Gel’fand-Kirillov dimensions are 5.
Because other discrete series representations have Gel’fand-Kirillov dimension 6 (the large
discrete series), or 4 (holomorphic or anti-holomorphic discrete series), and also because
the (g, ¥)-cohomology of these representations have “Hodge type” (2,2) (others (3,1), (1,3),
(4,0), (0,4)), we call them the middle discrete series.

We determine the A-radial part of the matrix coefficients with minimal X -type of a repre-
sentation belonging to the middle discrete series in this paper. It is written in terms of Gauss-
ian hypergeometric series (Main Theorem 5.5). Our method of proof is a direct computation
of the A-radial part of the Schmid operator, a gradient-type operator which characterize the
minimal K-type vectors in the representation space of a discrete series representation (§3).
The obtained operators constitute a holonomic system of 2 variables with rank 2 (84). Itis
rather complicated difference-differential equations. We honestly solve this system step by
step. -

2. THE GROUP SU(2,2) AND ITS DISCRETE SERIES

2.1. Structure of SU (2, 2) and its Lie algebra. Let G be the special unitary group SU(2,2)
realized as ‘ _
G = {g € SL4(C) l 9*12,29 = IZ,‘Z}’ ' ‘[2,2 = dla’g(la 1) _1a —"1)3

where g* = g denotes the adjoint of a matrix g. Let U (n) be the unitary group of degree n.
Take a maximal compact subgroup K = G N U(4) = S(U(2) x U(2)). We denote by g, ¢
the Lie algebra of G, K, respectively. Let §(X) = —*X be a Cartan involution and g==%t+p
the Cartan decomposition of g.

We set a = RH; + RH, with Hy, = Xy3 + X3, Hy = X14 + X41, where the X;;’s are
elementary matrices given by

Xij = (0ip0jq)1<p,q<a  With Kronecker’s delta 6.

Then ais a maximally R-split abelian subalgebra of g contained in p. Then the restricted
root system A = A(g, a) is expressed as

| A=A(g, a) = {£A £ Ay, 22X, £2X5}.
where ); is the dual of H;. We choose a positive system A* and a fundamental system
Afund of A:

A+ - {)\1 :L‘. /\2, 2/\1, 2/\2}, Afund = {/\1 - /\2, 2)\2}
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‘We also denote the corresponding nilpotent subalgebra byn=>) pen+ 9p. Here gg is the

root subspace of g corresponding to 3 € A*. Then one obtains an Iwasawa decomposition
of g and G '

g=n+a+¥ G=NAK,
with A = expa, N = exp n. Now let |
Ey = Hi3 — V-1X13+ V~-1X31, Ep= Hy —V~1Xp4 + vV—1Xg,
B3 =1/2(X12 — Xo1 — Xua+ Xos + X320 — X1 — Xz + Xa3),
Ey=vV=1/2(X15 + Xo1 — X14 — Xo3 + Xao + Xa1 — Xas — Xa3),
B =1/2(X1g — Xoy + Xug + Xoz + Xao + Xy + X34 — Xy3),
Es = vV=1/2 (X12 + Xo1 + X14 — Xo3 + Xsp — Xa1 + Xas + Xa43),
where H;; = vV—1(Xy — X;;) for1 <i < j < 4. Then it is easy to see that
g2, =RE; (j=1,2), gasx =RE3+RE;, gx_», = RE; + REs.

2.2. Parametrization of the discrete series. Let us now parametrize the discrete series of
SU(2,2). Take a compact Cartan subalgebra t defined by

t=RV—=Ir' + RV=Th? + RV—1L, with h! = Xy; — Xp3, B2 = X33 — Xu
and let tc be its complexification. Then the absolute root system, of type As, is given by
K = A(ge, te) = {[£2,0;0], [0,£2;0], [+1, +1; 2] }.
where 3 = [r,s;u] means r = B(h'), s = B(h?) and u = B(I5). We write the set of
compact positive roots by Al = {[2,0;0], [0,2; 0] } and we fix it hereafter. The Weyl group
W = W(gc, tc) is generated by s;, 5o, 53 Where ‘
s1[r, s;u] = [—r, s;u),
sofr, s;u] = [(r — s +u)/2, (=1 + s+ u)/2;7 + 5],
s3[r, s;u] = [r, —s; u]. '
We identify W and the symmetric group &, of degree 4 by the map: s; — (4,7 + 1). The
compact Weyl group is given by W, = (s1, s3), also identified canonically with the subgroup
62 X 62. V ~ _ _ _ N
There are exactly six positive systems Af, A, ..., AY; containing A}, defined by At =
wyAT, where v
At ={[2,0;0],[0,2;0], [+1,+1;2] }
and the elements w; € W are given by
wr = 1, Wi = 8y, Wi = $283, Wiy = 5281, Wy = 525381, Wy = 52518352

We denote by &J{,n the noncompact positive roots in 73}.
By definition, the space of the Harish-Chandra parameters =, is given by

2. = {A € £ | Ais A-regular, K -analytically integral and Af-dominant}.
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Put=; = {A € Z, | A-dominant}. We also put pg ; = 271 > pekt B pe = 271 Y 5t B
and p;, = 271 pet, B the half sum of positive roots, the half sum of compact positive

roots and the the half sum of noncompact positive roots, respectlvely The space =, C t, are
divided into six parts: Z; = U< <y . For A € U< <y £y, We denote the corresponding
discrete series by m5. We say that 7, is the middle drscrete senes representation if A €
=i U Epv. Particularly in this case, we have

Afy = {[1, L ?*32]}, prin = [2,0; 0] Al ={[£L L, £2]}, pva =1[0,2;0].

