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Abstract : Consider an n-person normal form game in which each player acts rationally, but silhject foa
constraint made by a moral judgement rule (MJ for short), which gives players the proper instructions
about the set of actions that are allowed to take in their situations (i.e., the combination of a preferences
profile and others' actions). The purpbsc of this paper is to clarify the properties and the existence
conditions of equilibrium derived from each player's rational choice under the given MJ, called morally
consistent equilibrium (MCE for short). We show that the set of MCEs contains the set of approval
equilibria, which is a special class of (pure) Nash equilibria, and is contained in the set of (pure) Nash
equilibria if MJ satisfies four axioms, i.e., anonymity, neutrality, monotonicity and effectiveness, each of
which reflects ethical values of morals (Theorexﬁs 1 and 2).. Moreover the set of Nash equilibria is
equivalent to the set of MCEs if MJ satisfies strong neutrality and mondtouicily (Thecorem 3). »

These results, in particular Theorem 2, have three implications. First, any morally right action of a
player is incentive compatible in the sense that it is the best response strategy in all the actions available
to the player if others take morally right actions. Usually most of economists and game theorists share an
intuition that a deviation from morally right actions make one better off if others acts morally. However
this intuition is indeed false as shown in Theorem 2. Second, morals is ineffective as a norm that conduct
one to morally right actions in a society. This strongly holds for Kantian utilitarianism advocated in the
literatures of moral philosophy. Third, this paper carries out a norrﬁative justification of Nash equilibrium.
Nash equlibrium, although has been supported by prescriptive game theory, is justified by a normative

aspect.

! This paper is presented in seminars of Hokkaido University, Kyoto University, Kobe University, and
Kansai University in 1998. We thank the participants for their useful comments. In particular dctailed and
huge e-mails by Naoki Yoshihara and Manabu Toda, received after the seminars, were very useful for
the revision of the earlier manuscript. Nagahisa is financially supported by Special Research fund of
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1 Introduction

Morals is a system of rules about what is righp or wrong, and what is good or bad to do in society.
Although morals varies from country to country, culture to culture, era to era, and so forth, there has |
been no society in the past and the present that dispenses with bmorals. One of the reasons why any
society retains morals might be that people think of them to give proper suggestions for good and
right actions in their course of social lives.

We hafle no doubt about the necessity of morals, but can we immediately conclude that the
resulﬁng state of the world is good or right when everyone takes the right action in the light of
morals? Apart from morals, we know the phenomenon of “fallacy of composition' in rational choices.
This shows that the rational actions of the people give rise to the irrational consequenée for the
whole society. The similar phenomenon to it may occur in the case of morals. The peoples' morally
right actions might derive the mo;ally wrong or improper outcome for the whole society. Even if the
resulting state is morally right, it might be unacceptable from the viewpoint of their happiness or
well-being, However it is obvious that which state results from morally right actions of people
depends on what kind of m01;als prevails in the society. Thus preceding to study the consequence
of morally right actions, we need to clarify the meanings of morals for the first time.

Morals is 'lhoughl of as a principle of actions governing self-determination, the role of which is to
indicate appropriate instructions about what people should do whgn they come across the questions
what is good and how they behave in various situations.? This is a tentative definition of morals we .
give here. With this definition of morals we cope with the vprob[em of rational choices constrained by

morals in a game theoretic model. This paper aims at developing the above approach to morals.

Kansai University in 1997. ,

2 Here we have to notice the following two facts: First, though morals restrict the range of actions which
they can select, they gencrally have the remaining room for rational actions according to their own
preferences. Morals do not nccessarily limit people's free will completely. Second, oue particular society
has one system of morals which is accepted by all the members, so that pcople never have different
morals in principle. In that sense, morals have same. property as laws.



Consider an n-person normal form game in which each player acts rationally, but subject to a
constraint made by some moral judgement rule (MJ for short). Here MJ is the system which gives
players some proper suggestions about the set of actions that are allowed to take in their situations
(described by the combination of the preferences profile and the others' actions). Formally it is
defined by a nonempty correspondence that associates with each player standing at ;_situat_ion the
set of actiogs which are morally allowed to take. It is an formal illustration of morals, and has a role
of constraint on self-determination.

