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Mackey Functors in Equivariant Cohomology Theory

FEATERYT WEVEH  (Hiroaki Kawai)

Abstract.

This report is a survey on developments by J. P. May et al. , concerning to Mackey func-
tors in equivariant cohomology theory. They constructed new spectra theory and general-
ized (co)homology theories associated with their spectra, called RO(G)-graded (co)homology
theories. Their construction is more comprehensive and algebraic than classical one. In
their developments of spectra, they improved Lindner’s definition of Mackey functors which
is equivalent to Green’s original definition (Theorem A). Furthermore, they mentioned that
Mackey functors are intrinsic to RO(G)-graded cohomology theoriés(Theorem B). Recently,
Greenlees and May presented the following interesting result : there is a cofiber sequence
of spectra f(HM) — c(HM) — t(HM) such that the generalized (co)homology theories
associated with f(HM),c(HM) and t(HM) are extensions of the classical (co)homology
groups of finite groups (Theorem C).

1. EREEFRGER .

G ZHMREFL T2 (May =ZIE—MD compact Lie group & L TEmmEED TVAB
ODOFENFRBEDOGEEEZEARL LTWEDTH L & L'C(riﬁﬁ&ﬁf‘f‘ﬁv\ku 7). T
AHELREEFZERTS .

U :G-universe & U =QVOR>® ; V; iL B R[G]JJHE*'C“, T‘mi direct sum .
complete G-universe < U = (R[G])*® $£7z, trivial G-universe < U = R*> .

V : U @ indexing space < V X universe U DOFBKRIT G-E4 22 .

SV =V U{co}: V @ one-point 2237 Mt .

based G-space X {2 LT, TVX =SV A X, QVX = B2/ F(SY, X) &£B< .

E#E (G-spectra) . based G-spaces DEA E BSRD ZH>DEA%R -3 L & G-umverse
U Tindex &35 G-spectrum & M5
(1) 82& & LT { based G-space EV | V IX indexing space} T, 4 based G-space DFH
(& G-map oy, : XVVEV — EW WFELT, fEED pair V.C W C Z &5t L THE
LD AT 72 B (5] 2EHR) .
(2) oyw D adjoint Gyw : EV — QV-VEW 2 G-l & 725 .

E D& (1) OB ZEI=9 & & G-prespectrum & FESS |

BE . KOBEZFNG .
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RU : G-spectra 7>5RL 5B homotopy B (Z Z ¢ homotopy 13&-Hs EV Z & ® homo-
topy) -
hU : weak equivalence map (%84 EV Z & 1Z weak eq.) WZHEEWINZHTERM L THS
ns A .

spectra E, E' & based G-space X {Zx LT,
[E,E'lqg = Hompy(E,E')=(E 2»b E' ~® hU b SIPRAY si==X7 I
EAX = L{EV A X} (L &2V THEFO (L1)) .

HAMER 1.1. (5] 23M])
(1) spectra MM D>DH prespectra DE~D forgetful functor @ left adjoint functor L M
Y5 .
* (2) functor X : based G-spaces DB — hU, X — L{TVX} BRARERSND . &
DELE T DY ETROBORUEDLY L2
(finite based G-CW complex X 7>bF%2 B D stable category) {Z*X} C hU
BRIZ trivial US 128WTC, Ab{G/H | HiX G D5} ~ {¥°G/H,} C hUC .
(Ab % free abelian group functor T X, 1% Xy = X U {base point} DFEIK) .

E#& (spectra @ homotopy #f).  G-spectrum E (ZXf L, homotopy group system
Tn(E) 1 {S°G/H,} C hU — (abel B OB ) ZKD LD IZERET D :

Tn(E)(G/H) = Hompy (G/Hy AX®S™ E) (b TRWI LIZHEE).

