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1. Introduction

Let A denote the class of functions f(z) of the form

(1.1) —z+§j%

which are analytic in the'open unit disk U = {z € C': |z| < 1}. A function f(z) in A is
~ said to be starlike in U if it satisfies

zf'(2) |
(1.2) Re (f(z) ) >0 (z€U).

We denote by S* the subclass of A consisting of all starlike functions in U. Further, a
function f(z) belonging to A is said to be convex in U if it satisfies

zf"(2)
(1.3) Re <1+ e ) >0 (zeU).

Also, we denote by K the subclass of A consisting of all such functions.
It is well-known that

(1.4) () € S*=slan <n (n>2)
and
(1.5) f(z)eK=lan| <1 (n2>2) (cf.[4]).

A function f(z) € A is called to be uniformly starlike in U if it satisfies

£(2) = £(0)
o) R {E 250G ) 20
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for all (2,{) € U x U. The subclass of A consisting of all functions which are uniformly
starlike in U is denoted by UST. Furthermore, a function f(z) € A is said to be uniformly
convex in U if it satisfies
(1.7) Re {1+(z_g)f”.(z)} >0
f2) )~

for all (z,{) € U x U. We also denote by UCV the subclass of A consisting of all uniformly
convex functions in U. The classes UST and UCV were introduced by Goodman ([1}, [2]).

The generalized hypergeometric series ,Fy(z) defined by

a1, az, -+, qp oo TIP_ ((1) o
_ . s =1\2j)n
e ( : ) = L LG, 0, =0TV

b17b27"',bq
where p and ¢ are non-negative integers, a; (j = 1,2,---,p) and b; (i = 1,2,---,q) are
complex numbers with b; # 0,—1,—2,---. Here (\), denotes the Pochhammer symbol
defined by '
_T'(A+n) 1 (n=0)

(1.9) N = I'(A) —{/\(A+1)---()\+n——1) (neN).
If we set

q P

we see that the series ,Fy(z), withp=¢+1, is

(i) absolutely convergent for |2| = 1 if Re (w) >0,

(ii) conditionally convergent for |z] =1, z# 1 if ~1 < Re (w) <0, and

(iii) divergent for |z] = 1 if Re (w) < —1.

If p< g+ 1and Re (w) > 0, then the ,Fy(z) series (1.8) is absolutely convergent for
|z| < oo (cf. Srivastava [6]).

2. Uniformly starlikeness

We discuss the uniformly starlikeness of the generalized hypergeometric functions. with
some conditions.
Lemma 2.1 ([3]) If a function f(z) € A satisfies

oo

(2.1) Y. (Bn—2)a.] <1,

,n=2

then f(z) € UST.

Now, we derive
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Theorem 2.1 Let f(z) € S*, Reb; >0 (1=1,2,---,q), and 37 Re b; > Z§=1 la;| + 2.
If

Ialiv ]a2!) Ty lapl’ 27 2
(2.2) 3 pr2Fype 1

Re b1,Re bs,---,Re bg, 1,1

|a1|7 |a2|7 Ty Iapla 2
=2 pr1fgn R

Re b;,Re by, -+, Re bg,1
then (f xz pFy)(2) € UST, where (sxt)(z) denotes the Hadamard product of s(z) and t(z).

Proof. By virtue of Lemma 2.1, if

N
(23) 2 Br=2) e o W] <

is satisfied, then (f * z ,Fg)(z) € UST. Indeed, we have

[e o]

ngl(aj)n—l

ea 2 T (B a (D™
1laj)ne1 (n+2)%) F=1(lajDni1 n+2))

=3 Z < 1(Re bi)n+1 (Dn41 ) 2;—:2 (ngy(Rﬁ bi)ni1 (1)n+1)

“1(laiD)n ((2)0)2) . & f=1llaiDa (2)a \
=3 (nz (B2 by)n <(1>n>3) > <n:-'=1<Re B <<1>n>2> :

( |all7|a2|7"’a|apl>2’2 )

=3 prafiyso | i1

Re b1,Re by,---,Re b4, 1,1

|a1|7|a2'7"'7lap‘)2
—2 pr1fg ' ;1| -1,
Re bl,Re bg,"',R)e bq,l

because |a,| <n (n > 2) for f(z) € §*. This completes the proof of Theorem 2.1.

Applying the Gauss summation theorem given by

(2.5) ' o Fy ( 1, G2 1 ) : L(5)T(by — a1 — a2)

bl F(bl - G.])P(b]_ ot a'z)

with Re (b; — a; — az) > 0, we have
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Corollary 2.1 Let f(z) € S*, Reb; > 0 (i = 1,2,---,q), Rebn > |am| + 1 (m =
1,2,---,9—3), Re by_z > |ag—2| + 2, and Re by > |ag| + |ags|- If

(Re by_2 — 2)I'(Re by — 1)T'(Re by — |ag| ~ |agi1l)
(Re by_1 — lag_1| — 2)T'(Re by — |ag| — 1)T'(Re bg — |ag41l)

g Re bm—l Re bq_2—2
—-21<2
% {171;[1 (Re bm—]aml——l)} <3Re bg—2 — |ag—2| — 2 ) -
is satisfied, then (f x z 441F,)(2) € UST.

