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UNIFORMLY SHADOWING PROPERTY

;ALK 13 185 (Hirofumi Hanai)
WIHEARET M IE# (Masatoshi Oka)

Let M be a closed C*™ manifold and C"(M) be the set of all C"-
differentiable maps endowed with the CT-topology (r > 1). D.f is
the derivative of f at 2. Denote as M tﬁe topological product space
[12,M and define a'compatible metric d on M by d((z,), (ya)) =
3 d(Tn, yn)/2" for (zn), (yn) € M, where d is a metric on M induced

by a Riemannian metric. We define a continuous map} f:M—>M by

F((@a)) = (f(2n)).

Then the projection P° : M — M defined by P°((z,)) = =, satisfies

P f = f o P°. For a subset A an f-invariant set A; is defined by
Af={(zn) € M : z, € A, f(zr) = Zp41, n € Z}.

If Ay # 0 then f |Af :' Ay — Ay is a surjective homeomorphism. Remark
that Ay = My # @ when A = M. We say that each element of M; is an

orbit of f.
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For § > 0 a sequence {7'};cz C M is called a §-pseudo-orbit of f if
d(f(x?),z**!) < 6 for every i € Z. A sequence {r'};ez C M is said to be
e-traced by an orbit (y;) € M; if d(z*,y;) < € for every i € Zz. We say
that f has the shadowing property if for every € > 0 there exists 6 > 0
such that every é-pseudo-orbit of f can be e-traced by an orbit of f.

A sequence {%'};ez C My is called an orbit of f if f(7*) = #**!. For
§ > 0 a sequence {Z'}icz C M; is a 6-pseudo-orbit of f if d(f(3),7*!) <
6 for every i € Z. A sequence {Z'}icz C M is said to be e-traced by an
orbit (§) of f if d(#,7) < € for every i € Z. We say that f satisfies the
shadowing property if for every € > 0 there exists 6 > 0 such that every
. 6-pseudo-orbit of f can be e-traced by an orbit of f.

We say that f satisfies C" uniformly shadowz'ﬁg property if there is a
neighborhood U(f) of f in C"(M) with the property that for € > 0 there
is 6 >‘ 0 such that for g € U(f) every 6-pseudo-orbit of § is e-traced by
an orbit of g.

Let7:TM — M bea tangént bundle of M and || - || be a Riemannian
metricon T M. Deﬁné a subset of the product topological space MxTM

by

TM‘z {#v)eEMxTM: P?(i) =m(v)}
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and define a Finsler || - || on TM by ||(&,v)|| = ||v||- Then 7 : ™M —

M defined by #(%,v) = % is a C%vector bundle over M. Define the

projection P° : TM — TM by P%(%,v) = v. Then,

| POITiM : T,-;M — TPO({,})M

is a linear isomorphism where T;:M = #}(%). A linear bundle map

Df: TM — TM covering f is defined by
Df(,v) = (£(Z), Dpoz) f (v))-

Then we have Df (TzM ) C Tf(i)M and P°o Df = Df o P°. To simplify
the ‘notation_ we write Dz f = Df|T; M. For a subse\t A define
TMIA = | T:M.
zeA

A closed f-invariant set A (f(A) = A) is said to be hyperbolic if TM|A;
splits into the Whitney sum TM|A; = E* @ E* of subbundles E° and E*,
and there are C > 0 and 0 < A < 1 such that

(i) Df(E*) c E* and Df(E*) = E¥,

(ii) DF|E : E* — E* is invertible,

(iii) ||DF*|E*|| < CA" and ||(Df|E*)™™|| < CA" forn >0,

where || T' || denotes the supremum norm of a linear bundle map 7. The

number ) is called the skewness of the hyperbolic set A. For ¢ > 0 and
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T € My the local stable and the local unstable manifolds are defined by
Wiz, f) = {yeM:d(z,, f"(y)) <eforn >0},

i there exists § € My such that yo = y
W, f)

yeM
and d(zx_,,y_,) <eforn>0

Then, W2 (%, f) = W2(§, f) for 5,5 € M; with @0 = go.
For # € My the stable and the unstable sets are defined by
Wz, f) = {yeM: Lim d(z,, *(y)) = 0},

i there is § € My satisfying yo =y
Y

wW*(z, f)
and limd(z_,,y-,) =0

Then, W*(Z, f) = W*(4, f) for Z,§ € M; with 2o = 3. If A is a
hyperbolic set, for £ € Ay we have
W@, f) = U (@, 0) whe ) = U Froveie), ).
n=0 n=0

Remark that W7(Z, f) (0 = s,u) are not always the manifolds like the
stable and unstable manifolds given by diffeomorphisms. However we
can define the transversality condition between W*(%, f) and W*(3, f)
as follows.

Let § and Z be points in A;. We say that W*(§, f) is transversal
to W*(Z, f) if fr*™ | W¥(f~™(%), f) is transversal to W2(f™(§), f) for

~ € > 0 small enough and n,m > 0.



The non-wandering set §2(f) is defined by

for any neighborhood U of x thereisn >0
Uf)=<zeM

satisfying U N fU)#£0
Obviously, Q(f) is closed and satisﬁeé that f(Q2(f)) C Q(f) and Per(f) C
Q(f), where Per(f) denotes the set of all periodic points of f. A differ-
entiable map fis said to satisfy Aziom A if
(i) Pef(f) is dense in Q(f),

(11) Q(f) is hyperbolic.
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We say that an Axiom A differentiable map f satisfies the strong transver-

sality if W*(g, f) is transversal to Wu(z,f) for g, z € Qf)y-

Theorem. If C!-differentiable map f satisfies both Axiom A and the

strong transversality, then f satisfies C! uniformly shadowing property.

This result was proved by Sakai for the class of C!-diffeomorphisms.

The full proof of our theorem will appear elsewhere.
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