TDEE Hompy(G/H, ANX®S™ E) = Hompy(S A (G/Hy AXPS™ Y, E) IV@ED
homotopy BEDIFE L RIRIZ LT abel BEE 72D . RADOKREIZOWVWTY 7 ,(E)(G/H) =
Homny(G/Hy NS8O, E) & EHETS .

LI#% U 1% complete G-universe &35 . X T U® A3 trivial G-universe T ¥ &K
FER 1.1 @ (2) &Y universe 28 U® @ & %73 non stable case KT D .

R : coefficient system < R : {£*°G/H,} C hU® — abel # DB ; additive contravariant
functor .
M : Mackey functor <& M : {E°G/H,} C hU — abel # DB ; additive contravariant

functor.
(fEE D G-universe U T AU i additive category 'C“Zl?;é)

% (Bredon cohomology £ & RO(G,U)-graded cohomology ) - _
(1) G-CW based complex X , 3725 X0 = {base point} T X"+1/X™ & (G/H AS™
5D wedge sum) A5 G-FHE , 1Zxt L@ D CW-complex D& & RIFRIZ L T, chain
complex system % {Cn(X) = Ho (X", X" 1,Z)} LEETD . TIT Cu(X)(G/H) =
H,(X™E, (X»1)H;Z) ((X™*H X H-fixed points space ) &KV {E¥*G/H,} C RUC
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MDD abel BEDE~D contravariant functor 12725 .  coefficient system R (2% L,
cochain complex {Trans f.(wefﬁciem)(én(x ), R)} @ homology # & Y Z#L% Bredon co-
homology # HE(X;R) LEETD . I BIZ, EED based G-space X Zxt LTIt
HE(X;R) = HE(T'X; R) (TX X X I weak equivalence 72 G-CW complex) & EH S .

(2) RO(G,U) % X% % universe U @ indexing spaces &, H% G-HEEH D)
LRI DOERR B DICRDOE L $5 . (EMIZIZZ DB D Grothendieck construction 12
K-> THELGND formal differences VoW oL R 5B THZRARTIIKTS) .
based G-spaces £ RO(G, U)-graded cohomology #i Ef & 1ER®D X 972 functor D Z &
Thbd v , ' _
Eg i functor : ( hRO(G,U) x h {based G-space } ) — abel DM , (V, X) — E%(X)
(ZZ°C h, hiZ spectra OfF & [ CEER) TxS (V, X) — EX(X) X VIZBI L T covariant
X (2B L T contravariant TH W IRDEMZ H7=9 . (1) —f&fEH cohomology i D
&, (2) EBROEASMICET 2 Zo0%M: (Kb LK []%ﬁ%LTTémy
SHIZF UEFEITLY G-spectra £D RO(G, U) graded cohomology b EFEIND .

HEEXHER 1.2. (5] 228)
(1) based G-spaces £ RO(G,U)-graded cohomology theory E}f & UTindex &5
QG-prespectra (UVW 3 homotopy equivalence) (X% EG( ) =X, EV]g(ZZD | ]g
IFEROMOER) 128D —/F—IZ5E L TW5 |
~ (2) Bredon cohomology & HZ(X; R) 1% Borel cohomology # H™(EG xg X; A) (A IZ abel
B) DIEETHD . EEE A% A IZE%R B constant functor &35 &
H"(EG x¢ X; A) 2 [(EG x X)/G,K(A,n)] = [EG x X,K(A,n)|¢ = H%(EG x X; A).