The purpose of this paper, hence, is; to clarify the properties and the existence conditions of

equilibrium derived from each player's rational choice under the given MJ, called morally consistent

equilibrium (MCE for short). An actions profile (a combination of strategies) is a MCE if and only if

the action taken by each player is permitted under his/her situation according to the MJ, and is
-optimal in the set of such actions with respect to lﬁs/ﬁer preference. In other words, MCE is a Social
equilibrium (Debreu (1952)) in the set of actions restricted by MJ. For example, take a 2-person 2-
strategy game, where each player has strategies (actions) X and Y. Player 1's preference is given in
descending order by: XX, YX, XY, YY; and 2's by: YX, XX, XY, YY. Here, for example, YX
represents the state where pla}‘lér 1 chooses Y and 2 chooses X. Suppose that MJ permits player 1 to
take X and Y (respectively Y only) if player 2 takes X (respectively Y). On the other Hand, suppbse

 that the moral judgement rule permits player 2 to take X (respectively X and Y) if player 1 takes Y
(respectively X). Then only XX is the unique MCE under this MJ.

Which actions profile is a MCE depends on which MJ applies. In other words, we do not know
what is morally right (or wrong) until we verify the contents of MJ. We adopt an axiomatic approach
to MJ in this paper. We take four normative axioms which MJ should satisfy, and examine the
properties of MCE under the MJ satisfying ‘lhem simultaneously.

The first axiom is anonymity, which demonstrates that the mutual exchange of positions of the
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players has the same implication as ‘before. That is, if the preferences profile changes
correspondingly to the permutation of ‘positions among players, the actions derived from those
allowed before must also be permitted now. In other words, there is no-importance-in renaming the
players.

The second axiom is neutrality. It demonstrates that if the new preferences profile is.the same as
the old one on the set of actions profiles after permuting the actions, the permuted action under the
new profile is always judged right whenever the original action under the old profile is allowed to
take. Note that neutrality is stronger than independence which is interpreted as minimum
informational requirement, that is, any MJ only needs the preference orderings on that set of actions.

‘The third axiom is monotonicity. Take some action. If each player's preference changes to enhance
the rank of that action, it must also be judged morally right whenever it is accepted before according
to the MJ.

The fourth axiom is effectiveness which says that at least one action must be judged morally right
for any preferences profile given a set of other players' actions according to MJ. This is a necessary,
bui not sufficient, condition for existence of morally consistent equilibrium under any preferences
profile.

This paper shows that if MJ satisfies the above four axioms, the set of MCE coincides with that of
Nash equilibria under any preferences profile. This result is interpreted in the following two ways.

First, it suggests that morals are not an effective norm as to persuade individuals to take socially
desirable actions. Our stand point on moral phil.osoph‘y may be called a weak version of. Kantian
utilitarianism, a strong version of which is defended by Hare (1981) in order to advocate his two
vlevel theory of moral judgement. Ours is we;xker since the inierpersonal comparisons of utility are
permi@ted in Hare's but not in ours.

- Second, our analysis is interpreted to accomplish a normative axiomatization of Nash equilibrium.



The notion of Nash equilibrium has been sustained from prescriptive point of view, which explains
- the justification of Nash equilibrium by thc; rationality aspect-in deciding the actions. On the other
hand, as the result shows, Nash equilibrium-is also justified from the nofmative and ethical point of
view with respect to moral judgement on actions.

The organization of the rest of this paper is as follows. We present the model in the next section.
The purpose of this section-is to define MJ and the axioms, and to propose the strict notion of MCE.
Section 3 contains a theorem and its proof. Thg meaning of the theorem and the direction of
extensions of our analysis are also discussed with respect to game theory and moral philosophy.

Section 4 is the conclusion.
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2 Definitions and Notation

Consider a normal form game G=(N, IT;eX;), where N is the finite set of players which consists
of at least two, and X; is player i's strategy set which consists_of finite number of elements with at
least two. Each element in X; is called player i's strategy, and;s denoted by x;. For convenience sake,
it is assumed that all the players have the same strategy set denoted by X=Xi(i=1,...,n). x; is
interpreted as the action taken by player i, and also called player i's action. An a.ctionsf profile is n-
tuple of actions X=(X;,X5....Xs). As a matter of convenience X is regarded as a function from N to X,
and x; is often denoted by x(i). The set of actions profiles is indicated by X". Then X"=IT;euX;..n this
paper each social state is assumed to consist of n-tuple of actions, one for each individual player.
Hence each action profile is looked upon as a social state. In the following, XN is called the set of
social states if necessary.

As usual each player i is supposed to have a complete and transitive preference >-; on the set of
social states XN, ==(,, 2,,..., Z,)is called a preferences profile. Let P be the set of compléte and
transitive preferences on X". As a matter of convenience we regard 2 as a function from N to P, and
denote *7; by >(i). We assume that all logicﬁlly possible set of preferences profiles is P".

