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'Cup products on the complete relative cohomologies of finite
groups and group algebras

®ME JL#t (Sanada, Katsunori)
HRBEMRFRIREEHE

1 F

HIBBED 2 RED V—RICEVT, RbBRENZERO—OL LT TASHE OER Y %
3, ZH % Frobenius algebra & %\ i Frobenius extension ® (fAxt#)) aHERY—RDOBE
WHBET A EHEREELTOET, 7% %c‘: L“C ﬁﬁEBﬁ@fB/\%iﬁﬁb RELUE THLR~
DRBEFLLET,

G 2HMBBEL LIz L &, Tate cohomology HMG,M) »E# d (> 1,€ Z) ’E_"E)O}:I/\D DI,
MﬁkLT®HmH%QM)_HW%GMj#\EE@%@nk&E@GMﬁﬂl R LR
Do TWVWBZEE WS, £LT, A2 -®IZIE, G OFTTD abelian subgroup 23 [E]
BThdZEBBEFSTHDH I LBMBN TS (Artin-Tate), _@ﬁnﬂﬂ% Cartan, Eilenberg
[C-E] OFETIR> TR TV BRORA 2 FERT LROL D 25

1. Tate cohomology (complete cohomology). FRTORTTEES ni-akEnU—if
W3, Tse—uw—zbﬁ@?k;::@:fuan /~<‘: LTBRYRAENRTWS MG, M) = H_,_1(G,
M) for any n € Z.

2. Cup product. U : H"(G,M) ® H™(G, N) - Hm(@Q, M ® N) 2 EHT 5, b,
cohomology ring H*(G,Z) := @,z H"(G,Z) BEHESI 5, ‘ o

3. Duality Theorem. 1%
%nfmeaHm(”@ZHﬂG@)

2 (@) (B) = aUB L E>THABID, ORI - SOFERMLATH,
3% dimension-shifting ZH\ T 0 2L —1 W TORELUIRE S &5 H5k ((C-E).
H—2F, aRERY—LEAED /——0)%30)3?)5@0)[—]””&0\ cap product %)ﬂb\éﬁﬁif
H5 (Brown [Br])

4. EQEEE (Artm—Tate) a(e H™(G,Z)) \Zxt LRIZFME :
1. There exists §-€ H"(G,Z) such that a U8 = 1. (ie. « is an invertible element in
2.aU~— : H"(G, M) — H"t™(G, M) is an isomorphism for any integer m and any
G-module M. o
3.aU - : HY(G,Z) - H"(G,Z) is an isomorphism.
4.ord @ =| G| («is a mazimal generator)
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ZIZT. 4=1 O7HIZLEEE Duality Theorem 2ZHW 65,

5 AIZEREO G & ---. HY(G,M) BAHFHTHB7-0I2iE, [G OFTD abelian subgroup
BKEBETHAZ &) BUEF+HTHD, £72. [G DT TD Sylow subgroup »3&K[EIF
73— ETEETHDHZ L) bEEREFHTH D,

B, WEIBEOC—BEOTEEICOWTIR, EBRIZEM 2 @ complete resolution Z1E% =
LT, ZoareEa—2EH 2 THH5Z LoD,

2 Frobenius Algebra

ATETICORAICHE L T, finitely generated free Frobenius R-algebra A (£ A-M#¥ & L CORA
A= Hompg(A,R) DEETHHD) OHAICHIEEZRLD LUTOL Y IT25,
& U —#%IZ Frobenius extension DHFAIFHEIZFL L £

1. Complete cohomology. 1957 %, Nakayama [Na] {Z &> T complete cohomology H™(A, A)
forn € Z BEZE SN, Z1UE Hochschild [H] & 5 [C-E] IZX 5 cohomology H"(A, A)
forn >0 DHEBO—RILTHD, T7hbb, HY (A, A) = HY(A, A) forn > 1, H(A, A) =
A /N4 (A) BRY Lo TV B, '

= O#4 . complete homology H,, (A, A) & FKEIZ EH ENDH. AREOaRER V=D
- B8 LIZR%R Y, Nakayama automorphism A % fv T4 L modify L7 homology & ®
 EEAEMLATWET; H*(A,A) = H2, (A, A) for any n € Z.

. Cup product. U: H"(A, A) @ H™(A,B) — H""™(A, A®4 B) BEHESN 5 (1992, Sanada
[S1, S2]). L72235T. cohomology ring H*(A, A) := @,z H"(4,4) bERSND, FRF
iZ. A @ Frobenius extension I' {ZBJ L T, restriction map Res : H*(I', A) — H™(A,A) &
X corestriction map Cor : H™(4, A) — H™(I', A) ENRERTE D,

()

. Duality. 7 _n(@)(8) = aUB L E>TEx b5 E&

2]

Vo,—n : HY(A, A) = Homza(H™(4A, A), H'(A, A))

BREBUZRZDE I DEIAHA, T T, ZA X A OFL, 7272, $RIL case: A ¥ complete
local field £ commutative separable algebra ¢ maximal R-order (f. g. free) D& EITIX
R L7225,

4. BHICOWVT. a(e A4, A) 2L 1= 2 = 3 YD, 3= 11220 Tid, “Duality
Theorem” DAL HUIX, HRRBHIELVY,
1. There exists 8 € H"(A, A) such that a U3 = 1. (i.e. a is an invertible element in
H* (4, 4)) )
2.aU~—: H™(A,A) — H"™™(A, A) is an isomorphism of ZA-modules for any integer m
and any two-sided A-module A. '
3.aU—: H%(A, A) — H™(A, A) is an isomorphism of ZA-modules.