‘Similarly, we have

Theorem 2.2 Let f(z) € K, Reb; >0 (i=1,2,---,9), and Y Re b; > 37 |aj| + 1.
If

|a1|7 la'2|a Tt laPlaz
(2'7) 3 p+1Fq+1 i1

(2.6)

Re b1, Re by, ---,Re by, 1
lai], lazl, - - -, |ap]
~2 ,F, 1| <2,
Re by, Re bg,-- -, Re b,
is satisfied, then (f x z pFy)(2) € UST.

Corollary 2.2 Let f(z) € K, Reb; > 0 (4 = 1,2,---,q), Rebn > |am| +1 (m =
1,2,---,4—2), Re by_1 > |ag-1| + 2, and Re by > |ag| + |agss|. If

I'(Re bg — 1)T'(Re by — |aq| — |ag+1])

I'(Re by — |ag] — 1)I'(Re by — |ag41])

k! Re b, —1 Re bg-1 —2
: —-21<2
A (=)} e ) =

(2.8)

m=1
is satisfied, then (f * z 411F,)(2) € UST.
If we take f(z) = %z € K in Theorem 2.2, then we obtain
Corollary 2.3 LetRe b; >0 (i =1,2,---,9), and Y01 Re b; > Y7y |aj| + 1. If

Iall’ |a2|a Tty lap"?'
i1
Re b1,Re by, ---,Re by, 1

|a1]7 Ia2l7’ B |a‘P|
—2 ,Fy 1| <2,
Re b;,Re by, .-+, Re by

is satisfied, then z ,Fy(z) € UST.

(2.9) 3 pr1fg (



75

3. Uniformly convexity

For uniformly convex functions R¢nning [5] proved that f(z) € UCV if and only if f(2) € A
satisfies
2f"(2)

zf"(z)
(3.1) Re <1+ ) ) > 72)

l (zel).
From this fact, we have

Lemma 3.1 If f(2) € A satisfies

(3.2) Y n’lag| <1,

n=2

then f(z) e UCV.
With the above lemma, we get

Theorem 3.1 Let f(z) €S*, Reb; >0 (i=1,2,---,q), and Y0 Re b; > 7, |a;| + 3.
If :
|CL1|, la2l7 Tty |aP1727272

(3.3) p+3Fq13 ;11 <2
Re b],Re b2,---,Re bq,l,l,l

is satisfied, then (f x z ,Fy)(z) e UCV.
Corollary 3.1 Let f(2) € S*,ARe b >0 (@G =1,2,---,9), Reby > lam| +1 (m =
1,2,--,9—4), Re b,_3 > |ag-3| + 2, and Re by_y > |ag_2| + 2, Re bg1 > lag-1] + 2, and
Re by > |ag| + |ags|. If

(Re by_s — 2)(Re by_s — 2)(Re by_y — 2)
(Re bg—3 — |ag-a| — 2)(Re bg_2 — |ag—2| — 2)(Re by—1 — |ag-1| — 2)

_L(Re by — I (Re by — |ag] — lagaa]) [ (__Rebm—1 <y
T(Re by — |ag] — 1T(Re bg — |agi1) Re bm —lam| -1/ =

(3.4)

m=1
is satisfied, then (f % z ¢41F,)(2) e UCV.

Theorem 3.2 Let f(z) €K, Re b >0 (1=1,2,---,9), and i 1Re b >0 laj| + 2.
If

la1|> |a2|’ T lap|7272
(3.5) pr2Fara ;11 <2
Re b;,Re by, -, Re bg, 1,1

is satisfied, then (f x z ,Fy)(z) € UCV.
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Corollary 3.2 Let f(z) € K, Reb; > 0 (i = 1,2,---,9), Reb > |an| +1 (m =
1,2,--+,9—3), Re by_2 > lag_2| + 2, Re by_y > |ag_1]| + 2, and Re by > |ag| + |ag1]|. If

(Re by_2 — 2)(Re bg_1 — 2)I'(Re by — 1)I'(Re bg — |aq| — |ag+1))
T(Re by — Jag] — DT (R by — [age1])

&l Re b,, — 1
<
X{TLIl <Rebm—|aml—l)} =2

is satisfied, then (f x z ¢4+1F;)(2) € UCV.

(3.6)

Corollary 3.3 LetRe b; >0 (i=1,2,---,q), and > Re b; > ¥F_, |a;| + 2. If

Ia1|7 [aQL Ty |a1917272
(3.7) pr2Fot2 51 <2
Re by,Re by,---,Re by, 1,1

is satisfied, then z ,Fy(z) € UCV.
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