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REBEBEGRO L ORI ACT, BECHEE, BEOBL2E52TL
lEWEZ T, BEB#HWELET,

FAFT7 2 FARBERENS, REFBROEGHNROERRED
BRET, FERWICAWRBREZREFD HODUEDIZ, S-Unit Equation cnd
HDOMHVET,

Z Z T3, S-Unit Equation DEFADFE. 817 J.-H. Evertse, H.-P. Schlick-
ewei, W. M. Schmidt 5T &% ZDEEMOERZMH L E L [E-Schl],

1. Introduction
S-Unit Equation &5 bDIZDWT. FTMBIZEET S,

Kz Q FHARROREE. K*=K-{0} £T3, a1,---,a, € K*iIZxt
L. xl?"'axn;&*iﬂﬁt‘?%ﬁﬁﬁ

Gz + -+ apz, =1 (1)

B2EZD, 2L, ,
£ D non-empty subset I of {1---n} I LT, O subsum I Z 78

W, DED
Y aixi #£0 (2)

i€l
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LS RERRCHET LTS,

S %2 K place DARES T, BERNETRTEDdBOLL., BET
5, S-HH &L, SOFELTHEEARRZDBDETS, KA 21, ,2, 2. K
DK, HAINVITS-BEEBHICBVWTEASLE, ZOHERK (1) 2 Unit
Equation % L <1 S-Unit Equation &IESR,

S-Unit Equation (1) OfRIIBRTH D Z &M n =2 D& ET Siegel i
EOTCRENTVWS, ZHiZiE, Roth OFBEOADLFWETH S, Thue
Siegel DILLIZHB NS Z LI VHEOEEDOBEERICBVWTHEHIL TH S,
n=2®0&EOHROEEOFMIZ. J. H. Evertse iZ&L 5 HDA Best known

(1984, [E1]) T, ZOFEDEKICDVWTHRRTH BA. s % SO cardinality

ELEE, 3 x TLUT, EVWSFETHD. s SN DRDERIZHES S
W, EXR B a,a0icbH. SOHED places IHELRN, BESA,
s> [K:Ql/2 IzDiEMNS, [K: QITI3MKB T &iThb. £ n>2 TR
open 48, n=2D&E/MLS, Baker M5 E T effective IR DTG A DN >
TWw3,

—fRD R IZDOWTIE., EDFHEMEIZW. M. Schmidt @ Subspace Theorem

NEESN, FOMROEBROFMZAD TEHEL DI, H. P. Schlickewei
(1990, [Schl2)) THB. TD#H I OEBOFEIL. BHREIN, —KD n ITD
WT®H, Best known DfEgk%EH > TNHDH, Evertse (1995,[E4]). FDFF
T DWW THVEEDERFITRRTH S,

ST, AWTIR. ROXIBERZITD,

Z® S-Unit Equation (1) OFDHREDIEF OB, S-BEBEOHEEREL
THWLRNTWSDIR, ARERTHS. EWIBEREDOTHS, Lo
T, S-BEICBE ST, K*OARERRSRERIEG THLTS, AU
EMNRO DBV RNEND, BB RAFNTES, ZORRIIERE
U<. Evertse (1984, [E2]) &. van der Poorten - H. P. Schlickewei (1991,
[P-Schl]) D#ERMNH D, FEIITIZRIZD. Schmidt @ Subspace Theorem %
Ans,

DI BRMIFARZISITHETIT, EOXDBHEIT. (1) DEDFH
BROMOFEEOTANTRERON., TONETHFHFORE. LETIE
WHELTH, RABOEESZTEBRETIELSEATZV., EVWIRAZITH
Y. FElr, BEIZOWTH., ERIRENETHE L%, EZETHST
WAEDH, BHRWOLIBEFZLTVWBEIEZNVARVON, BE, NI
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NAELTHLD,

X512, FHENOBATROERS. BXOMENESNBRLE. 2
NS THB O, FH L dependence DEFSNZ VDD, 7REDHRH
%K@b\M?y%ﬁmﬁﬁtﬁmf\Méﬁaf%ﬁbrm<o

B, ZITRHALTEN, MONERETHS. ZLrHRE
BWEREZ. DEVHESHINEN, EVDIRBEND T ENEN, ZOHA.
FDEBES DA, explicit TIHOBERIZEHMEBETELHORLE, B
HHOTHBDEN, T bRV EE, ﬁammﬁibﬁﬁwkm 258
BETTIENTRETHSD, EVNIERMS, EEL W,