2.3. Representations of the maximal compact subgroup. Let d;, d; € Z>y and d3 € Z.
For d = [d1, dy; d3] € t¢, define 7, € K by the following rule (j = 1, 2):

1 Ta(W) fotk, = (2k; — dj )fé‘f;)gz ) Ta(12, 2)fk1k2 = d3fk(:;11)927
7a(€’ )fk(:‘lil)m = ( ki) f (flal, ,k2+52, Ta(el )fklkz ks fk1 —815,k2—025"
Here, V;i ={f ,E‘li,)c | 0 < k < d }(c is the standard basis (see [2 §3]) and
h', R, e .Xm, g,_xgr_é ti

are the generators of EC Then accordmg to [2, Prop. 3.1], K is exhausted by
{(74,Va) | d = [d1,dp; d3), di + dy + d3 is even}.

The adjoint representation. Ad = Ad,. of K on pc¢ is decomposed into a direct sum of
two irreducible subrepresentationS' pc = p4 + p_, where,

pr=CXig+CXi+ CXos + CXot, o ="py. |
In fact, Adi = Ad ]p L 18 1somorphlc to 7j1,1;49]s respectlvely For later use, we ﬁx the

K -isomorphisms ¢4 : P = V129 (write fru = S

: (X23,X13,X24,X14) = (foo, fi0, —fo1, —fu), ‘
— (X1, Xa1, Xaz, X39) = (foo, fo1, —fr0, —fu1), (12, Prop. 3.10].)
The irreducible decomposition of t¢c-module V; ® pc is given as
V;i®pC; V;i‘® p~®Vd®p—~7 Vd®pi = @ V{r-&-q,s-t-ez;u:l:?]-
€1,62€{£1}

The projectors

PT(SE“Q‘)I Vd o2y P+ — Vv[r+51,3+£2;u+2]7 ?521,62) : ‘/d b2y P— _>"/[r—‘|—61,s+52;u—2].;
are explicitly given by [2, Lemma 3.12].
2.4.  K-types of the middle discrete series representations. Let 7, be the discrete series
representation of GG with Harish-Chandra parameter A € Z;. Then the Blatter parameter of

7p becomes A = A + pg,; — 2p,. In the following we put d = [r, s; u].
If A € =11 (resp. Epv), then the K-types 7, of 4 are parametrized by

[r,s;u]l withr > s+ 2+ |u|, r € Zsg, 8 € Zso, 7 +5+u € 27,
(resp. [r, s;u] with s > 7+ 2+ |u|, 7 € Zso, § € Zso, 7 + 5+ u € 2Z.)
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3. SCHMID’S DIFFERENTIAL OPERATOR

3.1. (7, 7*)-matrix coefficient of the middle discrete series. Let (7, Hy) be a middle
discrete series representation, and (74, V;) its minimal K-type. Put d = [r, s;u]. Then the
contragredient representation 7; of 74 is isomorphic to 7y, ,;_,;. We identify the represen-
tation spaces V,, V' with their unique images in H,, H} respectlvely Then the matrix
coefﬁc1ent of is deﬁned by

<7TA (g)v, w*>

for v € Vg, w* € V; C H. Here we consider a more convenient vector-valued function:

7r7' g) Z("TA fklafzg>fz]®fkl

2,95k,1

where {f;; = [r siu] }ij (tesp. {fu = [T 5= }kz) is a standard basis of V; (resp. V}). Then
we find that ‘I>7, - belongs to the followmg function space:

2o (E\G/K) = {¢: G = Va@ Vi | $lkagks) = ra(k1) ® 3 (k;))b(g), k; € K}.

For 51mphc1ty, we write the index M = (4, j; k, ) and coefficients cx;(g) = (ma(g) s fan)-
Due to the Cartan decomposmon G = KAK, cp(g) is determined uniquely by its re-
striction to A. :

Lemma 3.1. If ¢, is not zero, it satisfies the condition:
k1+ll+k2.+l2=r+s.
Proof. The centralizer of A in K is
{m = diag(u, Ge,u, @e) | |u| =1, e = £1}.
Therefore ¢ € C35. (K \G /K) satisfies
#(mam™) = ¢(a) a€ A,me Zg(A),
which implies the assertion. ‘ o O
We can construct two intertwing operators &%, ®L, using the matrix coefficients:
®F € Homy i) (ma, CR(K\G)),
@7 € Homg iy (m3, C2(G/K)),

by .
=D _(x(9)v, F5) fi
L. (w)(g) = 3 {fi 7 (g7 )w) .
kl
If we put : ‘
| = Zq’f(fkl)(g)@’fkl,

mem (fis)(9),
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then ®F_ (g) and DL,  (g) are identical to @, ,(g).

