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Deaeneraﬁnafamilies of Memmarphic o

FunchonS on Compacft Riemann Surfaces -

| , ME\NDTD Name\ < Osaka Umv.)

80 . Tntroduclion. TIn Tﬁx’s='f"a!k} T give a ’f?:,mlojicz,l
'ﬁweor)/ of c(eaeneraTma 'szmi,ies of 'meromorfhic{lunc_ffons on

compact Riemann surfaces. In [43, Matsumelo— Monlfesinos
gave a Topological theory of degeneraling families of compact
Riemann surfaces of genus =2. M\/Theor)/ can be regarded
as an analogy To their theory in some sense. But my theovy
sfarfs from branched coverings and is very explicit. Moreover
they assumed That the Tolal spaces are men-singular, while T
don't . So The resulfz thus oblained ave sliahﬂ/ diferert.

$4. Terminoloay. A (mon-constantl) merowmorphic ]fanéﬁon

S o0 A compac't Riemann surface X of genus g is noThina but a

Sur("ecj’we ho‘omoryhic mayyina

f: X —_— ﬂ_71= ]fi(f)z G:U{oo} ,
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ot X oo the complex projeclive line B, § is a surjeclive
Frv»rer finile mapping. So, § can be regarded as 2 finile branched
covering of P, Put

Rf =4 pe X | £ s mat bi ho\omorphic around Pg) B,E= ?({3&),
_The)/ are finife subsels of X and B, respectively and are called
the yamificalion locus and branch locus of £, vespeclively.

£: X— §(Bg)—> B'— By

is an unramified covering. Tts mapping degree is dendled by
Aegﬁ: and is called The degree of .

In general, fora given complex manifold M, 3 Linife branched

covering of M is a finiTe proper” holomovphic mapping
f: X— M

O\: an ‘\Yreducible fnormal comlofex space X ord?) M. Tf:e YAmi{ica-hon
locus Re, the branch locus Bg and the degree of f, deg, are

defined as above. Re and By are hypersurfaces of X and
M, resFecTwel/ . Fora h/Fevsur{ace Bof M £is said s branch

:a_t mosl 3_‘?_:_3 ;{: B*F is conjained in B.
Definifion L. Branched coverings £:X—>Mand §: X'—M

are isomorphic (£2z £') f X Fv 5 X
ANTE

ywhere ¥ is 2 biho,omov‘:hic mapping- |
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Pe{;‘\nﬂ'im’\ 9. Branched coveri ngs £ X-—%M and -F/:XC—‘y M’

ave e%uivalen"t (Frr§') (resp. 'szaloz,;call,\/ g?uivafent (f—%'ac'))

); X —2X 5% ,where ¥ and ¢ are hiholomorphic
£ \\/ @ l,;' mawmjs (resp. orientation pmserv\'na
M 2L s’ homeomovphisms 2'__]
A theorem of Grrauert—Remmert [2] Assevis
Theoremd (Grouert—Remmert). Let B be a ny@rsur{ace

ot a"co'mFleX manifold M and £ X,'—'> M—B be a finile

unmchieé'coverin%.—\_hen there exisfs a um;ue (4p o isomorphisms)
meita covering f: X— M shich branches at mostat B and is
an exfension of {::_}

This theorem asserfs that the cotrespondence §'e— §
3-\ve.s a calegorical -eguh/alence belieen unbranched coverings
of M—B and coverings of M branching at mest at B. So, we
can apply some Terminology of unbranched coverings to he

c3ase &F branched co\/Erfﬂgs. FOY -Qan\P}Q/ covering tYMMS'LUYWlZ.L:o_ué
. T’ !

)VG«[ois coveriﬂ_gf) abe[’\ancoue\(iw%_s) g%c_h'c, covev;ngs 5 ele..

Coronw/L There is a one 15 one correspondence beteween
{ c: X—M| fis a finile covering loranchma at mest 2t B ];/2
amd {conciugacy classes of subgroups H of {Zmﬁ—e index of the

furdamental group T, (M=B 7.) } - |
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$ 2. Monoclrom/v Ye ?resenTa't?ons and checked pa’ﬂéms.

Let £: X—>M be a finile coveving of 2 complex manifeld
M of degree d branching 2t most at 2 h/persw{aca B. The
Cpeymulalion) menod rom rePresernTzﬂTo—w

@; : 7E;(M"B, 1) — Sd (the d-1h S/mme“hic 3rou\7)
of £: X—F1B)—>M—B s called the monodromy
represerilalion of £ (see Fij. 1).