LML, ZNEZEZRVERIR. BOERD LD SO E WS DI,
ZOEBRERSHEBD, DONEVWTHEVERELTRIZI DTS ENZ S,
L7225 T, BBOEEO LM S OFEMIRHMN - TH, MEHS I &idHRE
WOENSBRNZN, EldVWARW, F— BOEBRLSHON, Dz
EHMEBANVTEITZON, 3->ZX2DOMSETTH, ELWLWOTHDET,

2. Notations and results

K=Q LHRRORE M
|“loo = 1| =Q DBEFE DHEXHE

| l[,=Q @ p-adic absolute value T ?&p LT ]plp = 1/p WY

& 5 normalized EN7=HD

M(K)={places of K }

M®>(K)={infinite places € M(K)}

My (K )={finite places € M(K)}

K,=the completion of K at a place v € M(K) &B<,

vEMEK)IZHLTovBRE pDLIZHBLEE 2|, = |z, forz€Q &
1% K DHEE |- |, ZED D,

Q=Q ® C N O algebraic closure & L.

v € M(K)IZRHUT| - o= |- |2 AL d(v) = M % K,® algebraic
closure K, NEEL., K, HAOQOHY)DAHZ %@h?@ﬁbf'@ﬁﬁf Q
L OMHSRHE || - |[AEE S, .

XT, BERERTS, x=(21---2,) EQ BESD,

ZOXIHMLT, K2x e KPRBREEELT—DES. ve M(K) IZ
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HUT, || x|e=max()|z1|}o - || zn |lo) EBE xDESZE
Hx):== JT lxl.

veM(K)

LEBT S,

Product Formula 37N Extension Formula 5. KO & DM /=13E 5
LBBWZ EIZREET 5,

S% infinite places 22 &L, KD place DHREFE L. SEROE
&%

Os={zeK:|z|,<1 forve M(K)— S}, SEE#%

Us={zeK:|z|.=1forve M(K)-S} &B<,

G=K*@7§5E$ﬁﬁ735%ﬁ§%g§3\ﬁ$kj‘5° a1, ,0n € K*E{%&\ Ty, " ,Tn €
G B2RAELET S, (2) DRBERFHETHER

a1+ Fape, =1 (3)

2EZX D,
GDfreepart DT % r B,
Schlickewei I, Parametric subspace theorem (Quantitative version &

1996, [Schl 5]) EVWS bOEBAL, ZHUCLD. KORKEEET,
TEEE 1 (Schlickewei, [Schl 7], to appear)

(3) DFFIIABRMET. MBI

92" oléntrian®r® | j6n?(r+1)

BT THS, KL, d=[K: Q] TH5,

Evertse 12 & % Roth O 1 > O [E4] 2T, Schlickewei 137 1
DI EH B L. £DH, Schlickewei & Schmidt 12X HIZKE LT

(zd)41n3rrnzr
%7%7% [Schl-Schm],
ZZTB)Dn=20LX%E#%X5, Schlickewei {3, (3) IZRLT. L

SRMBRTERTHo 72, MOBEEIIn & rZFIES, EWVWD T EZFEH
U7z [Schls). Ud, G &LT. K*iRRBHY. C*OFRAERFER (FR



rfEl® free part IZ, torsion DEHFFT) THoTh, LNEWVIHIEESBRL
7z Ee. REOHEDBO AT, '
BARICIROFE &7 5,

JEFE 2 (Schlickewei [Schi8], to appear)

G % C-OBEMERREROME. n=2ET3, Ff. a,a € C*EFT 5,
ZDEE, (3) DREOEK

2226 -1-9'1'2
BEUTTH 5,

ZHUIE DM, Schlickewei-Schmidt  (to appear, [Schl-Schm]) 12 &
D, 2482 AL TR &Nz, £/, F. Beukers-Schlickewei (1996, [Be-
Schl]) 1. hypergeometric functions % Fi W= 5T, 2160+ 2135 bound
2% TWW5, E. Bombieri, J. Mueller, M. Poe 5®. BDAHET® bound b
%135 (1997, [Bo-M-P]).