3.2. Some functions on A. We put a; = exp(t;) for the element a = exp(t; H; + tQHQ) of
the R-split torus A, We use for notation the following symbols: :

sh(x) =(x—2z7")/2, ch(z)=(z+z7")/2, -cth(z)= ch(z)/sh(z),

D = D(a) = sh(a}) — sh(a3), p = p(a) = ch(a,) ch(az), t =t(a) = (ch(al)/ch(ag))2,

N 0 0 0
z+(t) = (ch(a1)/ ch(az) % ch(ay)/ ch(ar)), ; = ajg(‘l—_, 0 = t&’ Op ‘—‘P%-

3.3. The Schmid operator. Let 74, 74, be representations of K. For F'(g) € CF ;. (K\G/K)
and orthonormal basis { X} of p,

vdl,d2 ZRXA: ) ® X,

vgl d2F(g) = ZLXkF(g) ®Xk7

are called the Schmid operator Here R, (resp L,) is a right (resp. left) translation. Put
Dg)df Pé:) oVE b Dg‘f)df Pg’ oV, 4, With defining the projectors
P Vi®pe o Vi = @ Vas
: BeA}
Theorem 3.2 ([7]). Let A € E;. Then,
Homg g (7, Cf:(K\G)) ~ ker(D,(ijd)*R),
Homyy ) (7}, C%(G/K)) = ker(DS2"),
where d is the Blattner parameter of .

We see that VZ/E is also decomposed into VL/ R+ V5 along the decomposmon pc =
p+ + p- (see [2, §6]). The following formula is found in [5]:

Theorem 3.3 (Koseki-Oda). Let V" be the Schmid operators and p 4(VX'Y) their restric-
tionto A. Put Zy3 = 27 (Lo + h! — h?), Zay = 27 (I — h' + h?) and T(*) =70 @ Ad,.
Then, we have

pa(7196 = 5 (9 shieh) r(zs) = cthlad)r (Z) + 2cth(a) + 5 h(e) ) (90 X
+ —;— (62 - sh(ag)"lr(ZM) — cth(ag)f_’:(Zgli) + 2 cth(a%) - %sh(a%)) (¢ ® Xo4)

+ % (ch(a) sh(as)r(e) + sh(ar) ch(az)7(¢? ) + sh(a) ch(ag) (1)

+sh(a;) ch(a:)7] (e )) (¢ ® X14)
— % (sh(ay) ch(as)7(€}) + ch(ar) sh(ag) (€ ) + sh(ay) ch(a1)7}(€})
+ sh(az) ch(az)7i(€3)) (¢ ® Xa3),
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p4(VE)p = -;- (31 + sh(a?)17(Z13) + cth(ad) 7y (Zas) + 2 cth(a?) + %sh(af)) (6® Xy1)
% (82 + sh(a2) ™' (Za4) + cth(a2) 7y (Zos) + 2 cth’(ag)‘— %Sh(ag)) (¢ ® Xy2)
1

-5 (ch(a1) sh(ag)T(el) + sh(a;) ch(az)7(e%) + sh(as) ch(as) 7y (€l)
+ sh(‘al) ch(al)v-{(ei)) (0 ® X41)
+ % (sh(al) ch(az)7(eL) + ch(ay) sh(az)7(e2) + sh(a;) ch(ay )75 (el )

+sh(az) ch(az)7y (e )) (¢ ® X32),

pa(Vi)e = —% (31 — sh(a})7'7*(Z13) — cth(a}) 7, (Z13) + 2 cth(a?) + %Sh(af)) (¢ ® X13)

— % (82 — Sh(a%)_lT*(Zzz;) — Cthv(cylg)T_{_‘(ZQ;) + 2cth(a§) — %sh(a%)) (QS ® X24)

_%(ch(al)sh(ag) *(eL) + sh(ay) ch(a)* (¢2) + sh(as) ch(az)ms (1)

+sh(a1 ) ch(a1)74 (e () ) (6 ® X14) |
— (sh(a1 ) ch(az)7*(e3) + ch(ay) sh(az)T*(e%) + sh(a1) ch(ar) 74 (e})
+sh(a2) ch(az)7 (€1)) (¢ ® Xas),
pa(VH)9 = -1 (a1 +5h(@2) 7 (Z1a) + cth (@)™ (Zig) + 2 cth(ad) + %m@ﬁ)) (6 ® Xa1)
_ _;. ’<32 N sh(a3) 77" (Zaa) + cth(a3)r™ (Z2a) + 2cth(ad) - % Sh(aﬁ)) (¢® Xy2)

+ % (ch(a) sh(az)7"(€}) + sh(as) ch(az) " (€2) + sh(a) ch(az)7 ™ (c})

(e}
+sh(a1) ch(ai)77(€2)) (¢ ® Xa1)

(el

)

D

— L (sh(ar) ch(as)r* (1) + ch(ar) sh(as)r* (€2 ) + sh(ar) ch(ay) (1)
+ sh(as) ch(as) 7™ (€2 ) (¢ ® X3). ’

4. HOLONOMIC SYSTEM FOR THE SPHERICAL FUNCTIONS

We treat the case of A € Zjp U Epy. Then, the Blattner parameter of mpin A € Zqpp
(resp. A € Erv)isd = A +[1,—1;0] (resp. A + [—1, 1; 0]).