SCE (Pu\\ backs of &)
X B ) B (x)= (1342)

§
%’%r -B/ —E‘j—i—‘

Im®: is a transilive subgroup of Sd ) for X— £ (B) is connedfzd.
By Theorem 4 and its corollary |
Theorem?2. For a given homomorphfsm ¥ :W.(M—B) 3)

——> Sd suchthat Im® is transilive, there exisls a unigue

(up To isomerphisms) epvering F2 X—> M of degree
d branchin«a ot most at B such that @g = @__j
Prouem o£ Pea\\zaTion. Co’ﬂstrui:t cmncren,[/ -H‘TQ
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branched covevina £: X—>M in the 2above Theorem_._'_\
This is a difficalt problem, which is sfudied in Mumber
'H'\eor)/ in The case |
M=1' and B=4{0,4, 00} (seeSchnepsCsa).
We consider the case M =T and comglvucl §2 X— 1A
%BOIOQ\CZ(“y The idea comes O\rt(j\na\)/fjmw Klein G332
Let B= '{'[;1) 82, -, - 8n} be a set of m J|5Tnct;70m1§
m P'. We draw 2 simple ﬁoor passing through every 3

oviented c[ockw‘se/ as in F'ﬁ 2

We rega\rc\ the inside area as a conlinent, which comlains

the reference Pom‘t 2o, and The oulside area as an ocean.
We Then pull back Them over a covering f: X— P! of
degree d branching at most ot B. Then we get a
checked pallern

of d conlimenis and d oceans on X which is com_paT‘.L/e
wilh &c. |

S’Cavaa from &: T (E-B, 2)—> Su  suchthat Tm®
is teansilive, we do as follows : Put
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sz @(Q)GSJ _ &w!éjé_h)

where I are lassos as iﬂl:ia.’:%.

4

Nofe Thal
T(E'—=B %)= <%, ¥n | Wn- =1 >
Mn--- MaM;=1¢e 4.
Decompose each M inTomJ“uaHy prime C)/c]fc Fermﬂéﬁms
Mie whese length is € . P (by Riemann — Huresilz {orma)
= 4+ { T e—1)—2d b+ 1,
We prepare an ovierited compact surface X of genus §. We
then draw a checked palfern of d conlinenls and d oceans
o X which is compalible with @. This pattern describes
topologically £: X—>F' such that & =3.
ExamP]e 1. £: X—> “?‘, (z2,w)—> 2 , where X i< the

Riemann surface of the algebraic funclion w=wiz) given
b)/ The e;»(ﬂi«m W' —3w—2=0. (The genus o-FX is 0.)
Then m=3,d=3 and

Mi= &) = (12)) M= @ (13)=(13), M2 =&, (1) = (123).
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See Fia.‘(—. Tl'lev c('le_ol?ec(' Pa’ﬁ‘em inthi's case is as in

Fq.5. . .

7 '}}k/l" (o (o), X |
/, 7

7//////2///7////////_5@ 7 £

( The poi nfz g in F3.5 are im %—‘(ZJ ), while the mumber
@ in Fx‘z.S dendles the i—th conlinent .) |
CohveYse[)/ we can read @.&: 'From Tthe cﬁecked P&T@Yﬂ..

EX&\M?]QQ.. f: X—> IE') (2,w) —> 2, where X is

given by the equalion 27 2w w—1)"= d(w =W+ ’= 0. This
is 2 (qaleis coveving wiTh &a(({)253 . (The genws of X
is 0.) Then m=3,d=6 and
Mi= e(v)= (154X286), M= S (%)= (16 X24)35)
My = Bc(13)= (12)(34X56).
See F\ﬁ. 6. The checked F&Tférn inThis case is asin Fij.r?.

Y-

Jarn Wars W

527 ;/1/// 7i77

Fiq.6

V4

1
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'Exavgple& f: X—> [Ei) (2,w)—> 2, where X is

given b)/ the eg,u_a'l'?on we—234+1=0. ( The genus of X
is 4.) Then m=3, 4=3 and

Mj = @$(X)= (123)  for 1£4£3.
See F. ¥ . The checked ]ozj'em in This case is in F.a 7.

Qt N

f////j/\ /w; >
/////////f—‘z—

Examp|€4. F: X— Ei) (Z,W)H—> 2, where X is qiven

by the egualion W’ —~g22—1)(2—2)=0. (The genus of
X is 2.) TThen n=4% 4=3 and

M, = O (6) = (132), M, = Beli)=(132),

Ms= B ()= (123), M= Sp(¥)=(123).
See F’\SIO . The checked pallern in this case is as im
Fig.ll. (a;and bj for 12j=2 form a sympleclic
l’lomoloay loas{s.>

// ////’/////// //
Ty / 510
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; d N
= % \\O\ "]

: ////‘4 ,
//@/// // | 7 \\
&y /3 ; / N 7
be ] \az Fg”

So far we qave examples in which the _e?uzf—ﬁons of
Coverings are given. Bt as T mdled above | eyen I onl/ The
monodremies & are g iven omd the eﬁo«iﬁw’w of the
covexings L e mdt given then the TEFo/ojicaf piclure
(as Fg.5~ Fg. | 1) can bedrawn.