5. AZR DO A X -, FIZIT, ROLIRLOBHMOENTND,
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1. REIEDOELIR. central simple algebra ( maximal order I3/EH#] 2 DatETrv—%
t; EBR. complete local case [ZJ#%& S ¥ T, JAH 2 O complete resolution % F25 Z
L2 & % (1968, Bobovich, Faddeev [Bo-F]; 1992, Larsen [Ll L2)), ZOBE . degree 2
® invertible element % R2F5Z & H T 5,

- 2. complete local case \Z31F % central s1mple algebra @ minimal heredltary order (3J&
2 oakseEny—%H0; EEIZ, degree 2 @ invertible element % 72175 Z &1Z
X % (1995, Sanada [S4]). |

—F., Az bERObOL LTE, Bl dEgs z J:@ quaternion algebra 2% % (1993,
Sanada [S3]).

EIAT AL LTHRZG 2L 58, AB HY(ZG, A) = HY(G, yA) BRYIOZ L b, A
REOaFERV—DORFITREIND, I T, Bl A-MEE A 23 L. 4A iX G-conjugation
WL THERTS G-InBEE X,

SEE (1997, Nozawa, Sanada [No-S]) _LERM A™(ZG, A) = I:I"(G,wA) {¥ cup product. ZR7F
T5, LoT. BRAE A*(ZG,ZG) = H (G, ,ZG) BEFEET 5, ' '
% BB O cohomology ring H*(ZG,ZG) 7% degree n @ invertible element o2 & &, BED

cohomology ring H*(G,Z) 7% degree n @ invertible element ##>Z & (k-T, BOakEn
V—PBEH 0 b0 L) LIXFETH D,

3 Frobenius Extension

I', A% R EARAERSNENZ TR E T 5, BBOYLK I'/A % Frobenius extension &35, 72
by Tz A BEEe UCHRERSENTHY, £ T, F A-EEE LTORE T = Homy (I, A) 55
F1E3 5 £ 9%, Onodera [0] FIZX Y., I' D complete relative (I'®g I'°PP, A® g A°PP)-projective
resolution X/ y PEFESHON TS, BiffiE TLRMRIZEHER LIRS L, '

1. Complete relative cohomology. LD Xp/ 4y ZR\WT, Wl I-H08E A IZ% LT, complete
relative cohomology H™(I', A, A) for n € Z 25E&E S 415 (1993, Nozawa [Nol]) RlZ. A=R
EFIUTETRD AL A) —FT 5, ,
7. FRFIZEZR IND complete relative homology & ORIZEEINHEET B0 E D Mo
WTIE, [No2] TEfshTnd

HIREED complete relative (co)homology 1ZBI L Tix, —fiCIZAE (G, H,M )
H_ o 1(G, H,M) i3RI ERN EBRMBATND ([H] ZH),

2. Cup product. U: H*(I'A,A) @ H™(I' A, B) — H"*™(I' A, A®r B) iﬂi&%éﬂ’bé ([No1,
No2])o L7243 7T, relative cohomology ring

H*(I, A, T) .= @ H™(T, A, T)
neEZ

bERESND,

3. Duality. E3& L7z cohomology & homology D DRELDFFEFEN, “Duality Theorem” DRI
B o TNWBHZEN, DRV 22HD5L5TY,
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4. BMAIZOWNT. AIELFEKRTY,
5. AMERO 41X .. SHOBETT,

B, HIREEG L EOBABE H (LT, I'=2G, A=2ZH LB k. WA H"(ZG,ZH, A) =
H™G,H,,A) BEETHDT, ZOHEAIE. Adamson [A] %%\ id Hochschild [H] 2 & 280D
relative cohomology IZMfE SN 5, £L T, TOHEHRMBEKY LD ¢
T (1997, Nozawa, Sanada [No-S]) _L3RA% A"(ZG,ZH, A) =~ (G, H, »A) 1% cup product
RRIFT 5, Lo TRRAR A*(ZG,ZH,ZG) = H*(G, H, 4 2G) M EFHET B,

% BRO relative cohomology ring H*(ZG,ZH,ZG) 7% degree n @ invertible element %
Z & L. BEO relative cohomology ring H*(G, H,Z) 7% degree n @ invertible element 2> &
LIERMETH B, ’
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