Lemma 4.1. The projector P(IH) decomposes into four projectors as follows:

P(III) p=h @ ) @ P( +) o P )
pV) = pt+ ) g ple) g P g PO )
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Proof. We find that
An 1 — {[17 1’ :1:2] { —1; :t2]} An v — {[1a 1; :!:2]7 [_1’ 1; i2]}
Thus the lemma follows. : O

According to Theorem 3.2, spherical functions are characterized by the differential equa-
tions derived by the composition of the Schmid operator and projectors which appears in the

decomposition of P(m) Let &, ,(a) = > prcam(a) fryy ® fio gy for M= (1, lis k2, b)),

Then c),’s satisfy the followmg system which is equivalent to D, IH)’ Bilg, arg = 0:

Lemma 4.2.

1 1
(2) (7’2 - kg){al - 5(“1 + 2k1 -7 — 2[1 +'81)W).
1 9 sh
— 5(“2 + 2kg — 1y — 2y + s9) cth(a?) + (k2 + 1)

sh(a
+ (k2 + 1)( — Iy + 1) E)Q)ckl,h;kz-!-l,h—l

sh(ay) ch(a
+ Q(kz + 1)(7'1 — ki + 1)"'&25"(’_2)'0161—1,l1;k2+1,12

Ch((ll) Sh(ag) -0
Tckl,ll-—l;kz—{-l,h - Y,

1

h(a3)
1 ' sh(a2
- —2—(u2 — 2ky 4 19 + 2ly — 553 — 4) cth(a?) — (ro — ko) 22) }Ckl,;l;k2+1,lz—1

a
5) ! }Ck17l1§k2,l2

+ 2(]62 -+ 1)(81 -+ 1)

1 .
(3) (k2+1){62— §(u1—2k1+r1+211—31)

92]

-sh(a
( k2)l —_(’%)Cklall;k%b

ch(aq) sh(a :
— 2(ry — ko) (k1 + 1)—-(—1)%2‘)*%#1,11;@,12—1

h a;)ch(a
(’l"g — kz) (ll -+ 1)""(—‘1)D—(2)Ck1,l1+1 skayla—1 — O

4 (k2 + {81 ; uy +2ky — 71 — 2l1+31)—s—}—1(%—21—)
+ %(UQ + 2vk2 — 19 — 2ly + 89 + 4) cth(a?) + (ry —»kg)Shg%) ko kot 11a—1
+ (rg — k2)l2¥0k1,l1;k2,12
+2(rg — ka) (k1 + I)M‘chklﬁ-l,l;;kz,lg-l
+2(ry — ko) (I + 1)Ml)shm2‘)‘ckl,h+l;k2,lz—1 =0,

1

1 .
®)) (Tg—kg){82+§(u1—2k1 +7’1+2l1—81)§1-(—a—§—)-
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sh(a})

U9 — 2]{,‘2 + To + 2[2 — 82) Cth(a’g) - (k2 + 1) D }ckl,ll;kz,lz

sh(a
— (k2 +1)(s2 — lz +1) () )Ckl,tl;k2+1,zz—1

‘ ch(a;)sh(a :
- 2(k2 + 1)(T1 — k1 + 1)MD_Q)‘ck1—l,ll;k2+l,l2

sh(a,) ch(ds) -0
“*“D—Ckl,lrl;kzﬂ,h = V.

1
+§(

- 2(k2 + 1)(81 - ll + 1)
As for left equation systems, we have the following System:

1 1
(6) (Tl_kl){al-—§(UQ+2k2_T2_212+82)S_h—@
1 . : sh(a?
— 5(’u,l + 2k — 1y — 20 + 81) cth(a%) + (k'l + 1) 5)1) }Ckl,ll;kz,lz
sh(az)

+ (ki +1)(s1-h+1) “Chy+1,1— Lika,la

sh(al) ch(ay)
—'_D—_ck1+1 li;ka—1,l2

ch(a,)sh(a
+ 2(]{,'1 -+ 1)(32 — lz =+ 1)%22ck1+1,l1;k2,l2—1 = 07

1 1
(7) (kl {ag — = ’LLQ — 2]{22 -+ T + 2l2 - Sg)m

2
1 .
— §(U1 — 2k1 +»7’1 + 211 — 81 — 4) cth(a%) ( kl)
h(a?
- (7'1 - kl)lli%ckhll;kz,b

ch(ay) sh(a
—2(r1 — k) (k2 + 1)w0kl,zl—1;k2+1,lz _

sh(ay) ch(as) 0
~——5~—~—6k1,11—1;k2,zz+1 =V,

+2(k‘1 + 1)(7‘2 — ko + 1)

sh(a3)

D }Ck1+1 l1—Lk2,l2

—2(r1 — k)l +1)

1 1
® (ki+1){o+ §(u2 + 2ky — 19 — 2ly + Sz)sh(a%)

1 o 9 Sh(a%)
-+ —2-(u1 + 2k —ry—2l; + 81 + 4) cth(al) -+ (7'1 — kl) D }Ck1+1,l1——1;k2,.l2
sh(a?
+ (r1 ~ k1)l %%,h;km

sh(a;) ch(a
+ 2(T1 - kl)(kz + 1)(_1)l)—£i)ck17l1—1;k2+1,12

ch(a;)sh(a '
+ 2(7.1 - kl)(ZZ + 1)%Ck1,l1—1;k%12+1 = 07

1
sh(a2)