Z T K(A,n) IX Eilenberg-Maclane ZEff], K(A,n) 3% DK, 2 2o\ Tidz e it
[1] §2.2 #RTL &V, o | |

2. Mackey functor.

E# (Lindner @ Mackey functor).
Q(G) % span category . TRbH, AR G-EENOLHKOETUG) DL X, YIZXLT X
ND Y ~DFREZRTERT D

Hom(X,Y) = 4 free abelian group over {{(gé x)} ~}
‘G/H:X D G—orbit
(6,X) : G/H «* G/K XY TG/H»bH Y«\@%T%i% L~ itz h&@%@lﬁaﬁ]@m
Bat% (5] 22H). ZD Q(G) IexfL
M : Mackey functor < M : Q(G) — {abel £ } ; additive contravariant functor .
(Green, Dress, DEFR & ODRUEIZOW T 6] ZR T ZEW),
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Lindner ®E#H L May EOEHRITFETH D, TROHBKROEHEILY 32,

T A. (EED G-space Y (Zx L TRDFEEALY 3L
free abelian group over {{(¢,x)}/ ~} = [E°G/H,X*Y,]c .
T X s ¥°X, 12XV category FME  Q(G) ~ {E%°X,} C AU »E615 .

= DFEBIIIRD spectra (28 L COEARFEDO—O0HEND,

EH. (4] 228)
free abelian group over {£°5° —"C/K) oG/ K, —FTI By, } 2 7§ (V) = [E*5%, 7Y, ]q

22T 7(G/K) 13 pretransfer T§: G/Ky — Yy, eK —y THD . £ K 13 G DY
BEOLEBEDORETE v 13 YE /(KD Weylhf) ORETDOT~TE D ZK .

TH A ZEFATAENC G-map ¢ : G/K — G/H (Zx9 % transfer G-map 7(¢) (220
THhRB, BEOT-D K< HET 5D, ZOK ¢ & H/K % fibre IZ%-2 G-bundle

61 X xu (H/K) = G/K — X/H=G/H
PRAEED LD G x H-Z2M XMEIETD . T D& & pretransfer 7(H/K) IZIROBRIZ
ERNAS IR LA NS |

YoX, = X, AL®S0 SWHEK) X\ AB®(H/K)y = X°(X x (H/K)) 4
“hE HEESME L TEOND G-map 7(¢) : 3°(X/H)y —I°(X xyg (H/K))+ ¥
bbb 1(¢) : B°G/H, — L°G/K, % trasfer LFES GHEDMF< 2o L <1 Benson O
AZRTLIEENEEVE LENFTELET. 4 2R TEEW) . |

(BB A OFHH)  (4,x) KXLT  (Z®) - 7(¢) € [E°G/Hy, X2%Y ] ZXHSE
% . DL X transfer DFEFBLVFER  [E°G/H,, Y ]g & [£°5°, %Y, g ([5] ch.14)
EBNT  NRG/H, —™® TG K, -5 50V, T 52080 T HK) So /K, SR
YOV, WL TWD DO TRIOEAFER L YRRV REND .

3. RO(G,U)-graded cohomology i & Mackey functor

E& (AU £ Z-graded cohomology #f & Eilenberg-Maclane spectra)
(1) G-CW spectrum E , 7% E® = {trivial G—spectrum} T E"*/E"& (G/Hy A
yo5ntl 50 wedge sum ) A spectra & LCHEA | (2% LT chain complex system %
{Cn(E) = 7a(E"/E™ 1)} LEHETS . ZnrE C(E) iX Mackey functor T, Mackey
functor M IZ&f L cochain complex {Transf.(ackey)(Ca(E), M)} @ homology % & T
G-CW spectra £ | & 51 CW-LUZ K Y AU LD Z-graded cohomology & HE (E; M)
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%m%ﬁé | |
(2) Brown @ representability theorem ([5] ch.13) iz HY(E; M) = [E,HM)g &7z
% G-spectrum HM DFETSH . 2O HM% Mackey functor M @ Eilenberg-Maclane
- G-spectrum L EFTDH . TR

Fo(HM)(G/H) = [G/Hy A S®S" HMw = [G/H, A $%5" HM)g = HY(G/H, A
Y2 S5™ M)
& 72V EEOBA & RRRIZ in_owk%M(G/H),méo@é:%oé:foeé

toRE 3.1. M2S Mackey functor D & X, HE(X; M) = HE(E®X; M)