33. Deqeneréﬁnﬂ families ot merpmovphic £m5ﬁm$.
Lt A= A(0,8)= {téa | 1i<e ‘y be a disc and
N=A—~30 be the Func—lareé dise. A Linile Lyanched

coven na

£: X —— AxP?
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is called 2 c[eéwnerﬂi_n%gg\m%\y_g\?wemmoﬁphic £unc—hons

(of compacl Riemann surfaces ) and is deﬂc;t"eo[ by

f= H:.t} i The pouowina 3 condifions are salisfied:

1) £x EiQf Be for every tel.

(2) For evevy ted', tx P! meele 2t m Pom'E
transversally with Be. (1 is conslanl for ted’)

) For every téA*) fe=1: th F_'C«(:xllz'>———>
tx'=P is 2 ?In'\"—e covering ol elejree Azcleg{
Lranah‘ma at B,‘: NEXR ) =< 3,66, - - En(-(:)} .

| S€€ F‘ﬁ- [2. Oxtz! "tXﬂZl
1 g-‘ 7);(‘(:)
AxP '
2\1(0) Balt)
Bg $3tt)
— &5 /*w/tf

B Ze,(o)?;’i? .
l“&) Fta.lz

a- 0 +
The center Fibev ><o = £7Iox ') is 44%@,,,\95()}'}4 o
Xt.
Exargle 5. f={fil fi: Xoy—> ', @, wi—sg,
where Xp: w—stw—z=0. M= (5)=02),
Mo= B (b)) =(3), Ms=E(%)=0128). (& =S¢ )
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See F‘a.l3 and Tig. 14
L Yo YS

] o
/////////; 7/ % By

As t— 0, the curves 1—2, whose iniTial FOW\E

are 4 and end Fo:‘vﬂ—s are 2 cbnverﬁe To the Foiwt
1=2, and we 5eC The {oi{gwmg F;‘-J&r@ of Xo :

.

3
Ta fact ’H;IQQ?/%’CS,—ITU'M Ko w—3tw—2z2=0

COY\\/QF8—€A T Xo: WB"'Z :O as +t—0.

Example 6. $=138&4, fz Xe— AR S

where Xyt wr—z(z-t)e—1)=0. M= Q)=
(U2) foc l2j2d . See Hyg.[6 and Hg.I7.

Fig. 1€
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(In Fig.17, (2 is the upper backside o the Tovus. )
As t—> 0, The cuvves 41— 2 eonverges To the
Fo'\nt 1= 2) and we gét The -Fo”ow:‘na F]cﬁﬁre of Xo:

® is the urrev)
backside .

Example 7. $=1f] 1 Xg— A (z)w)r——ai)
where Xp: Wi-z*+tf=0. My= O, (5)=012) for
léj <4 See F}g.l‘? aﬂCl FIB.ZO.

/i 37&//7/ Ul

(In Fia.zo,@ is the uppey backside of ‘Hie'lEYus. )

As £—> 0, the curves 1—2,2—3, 3—4

— L-L N

converge T The Poir\t I =0=3=4& and we ae't The
following piclure of X,
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J\(@ is the \
backside

_Assev‘h'm. ToFo\ojicaH/) the Je_genera.—ml,g cuyve XO
— wc*\(Ox P can be deseribed E)/ @t=§>_h , wheve

+ e AF is a Q\xed Fo'mt -
We explain this asserlion as follows: For 2 %ami(/

{£.} , we assume for s;mFlfcfp that

9.00)= --- = $(0) and cther ;(0)

(kri<j=n) are diffecent from §,(0)

and are matually AisTimJ_E.b
Pt Mlz@c(é’l),““/ Mp= & (). Let H be the
sul;cj-vvuf of Sy which is 3enerzﬂ‘ecl by M, ===, Me, H
wmay mot be 2 transilive subgroup. We dendle

oL, ---, O,
the orbils of H on {4,2,---,d |
Delinifion3. For a permufalion Ae Sa, F Ais wpilfen

as A=A Awf)'fhe proéluﬁ(' o} /mu'f&a”/ prime eyclic
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|7ermu_tT£ﬁms, then we call the mumber w=w(A) -the
MiA (W(A)clemc!s on d also...FoY-Qan\P[e)
iF d=4 and A= (123), then w(A )= w((123X4))
=2.) | |
Lt /)C(X:c) olené'b the Euler chamd@rfs'ﬁ'c of- >(Jc.
Then we czm»easil/ show |
Theorem 3. For =0,
(AYX (X )= 2-29 = od—nd + Z;_ wiM;) |
@) A(X,) = 2d— n—ktD)d+Vv+ 31, WMy,
(3) XX, =X Xe) = dle—1)+ V=25 wiM,),
@) X(Xe) = X (Ke ). |