. 1 .
(9) (7'1 —kl){82+§(u2—_2k2+'r2+212—32)
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sh(a2)
) D 2 }Ckl k2,12

1
+ —('U,l - 21{}1 + 7+ 2l1 - 81) cth(ag) - (kl + 1)

2
' sh(a?
— (ki +1)(s1 4L+ 1)_(D"'1—)'Ck1+1,l1—1;k2,lz

' ch(a1) sh(a
- 2(kl + 1)(""2 - k2 + 1)_%—(——226k1+1,l1;k2—1,l2

sh(a;) ch(a
—2(ky +1)(s2 =l + 1)—%2%&111;@,!2—1 =0.

4.1. Going up/down equations. We can reduce the obtained equations to the following |
going up system (10), (11), (12), (13) as follows:

Lemma 4.3. o
(10) (’f‘ — kg){cth(al)(?l - (8 — l1 — 12) cth2(a1)
1 , ch?(a :
— 5(-—11, —ky+ ko +1; — l2) =+ 2(k2 + 1)_‘#}@:1@;1@,@
ch(ay) ch(as
+2(k2 + 1)(r — k1 + 1)(1—)13(32'01«1'—1,11*2“,12
cth(a;)sh(asz)ch ‘
S GRSV IEL O L
cth(a;) ch(ay) sh(az)

—2(ka+1)(s — I + 1) o) Chy,li—1ika+1,l2>
(11) 5 (T - kz){Cth(G/Q)az - (.S‘ - l1 - lz) cth2(a2)
1 Chz(ag)

— E(U —ki+ ko + 1 — 12) - 2(k2 + 1) D }ckx,ll;k2,lz
ch(ay) ch(a
=2k +1)(r =k + 1)—_(_ 1)D ( Q)Ckl—l,zl;kwl,tz
sh(a1) ch(a;) cth(a
=2k +1)(s—l2+1) ( ) - (Dl) (a2) Chyl13ka+1,l2—1
sh(a;) ch(as) cth(ay)

+2(k2+1)(s =l +1) D Chy,li—Liko+1,0s
(12)  (r—k){cth(ay)d, — (s — Iy — I) cth?(ay)

1 chz(al)

_ §(u + ki —ky— 11 + 12) + 2(k1 -+ 1) D }Ckl,h;kz,lz
' ' ch(ay) ch(a
+2(ky +1)(r — k2 + 1)_(1)T(—220k1“’“;k2_1’l2
cth(ay) sh(a cha: :
==2(k1 +1)(s =L +1) (@): 1(7 2) ch 2)Ck1+1,tl—1;k2,12
cth(ay) ch(aq) sh(a
- 2(kl + 1)(3 - l2 + 1) ( 1) l() 1) ( Q)Ckl—}—l,ll;kz,lz—l)
(13) (r — k1){cth(as)d — (s.— l; — ly) cth®(ay)
1 Chz(ag)

— 5(—11, +ki—ko—1li+1)—2(k1 +1) D }c’cl’ll?k%lz



ch(a;)ch(a
= 2(ky + 1)(r — k2 + 1)—(3)D—(2)'Ck1+1,h;kz'~1,lz

sh(a;) ch(a;) cth(a
=2k +1)(s=1;+1) (a1) (Dl) (a2) Chy+1,l ~1;kg,la

sh(a;) ch(as) cth(as)

+2(k1+1)(s—1la+1) D Chy+1,l13k2,l2—1-

Going down equations are as follows:

(14) kg{cth (a1)0; + (s - l1 — Iy) cth?(ay)

1 a
+ ‘2‘(—u —kithe+l—lp)+2(r -k + 1) (@) Yk kot

D
ch(ay) ch(as)
_—_'—D——'—'ckl—l—l,ll;kz—l,lz

cth(a;) sh(as) ch(a
—2(r—ke+1)(la+1) (a1) 1() 2) ( 2)Ck1,l1;kz—-1,l2+1

cth(a éh a1) sh(as
- Q(T — k2 + 1)(11 + 1) ( 1) [() 1) ( 2)ck1,l1+1;k2—1,121

(15) ‘ kQ{Cth CLQ 32 + (S - ll — lg) Cthz( )

+ 2(7‘ - kz + 1)(1{71 + 1)

u—ki+ko+l—1l)—2(r—ky +1) ( }Ck1l1k212

ch(a;) ch(ay)
————b———.——ck1+1,ll;k2—1,l2

sh(a;) ch(a;) cth(a
= Q(T - k2 + 1)(l2 + 1) ( 1) (1)1) ( 2) Chylyska—1,l2+1

sh(a;) ch(ay) cth(ay)
-+ 2(7' — _k2 + 1)(11 + 1) ( 1) (DZ) ( 2) Ck1,l1+1;k2~—1,l27

‘ (16) - ki{Cth(al)al + (8 - ll - l2) cthQ(al)