3. Absolute bound

Z ZTId. Schlickewei @ Quantitative Parametric Subspace Thorem 12
XL, Evertse & Schlickewei &% A$&D Discriminant I & 5 72V % i}
L7zZ & &, Z® S-Unit Equation "DBAHICOWTRAZ Y,

K%z Q L dROR¥AFEL, Discriminant 13 D THBET B, v €
M(K) ZHLT, || |, &2 K,ZTEELTHL., SETERUL. place DA
FREE S 1T L. ST & S finite places £k, DV §=5U M>(K) 7z
5b0DET 3,

veSicl, LY LO) % K G50 linearly independent linear forms
in Xy Xp&B<, Q21 2EHKEL,. c=(cw:v€S, i=1---n) BE
BofEU,

I(Q,¢) = {x € 03 || LI (x) [l.< @
fHlvesS,i=1---n&BL, ‘
EHA > 0 ITHL T,
A(Q,c) :={x € 0%:
” Lg")(x) ”vs /\d(v)Qc;u (v € Moo(K), i=1--n),
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I ZE) < Q% (ve S, i=1,---,n)},

f.fgbd(v)—l/dlfK =R, d(v )—Z/dlfK =C &7 %,

The i-th successive minimum \; = (@, ¢) of II(Q,c) &I, MI(Q, c)
% ¢ O linearly independent vectors 22T L DIXTRTDA > 0 D FERE
LTERINS,

A =TT I det(Zf? - 1) |,
vEeS

(T )

ves i=1

EB<

IT, RICBRRBHERIT. D. Roy -J. Thunder(1996, [R-Thl]) IZX 5 b
DOTH5, Fo KD finite extension & L., Sp %. places of FF T SO _LIZ
HBHBDEEET S, 05,13 OsD integral closure in FTHD, F v € S,

w € Sp,w|v I L. linear forms LY & ¢y ERDEDITED B,

ng) = L,g"), Ciw = d(wv) iy (1=1---n)
BL d(wy) = Fellrgz,

[F:K]

e (@, €) = fx € 08, o] L (x) o< @
ZRPLweSp,i=1-n&EDBD, T, KO finite extensions F, E T

FC BB bOIOWTR T5(Q¢) N F* = Ip(Q,c) ThB, T T,
I(Q,c) @ algebraic closure %

ﬁ(Qa C) = U HF(Qac)

FOK

LERT S
K®OTXTO finite extension F/&, EEA > 0L T,
MI(Q,c) = {x€ 0%:
H Lg"”)(x) “wS Ad(w)QCiw(w € M°°(K),i =1, n)
| L) llo< @ }(w € Sfyi=1,---m)),
U d(w) = gy if Fu =R, d(w) = gy if Fo = C T2,



& TI(Q, ) D i-th successive minimum X; = X;(Q, ¢) &, AI(Q, c) A%,
¢ {8l ® linearly independent vectors from Og Z#&E L D7, TRTDA > 0
OTBRELTERINS,

T3 3 (Roy -Thunder, 1996 [R-Th1])

i Q_,_C) 35 & 5_3 n fE®D successive minimum T, R2ZHEZTHDEHD,
0< A << Ay <00 ND,

n—n/ZAQS < ';\‘1 .. :\'n < en(n—l)/4AQ6

Z®, EZIZ%H Discriminant DX L ARV successive minimum D7FELEE
HEHWSE, ROEH4AMNAHTES,

K, S Emobnsl, L,(-v) (ve S, i=1---n) # linear forms TLATF
DHEZRETHDOLET S,

HI3EXKET5,

veSicl, {LP. L0} 12 K%, B8N X, - X, ® linearly in-
dependent 725 —KERTH V. LODEKARYZ MVOBEE HILM) ow
T HLM) < H, | L |l,=1forve S,i=1---n 2WEIh, T5iT,
(L. L} (v € §) DD, BrDE RAODRZLIEBENRDBET S,
MAT. e=(cp:veS, i=1---n) 2REOHEELZLE,

chiv < -6

veS i=1

EELO<6L,

Z max(Cy *** Cpy) < 1
vES

PR -S>TW5ET S, &
A=1TI det(L{” - LY Il

vES

EB<,

33



0.3cm :
TEEE 4 (Evertse-Schlickewei, to appear [E-Schl])

b < 49§73 1554 R . log (6! log 4R)
2%, Q"D proper linear subspaces T - - - Ty T REWETHONEFEET 5,