From Theore\mg and som cowsiolera—hw) we 5&1;

The ?o“owmg theorews 1

Theorem4-.
(4) @:(2[(0)) consisis of v+Mm—k) PoinTs) aymma |
which v Foivﬁ"s can be idenlified with Ov,---, 0lv.
(2) Pit My=Myp--- M. Then M, induces 2
permullalion Moj Oy — 0L . Lnder this molafion, Xo
has w(Mog) ivveduei ble cow\FoneTTfs at the Fo‘m'f"

covves Porxc['\\(\cd * 615 . |
Theovem 5. The \Co(lowina 4 condilions ave /m&mall/
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Q?Aivaléht:

(1) XO 1S homeomoffh"é_i% Xt {Wt#@.
(2) X(Xp)="X(Xe) 4o tF#0.

(3) dle—1) = 3% wiA)-v.

(4) dte—1)= T wih) —wlho).]

However the Topological struclire of = 4Fel is méC
deteymined by &y alene. Tt depends also on The braid
monodromy 8(8). Here |

T: our— t=te" (ozcu<or)
is ‘Hie ’Dor arown_a{ +=0.(t.e N is a {ixed Point>
We assume that
(‘éé('b)%oo forevery tedand L£j<n ’

{1 . ‘ .
_I- o .{Zl(tbelu)) T D) gnctoe'lu)}

D&<UL 2T

31\/@3 an (AYT\VO braid oJ; m sTrinas) cohich is called
The _b__r“_ajé_/monociro\m/y of The curve Bja around t=0
and is denaled 17/ O(d).

The braid 6= 68(8) can nat be avLiJcra\Q/. T+ s
defined Lrom a complox analylic curve Be. So, such

o brmid we call a complex zma/[ﬂ?c, braid.

Now, fer a degonerdling family §=Jfct: X— o<,
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we assume as above
(Ax{eot)N Be=#&.
We fix 2 velerence poirC toe N and pa
b= 1(te) o lsjen.
Then the Arlin braid qroup Ba fnzﬂ&ra“)f acls on The
fundamerifal group 7T (B —33,---, 8}, 2).
A 'ﬁteorem o(: Zaviski— van kamp@n (see e9. D;maa[ij)
asser|s
Theorem 6 ( Zaviski—van Kampen ). 7T, (AXI?[——BF, 75)
= 8,8 | menh=1, 66 =4 (<i=n))
where Yé are |assos as in Fig.3 for £ : Xe,— Ej:_J
The menedromy represenfalion e of £: X—> Ax '
is e;uaf To & = §Ft°° By Thesrem§ | @% safisfies
By - 68) = b, . o
Definiliom4. = (£ and =480} ave said To be
’Egologicalf[j/ g%uivafen"t I
e 3V N X/

T R R
AR 2F 5 A%

2 |

A BT A
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where V, ¢, M are orfeﬂTaﬁm ?resevvina homeomorfhisms_;_[
USina {undamen’féf results in ’Tﬁe'ﬁ'xeopv of -F:loer [ouncl[es
(see Sleenrnd[61), we getthe fellowing Theorem:

TheowemT. There exisls a me’f"o one COH/QSFOMCJ-QTICQ

befween '%'l?;poloycal Q?u‘ alence class of f=1{f }
where f (£3#£0) has The c{eﬁre@m and has Frescrnbed
m branch poinls } and 1 (8, 6)] & is the ropresenfalion
class  of ®:7r (B34 2.} 2.)—Sd suchthat
Tm® is transilive, 6€Bn a cowq»lag z(naﬂf/?é braid
such That @-9=£\f2'}/8n;[

‘Here ce Bn ads on (§,8) as {follows:

~(3,8)=(3-c, v'00),

Cons‘\c{e\rina a tyivial -?amll/) we 5e’t the {«:Howma

corollary which seems a known result .

Corollary. There exisls a oneTs one correspondence
/

between { fopological eguivalence class of f: XN —s I
of cie_jree d coth prescribed m branch poirils b and

{® | Bisthe represeﬂTaTm class of B: 1, (IE TR )
—'~>/§A such That Tu® is transilive } /Bm;]

Refevences
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