1 ch?(a
+ §(u +hi—k—li+bk)+2(r—k +1) 1() ) Y btk

ch(ay) ch(a
+2(r — ki + 1) (k2 + 1)_('_1“)1—)“Qck1—1,l1;k2+1,12

cth(a;) sh(ay) ch(a
= —2(7‘ — k1 + 1)(l1 + ].) - ( 1) l() 2) ( 2)Ck:1—1,-11+1;k2,l2

\cth(ai) ch(a;)sh(a
— 2(T — ki + 1)(12 + 1) ( 1) lg 1) ( 2) Ch1—1,l15k2,la+15

(17) ‘ kl{Cth((Lg)aQ + (S — ll - l2) Cth2(a2)

1
+2(

—2(r — ky + 1) (ky + 1)=

Ch2 (CLQ)

1
+—(—u+k —ky—lL+10b)—2(r—k +1)

2
ch(ay) ch(a '
—2(r — k1 + 1)(ka + 1)—“("%&“2_)‘Ck1—1,h;k2+1,l2 7

sh(a;) ch(a,) cth(a
= 2(7‘ — k1 + 1)([1 + 1) ( 1) - (Dl) - ( 2)6;61'_1’11_;,1;]”’12

}Ckhll;kz,lz

121



122

- .sh(a;)ch{as) cth(a
+2(r—ki1+1)(l+1) (@) (D2) ( 2)Ck1-—1,l1;k2,12+1-

To make equations more “symmetric”, we consider (10) £ (11), etc, and rewrite them
using p and ¢. Put

Chtsshanta (@) = (sh(ar) sh(az))* ™ 7/(ch(ay) ch(az))~T+*¥D/2, 1, 1, (a).
In the following, we assume that 0 < [; + l; < s. We remark that

28,, = cth(a1)81 + Cth(ag)ag,
48t = cth(al)al - Cth(ag)ag.

Then, we have

Lemma 4.4. ’
(18) . (7' - k2)(ap - ll)ékhll;kz,lz = (k2 + 1)(8 - l2 + 1)p6k1’ll;k2+1712—1
+ (k2 + 1)(8 -l + 1)5k1,l1—1;k2+1,l27
u t+1\ .
(19) (7. — k2) (26t -+ “2' + (k2 + 1)%_;—1'> Ck1,15k2,l2

+2(ky + 1)(r — k1 + 1) z_(t) ™ kg 1.0y kot 100

= (ks +1)(s = o+ 1)z_(8)"1(2 = P24 )Chytushot 1ia—1

+ (ke +1)(s = L + 1)z ()" (24 — 2D0) @y 1 —1:k2+ 102>
(20) ko{(0* — 24 (8)p+1)(0p + 11 — 5)

+ (5=l = 1) (20 — 24 ()P} ko yshas

= (r — kg + 1)(l2 + 1)PCry 1y ;0 —1,10+1

+ (r— ko + 1) (L + 1)Cky 41500105

21 (r = k1) (Op — L) Chy ysiate = (K1 + 1)(8 — b + 1)PCiy 41,1 13k.05
+ (kl + 1)(5 - ,l2.+ 1)ék1+1,11;k2,l2—17
' u t+1)\ .
(22) (’f’ — kl) <28t - 5 +-(k1 + 1)t—_1) Ckl’ll;k%lr_,

+2(k1 + 1) (r — k2 + 1)2_(8) " eyt 1 ka1
=i+ 1D)(s—l+ 1)z ()" (2 - p23)Chis1h—Likas
+ (k1 +1)(s — 2+ 1)2—(t) 7' (24 = 2P)Chi+ 1,1 kada—15
(23) k{2 (W)p+ 1)+l —s)
+ (5=l = L)(2p — 24 ()P} Gy asharte
= (r — k1 + 1)(l1 + 1)PChy—1,0, +15ks.0
+ (r — k1 + 1) (la 4 1)Cry—1,115k0,1041-
As we know, the equations (21), (22) and (23) can be obtained by flipping indices 1 and 2:

Remark 4.5. We have similar equations when s < [; + [; < 2s.
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5. SOLUTION FOR THE HOLONOMIC SYSTEM: THE MAIN THEOREM |

5.1. Separation of variables. We treat the case when [, + 12 <s.

Proposition 5.1. Write M = (ky,11;ko,12). Then ¢y can be written in the form of “sepa-
ration of variables”:

éula) = lf(—n’-kl—’l (D ( ,;>p“+‘2“"sM,i(t)-

v i=0 .
We can prove it by induction on {; + l;. Assume that l; = [, = 0. By (18), we have,

OpCry 0520 = 0,

so that actually we can put Sk, 0:k,,0),0(t) = &, 0k, 0(a). Next assume that [; + I, > 0.
Ifly #lyand k) < 1, ky < r, then (18)/(r — k2) — (21)/(r — k;) shows the assertion.
Otherwise, we can assume k, # r. Consulting (18), we readily prove the formula.
According to Proposition 5.1, we can rewrite the difference equations of Lemma 4.4 in
terms of p and ¢. Comparing the coefficients as a polynomial of p, we have the following.