(GEBR) GEBRIUREFIZONTIL 5] ZR T FEW) ~
EEL Y XX G-CW complex & LTIV, ZDE & ¥oX TB G-CW spectrum kiﬁé ES
¢ D chain complexes N[FM & 725 = & BRT :
Ca(B%X) = (T2 X)"/ (> X))
= hG F [G/Hy AN S™, (22°X)"/(X>°X)*~1D {0}th space]

— G F [G/H, AS™, QX" X" )
={G/H NS, X"/ X" 1} = Ho((XM)H, (X" )T, Z) = Cu(X).
EHIZ, (AEFEBIUAERIZOWTIL 3] Z AT ZEWY)

Trasf . (coef icient) (Cu(X), M) = Transf. (coef ficient) (S*Cn(X° X)), S* M)
= [HS Ca(S°X), HS* Mg = [i* HCo(S°X),i* HMg = [i.i* HOn(S° X), HMg
= [HCo (X2 X), HM]g = Transf.ackey)(Cn (5% X), M).

EOMBEIVROEUED—F OFEHIX- 72 bR EN5,

Efﬂ B. M% coefficient system, HG(X M) %Z &4 Bredon cohomology nma?f'?'%) Lz
DEE, | |
M7 Mackey functor £ THLIRAIRE (:) H(X; M) 2% RO(G, U)-graded cohomology
¥ CHAEATRE .

(GEBA) (=)
H(X; M) = HA(Z®X; M) = HA(Z"Q"Y> X; M) = HY(Q"S°X; M) = HY(S2X; M) =
[B2X;HM)g = [X,HM( R*) J¢ = HM2(X). T72bbH spectrum HM k5T 2
RO(G,U)-graded cohomology & ¥ CHESINSE . :
(<) . ‘ '
LG/ H D DE®G ) Jp~DAEB D map (X LT M(G/J) 2> M(G/H) ~® compatible
72 morphism BNERTED I ETHDH, EEH A XV (%) 7(¢) € [E°G/H, G/ J ¢
DWW TEZXI+HSTHS . transfer 7(¢) 1272V LT pretransfer 7(H/K) : £°50 —
YoH/ K, BS—FHNHIET S . &I 7(H/K) IR LT, —BHTIAVAZER L~
TOmap 7:8¥ — SV A (H/K) B35IEY 5 ([5] ch.12).
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L2 AT Hy(X; My) b RO(H,Uy)-graded cohomology i WZHRERRE TH D Z &I
FETDHE : . :

M(G/K) = My(H/K) = HY(H/K,; My) = E}(H/K,) = E§(S” A (H/K)4).
R LT M(G/H) = E4(SY) &3 . 22Tk 7 ZHVWT 7 : M(G/K) =
EY(SY A (H/K).) — E4(SV) = M(G/H) WEHTED . 20L& By OEEREY
ErDEVHIZELT—HIZEED . bé vy KX LTUIHALMNZ x:G/K —G/J
ED x : M(G/J) - M(G/K) DEEDLDT (%) - 7(9) (272 LT morphism
M(G/J) — M(G/H) BE#HTE MiE Mackey functor £72% .

4. Generalized Tate cohomology

= T% U icomplete &35, cofiber sequence EG, — S° — EG (EG ¥ EG @
unreduced suspension ) & U Tindex &35 G-spectrum B (2721 L TR D AT
bid ‘

EAEG, — EAS=E) — EAEG
1 enl l e I
F(EG.,E)NEG, — F(EG.,E) — F(EG.,E)NEG .