Take a player i arbitrary. Given (n-1)-tuple of actions of other players X=(X;,Xz-Xi.1:Xis1s++%n)
and a preferences profile -, the combination (x;, ) isinterpreted as a situation in which player i is
put, “and called i’s situation simply. A moral judgement rule, MJ for short, is a mapping which
associates with eacix player i the set of actions that i is allowed to take when he is put in the situation
(X ). Formally, MJ ;s a nonempty-valued correspondence from NxX™!xPN to X. Given a MJ, for

an i’s situation (x;, 22),if x; EMI(i, x;, 72) holds, then x; is called to be morally consistent for i in the

-1~

B A

situation (x;, *2);if not, morally inconsistent. MJ not only judges actions from the viewpoint of
morals, but also enforces players not to take morally inconsistent actions.

Given a MIJR, an actions profile x is a morally consistent equilibrium under a preferences



‘ proﬁl¢ Z if [xEMI(i, x; Z) and x=(i)(y; x.;) for any y,EM]J (i, x5 2] are true for any player i€N.
Denote the set of morally consistent equilibria (MCE for shérl) under a preferences profile 2 by
MC(Z), and the set of (pure) Nash equilibria under 2 by NA(%). That is, xENA(Z) <> x> (i)(: x3)
for any i€N and y,€X. |

Any MCE x under a preferences proﬁle 2 is a social equilibrium (Debieu (1952)) where each
player i's strategy set is restricted .to MI(i, x,, ZZ). In other words, whenever player has an incentive
to deviate from x, his deviation is self-restrained by the judgement that the action is morally
inconsistent according to MJ.

"Two remarks are in order. First, from the above definition, MCE is derived from MJ. MJ indicates
thg possible actions to choose for each player under a given situation, so that the final decision
among them depends on each player's free will. Hence MJ does not necessarily deprive freedom to
choose of the players. Morals in this sense are not strong command to do something, but weak
command not to do something.

~Second, there is a problem on expectations of players in a normal form game. Each player selects
his strategy simultaneously, so that they must make a consistent belief on‘ others' strategy choice in
the normal form game. In the same way, each player must make a consistent belief on others'
str;lleéy choice in MCE. Otherwise, MCE may not be ‘attained through simulléneous_ selection of
actions by players. We have two possible answers to this question. One is 16 presuppose that all the
players have common knowledge about the obedience to MJ among the players. This presupbosilion
is quite natural since all the members of the society have common interest in morals. The other
answer is that MCE is a reference point to judge the resulting social state to be right or wrong, and is
not necessarily a guide to play a real game. In this case we need no speciﬁcatioh qf players' beliefs
on others’ strategies.

Now we formulate axioms on MJ. Let m; be a permutation on N. For any preferences profile >~ we
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define a new preferences profile >-* by % in the following; For any player i€N and any alternative x,

YEXY, x2(i)y <> xomZ (i) yor.

Anonymity (AxiomA)

For any =€P", i€N, and x€X", x(i)EMi (i, x ) x(r@D)EMI(r(i), 7, (X01t).x0))-

Let x; be given. For any player i, let X¥x)={y€X™ y=(y, x.), ¥€X}. Let p,....p, be
permutations on X. For any X=(Xyye X )EX, let us denote pox=(pi0x,..., PrOXp), and (pox).
i=(p10x1,...,pi.lox“,pi+loxi,,,...,p,ox;). Let Y be a nonempty subset of X"xX". We say that two
pfeferences profiles ¥ and " are homothetic on Y with respect to p if xX(j)y<>poxZ (j)poy is true
for any (x, y)EY and jEN. Let JEN be given. We say that two preferences profiles 2 and = arej-

homothetic on Y with respect to p if x22(j)y<>pox2'(j)poy for any (x, y)EY and jEN.

Neutrality (Axiom N)
For any >, >’EPY, i€N, and x€XY, = and 2’ are homothetic on {x}xX (x;)UXN(x;)x{x} with

~) o~

respect to p, Xx€MI(i .=, ;)¢ poxEMI(, ', (pox).;).

We say that p=(p,,...,p,) is an identity if p,,...,p, are identities.

Independence (AxiomI)
For any -, >'€PY, i€N, and x€XN, if % and 2’ are homothetic on {x}xXM(x JUXN(x;)x{x} with
respect to an identity p, then ,€MI(i =, x;)« x€EMI(, 2, x.).

I~

Obviously Axiom I is weaker than Axiom N.
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Monotonicity (Axiom M)

~ o~

For any =, ='€P", x€X™, and jEN, if xZG)y—x2'G)y & x>(§)y—x>'(j)y for any yeX -{x},

~o?

then x;EMI(i, %,%)—>xEMI(, %', x;) for any iEN
If MJ satisfies Axiom, then Axiom M is equivalent to the following.