Lemma5.2. 1.If0<ky <r, then,

(24) (l2 = D)8k hgkada)i = (8 = l2 + 1) (ks ka1 p-1)s
—(s—lh+ 1)13(k1,11—1;k2+1,lz),i—_-1:
‘ U t+1y\ 2k,
(25) (23t +g5 (ke +1)— l)s(kl,ll;kz,lz),i T o (f) kL)

o 2 t+1
= (s—1l2+ 1) ms(kl,ll;k2+1,lz—l),i—l - t——_-1-3(k1,ll;k2+1,12-1),i

t+1 2 ,
—(s=h+1) f?;_ls(kr,ll‘—l-;kg-}z-l,lz),i—l - ms(kl,zl—};kﬁl,lg),i g

(26) l2s(k1,l1;k2,lz),i-f;1 - (ll + 1)8(k1,11+1;k2,lz—1>,i
= (5= lo = 0)8(ky huskat1lo—1)i41 — (I = 024 (8) S(hy tysha+1,1— 1),
+ (2l + 1y = $ = 1) S(hy skt 1,10 —1),i-1-

2.If 0 < ky <, then, ,
(27) (I = 9) Sk luskarto)i = (8 = 11 4 1) S0y 41,01 — 1k 2) i

— (8 = lo + 1)80k, 41, 113k0 15— 1) 515
(28) (2<9t - ; + (k1 + 1)%)«9@1,11;192,12),2‘ - g‘%s(k1+l,l1;k2—l,lz),i
=(s—0hL+1) (—2—8(k Ll —1Lska,lg),i~1 — til—s(k 1,01 — 13kl )i)
Z_(t) 1 501 K242 ), t‘—l 1 sl 2,42 )y
— (s - la+1) (t ki 13(k1+1 liskala—1),i—1 — 2 Sik1-+1,11 sk la—1) z)
g1 (ka1 = T Stk Lkala D5 )

29 US ko) itt = (T2 + 1)S(ky 1y — 15k o +1).i
= (8 = 1 = 1) S(ky 41,1~ Lika 1n)it1 — (b2 = ©) 24 (8) Sk 41,1~ 15ka ko). i
+ (212 + ll — 8= i)s(k1+1,l1—1;k2,l2),i—1'
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5.2. Expression of peripheral entries using Gaussian hypergeometric functions. First
assume that /; = Iy = 0. We simply write s, k2 = S(ky,0:k2,0),0 By (19) and (22), we have
u k2+1t+1) (k2+1)(r—k1+1)

Skisks -

(T—kz) (3t+2+ 2 F—1 Z_(t) Skl ~1;ko+1 = 0

U kit+1 ki(r—k
(T—kl-i-'l) (at—Z‘f—?lt_l)skl—l;kz-}-l'f’—li_(ht)ﬁskl;kzzoj

Eliminating s, _;.x, 1, we have ,
u ki+1t+1 u  ky+1t+1 5
- = -— = — | —ki(ky +1)2_(¢ &y = 0.
{a-5+22 ) (0 2+ 225D kv 1002 s,
Considering 7 + s = k; + ko, we have o _ .
_ ' 2 (L 1\2 .2
(33 r+s+2t+1 u(k, k2)t+1+(r+s+2) (k1 — k) u)skl;k2=0

Oy +

_ 2 t—1 8 t-— 1 16
and its Riemann’s P scheme is: .
| 0 1 . x
P r+z+2 _ k1—gz+u 0 | T+Z+2 + kl—g?—u ‘
r+z+2 + k1—42+u —(T + s+ 1) r+s+2 k1—42—u

In general, let ®(m;, mg) = ®(my, my; u;t) be a regular function around 1 having the P-
scheme -
0 1 , 00

P m1+m2+2 _ my—ma+tu 0 mitma+2  my-mo—u

4 4 4
m1+m2+2+m1—T2+u _(m1+m2+1) m1+m2+2+m1—T2—u

with condition ®(m;, mo; u;1) = (T“) We also write ®(m) = &(m,r + s — m) for
simplicity. Then it follows s, o. £2,0),0 = cO<I>(Ic1, ks).

5.3. Reduction of general coefficients s Mm,i- To describe general solutions, we introduce
the notion of height and bias. Write M = (kl, l1; k2, ly) as before. Define h = h(M,i) =
min(i, by, lp, l; + I, — i) and

{0 - 4 < min(ly, ly),
b=b(M,i) = { sgn(la — 1) (i —min(ly, 1)) min(ly, ) < i < max(ls, l2),

- max(ly, ) < i.
Then we have, '
Proposition 5.3.

: b+h
(30) » Cosmi= ) Qi(—z)@(k + U + )
' Jj=b—h :

Jor a polynomial Q;(t) = Q;(M,1;t) which is actually independent of the choice of r, k1
and k. The degree of Q; is equal to h — |j — b| and it follows

Qj(—2z4) = (-1 )degQ’Qj(Z+)-
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5.4. Polynomials Q;(z4). The remaining paper deals with the determination of the poly-
nomial ();. We can deduce the difference equations of (); equivalent to (26). Proposition 5.3
says that ; is in the form

Qi(z4) = Y Bm(M, i, )27V,

m>0

For simplicity, we put 3, (M, 4,j) = () (IZ)ﬁm(M ,4,7). Comparing the coefficient of

zi_lj =™ we see that our difference equations become as follows: If j > 0, then,

(31 (s =i+ 1)iBm(M,14,5) = (s = h)lafm(M + (0,1;0, ~1),i — 1,5 — 1)
o +h(s =l —i+1)Bn_1 (M +(0,-1;1,0),5 — 1,5 + 1)
+ (2l1 + l2 —85—1 + 1)126m—1(M + (0: 01 17 _1)7i - 2’.7)
If 5 <0, then,

(32) (5= i+1)iBn(M,4,5) = (s — h)lafm-1(M + (0,1;0,-1),i — 1,5 — 1)
+h(s =l =54 1)Bn(M + (0,-1;1,0),i — 1,5 + 1)
+ (= i+ 1)bfn(M +(0,0;1,-1),5 — 1,5)
A+ Q2h+l = s — i+ D)lBm1(M+(0,0;1,-1),i — 2, 5).