2T F(X, E) 1% function spectrum ¢ 724> % indexing space VZD L, XWERO &
Xix F(X,E)(V)=F(X,EV) $7= XM spectrum D& & bRIRICERIND . K=
~>0FTiE spectra @ cofiber sequence THd . SHIT e: E=F(S° E) — F(EG, E)
I EG DSEHEL YV G OER & E 2 22Ut equivalence THY , EGIZ K DFEIZ LY spec-
tra 1T free G-CW spectra & 725 Z & XV spectra (B89 %5 Whitehead DEER ([5] ch.12)
WA LT e A1 1% G-homotopy equivalence & 725 . -
FOFD spectra & F(EG,, E) AEG.. = f(E), F(EG,,E)=c¢(E), F(EG.,E)NEG =
t(E) &B< . ‘

G-spectra E & X {2kt L, BARER (1.2) LRBEZBIHEN  EE(X) = [B9S°AX, Ele =
5250 F(X,E)lg (X BERMOBAIE  [X,EV]g = [S¢X, Ele = [SpSAX, Elg ) 124
Y RO(G,U)-graded cohomology # MEED . &biZ  EF(X) = [E*SV,E A X]e IZ
XY RO(G,U)-graded homology #i bEES . DD V=R" DLE E{(X) =
E(X), ES(X) = Eo(X) &8< .

“ OB ER(X) = 7n(F(X, E))(G/G), En(X) = mu(EAX)(G/G) TV, cofiber
sequence @ homotopy BE% & 5 Z L IZ &> TROMERELND (2] ZH) .
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apRd 4.1. X ¥ G-spectrum ¥7213 based G-space &35 . ¥R®D long exact sequence 73
BFOND o S
© = fIE)MX) = «(E)M(X) = HE)"(X) — fI(E)H(X) — o

© = [(B)a(X) = (E)n(X) = UE)n(X) = f(E)n-1(X) — -

FFliZ. E 2% Mackey functor {ZXf9 % Eilenberg-Maclane spectrum @ & & L0 spectra
E® Z-graded (co)homology FmldHERD B FREED (co)homology BEDYLIE & 72TV 5 |

EE C. V% Z |G- (2 LBRAEREIIRGRY), ME M(Gle) =V &5
Mackey functor &9 5 (—EEIIRGZY) . HM% M @ Eilenberg-Maclane G-spectrum
EITDHEE,

FHM)(5%°8%) = TorZC(Z,V), c(HM)"(£*8°) = Eztyg (Z,V),
t(HM)™(X>5°%) = H™(G,V) (Tate cohomology group).

(GEBADIRRE) fHHED-® 150 =80 &< .
(1) fHM),(8% =0, c(HM)*(8%) =0 forn < 0.

(2)  RDOEM%ET-9 covariant functor L : Z[G]-IIEFDOE — G-spectra @ BEMBIFIE
ZG}-EEV & M(GJe) =V &72% Mackey functor M {272 L

FHM) — c(HM) — t(HM)

Y L L
F(LV) — e(LV) — t(LV)

iX G-equivalent TH5 . & HIZ, Z[G]-FEED short exact sequence 0 — V' — V —
V' 5012l LV — LV — LV” L G-spectra @ cofibration sequence & 725 . 972
b EFED Z-graded (co)homology #tZB L T long exact sequence % %2 .

(3) V NHHEZGMEDEE  fF(HM).(SY) = c(HM)™S®) =0 &7i3d, ko
T (2) @ long exact sequence £ Y degree 0 DFEITIFAE SHDH degree 0 D& X
FHM)o(SY) = V/TV, c(HMP(S) = VO A0 31> |

(4)  Tate cohomology (ZB8 L TiX (3) &ARE®D long exact sequence £V, 72725612
tHHM)* = c(HM)* (n > 1), tHM)™ = f(HM)m 1 (m > 2) BKYVIED . I HIZ

homomorphism
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FIHM)(S%)(= f(HM)o(8°) = V/IV) — c(HM)*(8%)(= V)
A normmap N = Xg IZE-5THEZOGNTWBHIZ LAVREN t(HM)(S%) = VE/NV,
t(HM)=Y(S°) = Ker N/IV HSERY NI . '
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