Q > max (H, (n"/?A~1)2/%)
BWETETOQ THLUT,

I(Q,c) CT;
BB ic {1 b} BEET B,

FLUT. ZOEBADNS, ROFEHSPRED,
TEIE 5 (Evertse-Schlickewei-Schmidt, to appear [E-Schl-Schm])

GELTCODI2Y rOBRBERRERELET D, a1--a, € CEED,
ZDEE, (2) 2T (3) DT, BX

c(n)r+2
ETHD, =EL.
¢(n) = exp ((6n)*"),

DEVIIT. (2) BHZT (3) OMOEKIE. n & rOBEANTERE
N, TNLSMTIL. d Z2AVNAREDRNT EAER XNz,

References
[Be-Schl] Beukers, F., Schlickewei, H.P., The equation 4y = 1 in finitely
generated groups. Acta Arith. 78 (1996), 189-199

34



[Bo-M-P] Bombieri E., Mueller, J., Poe, M., The unit equation and the
cluster principle. Acta Arith. 79 (1997), 361-389

[E1] Evertse, J.-H., On equations in S-units and the Thue-Mahler equa-
tion. Invent. Math. 75 (1984), 561-584

[E2] — On sums of S-units and linear recurrences, Compos. Math 53
(1984), 225-244

[E3] — The number of solutions of decomposable form equations, Invent.
Math. 122 (1995), 559-601

[E4] — An explicit version of Faltings’ Product Theorem and an improve-
ment of Roth’s lemma. Acta Arith. 73 (1995), 215-248

[E5] — An improvement of the quantitative Subspace theorem. Compos
Math. 101 (1996), 225-311

[E6] — The number of solutions of linear equations in roots of unity. In
preparation.

[E-Schl] Evertse, J.-H., Schlickewei, H.P., A quantitative version of the
absolute Subspace theorem. In preparation.

[E-Schl-Schm] Evertse, J.-H., Schlickewei, H.P., Schmidt, W.M., Linear
equations with variables which lie in a multiplicative group. In preparation.

[Mc] McFeat, R.B., Geometry of numbers in adele spaces. Dissertationes
Mathematicae 88, PWN Polish Scientific Publishers, Warsaw 1971

[P-Schl] Poorten, A.J. van der, Schlickewei, H.P., Additive relations in
fields. J. Austral. Math. Soc. (Ser. A) 51 (1991), 154-170

[R-Th1] Roy, D., Thunder, J.L., An absolute Siegel’s Lemma. J. reine
angew. Math. 476 (1996), 1-26

[R-Th2] — A note about Siegel’s Lemma on the algebraic closure of a
global field. Preprint.

[Schll] Schlickewei, H.P., The gp-adic Thue-Siegel-Roth-Schmidt theorem.
Arch. Math. 29 (1977), 267-270

[Schl2] — S-unit equations over number fields. Invent. Math. 102 (1990),
95-107

[Schl3] — The quantitative Subspace Theorem for number fields. Com-

pos. Math. 82 (1992), 245-274

[Schl4] — Equations in roots of unity. Acta Arith. 76 (1996), 99-108

[Schl5] — Multiplicities of recurrence sequences. Acta Math. 176 (1996),
171-243 :

[Schl6] — The multiplicity of binary recurrences. Invent. Math. 129
(1997), 11-36

35



[Schl7] — Linear equations over finitely generated groups. Annals of
Math., to appear

[Schl8] — Equations az + by = 1. Annals of Math., to appear

[Schl9] — A parametric version of the Subspace theorem. Preprint.

[Schl-Schm] Schlickewei, H.P., Schmidt, W.M., Linear equations with
variables which lie in a multiplicative group. Preprint.

[Schm1] Schmidt, W.M., Norm form equations. Annals of Math. 96
(1972), 526-551 '

[Schm2] — The subspace theorem in diophantine approximations. Com-
pos. Math. 69 (1989), 121-173

[Schm3] — Heights of Algebraic Points Lying on Curves or Hypersurfaces.
Proc. A.M.S. 124 (1996), 3003-3013

[Schm4] — Heights of points on subvarieties of G7,. In: Séminaire de
théorie des nombres de Paris, 1993-1994 (ed. by S. David), 157-187. Cam-
bridge Un. Press, 1996

[Z1] Zhang, S., Positive line bundles on arithmetic surfaces. Annals of
Math. 136 (1992), 569-587 '

[Z2] — Positive line bundles on arithmetic varieties. Journal A.M.S. 8
(1995), 187221

36