The solution can be expressed as follows:

Proposition 5.4. Assume that0 < [; + 1, S s. Then,

. R ll lg . = 8‘—l1 . S—lz s——i+n
5m‘“(m’z"1')<i—j+~m)(z‘ﬂ‘_,—m);(jm—n)(mw)(« n )

for
e G [ O

and j_ = (—j).
We can check that each 3,(M, 1, j) fits the definition of h as (3,,(M, 1, ) is nonzero if
andonly ifi — |j| —2m > 0,11 —i+j, +m >0andly —i — j_ +m > 0.

Main Theorem 5.5. Let wp be a middle discrete series representation with A = [r — 1,5 +
1, u] € Em, and 74 the minimal K-type of mp with.d = [r,s;u]. Fora (14, 7})-matrix
coefficient @ ;, put

| FI)W,T(Q) = Z rC]f,lah?kﬁyl2(a)fkl,ll;k2yl2‘

k17l1; k25l2

Then, cpr(a) (M = (k1,l; ks, 12)) is given by the following:
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1. Suppose that l; + l, < s. The matrix coefficients ci, 1.k, 1,(01, a2) can be expressed as

follows:
em(ar, ag) = co(—=1)"""7"(sh(a;) sh(az))* 1"
L1+l
—(r+s+2)/2+l +l2—i r T S S
X ;(ch(al)ch(az)) o+2) 2+ + (kl) (k2> (11) (l2>
- o ' h—|j—bl—2p
—1)h—li-bl . [ ch(a) Ch(aQ))
< 3 S ﬁu(M,z,J)( R

ch(a;)\?
x & k1+l1+j,k2+l2 —_—— .
ch(as)
2. Suppose that s < l;+1y < 2s. Define M = (r—ky,s—ly;7—ky, s—13), b = b(M", 1)

and h™ = h(M™",%). Then,

en(ar, az) = co(—1)" """ (sh(a) sh(az))~sTi+e

L1+l

) ch (r+s+2)/2+2s—l Iz~ r S\(S
X ; (ch(ay) ch(az))~ k1 k) i)\,
bA+hA [I__'li_‘ﬂ] : ch(a, ) Ch(a ) h’\—]j—b"|—2m
hA—[j—bAl M/\ .. 1 2
", 2 2, P 4) (ch(az) i ch(al))

X®tV ko +1+75,k+1, —7;—u; C‘h(al) Al
2 2T ], k1 1— 7 ’ ch(ag) .

Remark 5.6. We can determine the unique unknown constant ¢y by using the normalization
condition, i.e., by specification of the value of ® at the identity of G.

GRADUATE SCHOOL OF MATHEMATICAL SCIENCES,

THE UNIVERSITY OF TOKYO,

KOMABA, TOKYO 153, JAPAN

DEPARTMENT OF MATHEMATICS, FACULTY OF EDUCATION,
MIE UNIVERSITY,

Tsu, MIE 514, JAPAN

GRADUATE SCHOOL OF MATHEMATICAL SCIENCES,

THE UNIVERSITY OF TOKYO,

KoMABA, TOKYO 153, JAPAN



127

REFERENCES

[1] Y. Gon, The generalized Whittaker functions on SU (2, 2) with respéct to the Siegel parabolic subgroup,
Dr. Thesis.

[2] T. Hayata, Differential equdtions of principal series Whittaker functions on SU(2,2), Indag. Math. 8
(1997), No. 4, 493-528.

, Whittaker functions of generalized principal series on-SU(2,2), to appear in J. Math. Kyoto

(3]

' Univ.

[4] T. Hayata and T. Oda, An explicit integral representation of Whittaker functions for the representations
of the discrete series — The case of SU(2,2) —, to appear in J. Math. Kyoto Univ.

[5] H. Koseki and T. Oda, Matrix coefficients of Py-principal series of SU (2, 2), preprint, 1998.

[6] E. T. Whittaker and G. N. Watson, A course of modern analysis, 4th ed Cambrldge Umvers1ty Press,
London, 1927.

[7] H. Yamashita, Embeddings of dtscrete series into induced representations of semisimple Lie groups I, —
general theory and the case of SU(2,2) —, Japan. J. Math. (N.S.) 16 (1990), No. 1, 31-95.

» Embeddings of discrete series into induced representations of semisimple Lie groups II, - gen-

eralized Whittaker models for S U(2 2) -, J. Math. Kyoto Univ. 31-2 (1991), 543-571.

(8]