Axiom M*
For any 2, ’€PY, x€XM, and jEN, if xZ(§)y—=x>'(§)y & x>([§)y—=x>"(j)y for any yeXM(x;)-{x},

then x;,€MI(i, Z, x)—xEMI(I, 22, x;) for any iEN

Form now on, we will use Axiom M in the form of this stronger version. It is necessary for

axiomatizing the set of Nash equilibria to strengthen Axiom N in the following.

Strong Neutrality (Axiom SN)
For any =, 2Z’€PN, i€EN, and x€X™, > and =’ are i-homothetic on {x}xXN(x_i)UXN(k,i)x{x} with

~) o~

respect to p, then X,E€MI(i,Z, x) < pox,EMI(, X, (pox).).

If MJ satisfies Axiom SN, then. any player does not necessarily consider others’ evaluation about his
action at a given situation. Axiom SN can be interpreted as a requirement of liberalistic morals®. If

M1 satisfies Axiom SN, Axiom M can strengthen to the following.

Axiom M** -

~ o~

For any 7, %’€PY, x€XN, and i€EN,  if x> (i)y—=x2’(i)y & x>(i)y—=x>’(i)y for any yEXN(x;), then

® To our judgement, Mill(1863) is the first person who justified liberalistic morals. He argued that no
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XEMIG, =

~?

x)—>xEMI(, 2, x5).

Effectiveness (Axiom E)

For any Z€P", there is some xEX" with xEH@MJ (i, =, x3)-

If xEMC(%) then xEIT,ey MI(i, %, x,;) by definition of MCE.  Hence Axiom E is weaker than the

existence condition of equilibria: MCE must exist for any preferences profile.
The examples below illustrate the independence of four axioms A, N, M, and E.

Example 1 (Independence of Axiom A)
For any =€PY, i€N, and x-i€X™, MIG,2,x,):={BEX: (B,x.)~(1) (oxy)} if JaEX st (ax.

)=y for any yeXN, otherwise :=X. This MJ satisfies all axioms except Axiom A.
P

Example 2 (Independence of Axiom N)
Take o€X arbitrary, and fix it. For any Z€P® i€N, and x,€X™, MJ(G,%,x ):={a} if x.

i1=(ay,...,), :=X otherwise. This MJ satisfies all the axioms except Axiom N.

Example 3 (Independence of Axiom M)
Let the set Q of preferences profiles be such that Z€Q«>3xEX", denoted by x(7), with  x(22)<(i)y
for any iEN and yEX-{x(*>)}. For any =€PN, i€N, and x,€X™!, MI(i,Z,x.):={x;} if Z€EQ and

(x»x)=x(), =X otherwise. This MJ satisfies all the axioms except Axiom M.

one ought to be interfere with other’s liberties as possible as one can.
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Example 4 (Independence of Axiom E)

For any =€P™, iEN, and x-i€X™, MJ (1,~, X,):={BEX: (B,x)~(i) (cux.)} if JaEX s.t. (o, x3)>()y
for any yEXN-(&,x_i) and JEN-{i}, -otherwise :=B(i,,x;), where B(i,,x;)={BEX: (B.x.
)2 () (o) for any a€X]}.

This MJ satisfies all the axioms except Axiom E. Let us show that this MJ violates Axiom E.
Take o, BEX arbtrary. Take social states such that x'=(c,0,q,...,04,0t), x2=(B,a,a,;..,a,a) yoor
x"=(8,B,8,...8,2), X' =(B,B,8,...8,8),  x"*2=(ct,B,B,.-+B,B)s- x”‘" =(C, 0,00+, 0, B,B), and
X2 =(0,,0,...,0, 0, B).

- Let Y(1) be the set of social states each of which consists of one number of o and n-1 number of
B. Similarly let Y(2) be the set of social states each of which consists of 2 number of a and n-2
number of B. Reéeating this procedure, we define Y(3),..., and Y(n-1). Next let Z(1) be the set of
social states each of which contains just one action except a and . Similarly let Z(2) be the set
of social states each of which contains just two actions except o and B. Repeating this procedure,

we define Z(3),...,Z(n-1). Let W be the set of social states remaining. By definition, each element

in W does not contain o and B as its component. Let > be a preference proﬁle such that:

R R XX, X, [Y(LY@)) - [ Y (- D)L [Z(D)LIZ(2)),-- [Z(0-1)],(W)

Z(2): x5%%,.. xM2x™ L x* x!, ... The rest are the same as in >=(1)...

Z(n-1): xLxn, L x P xB x L, 323 %02, | The rest are the same as in 2= (1)...

Z(m) : x"x™ L x P x ., x*2x™!, . The rest are the same as in >=(1)...

where any social states in the bracket [ ] are indifferent, and we do not need to specify the ranking of
social states in the bracket (). For example [Y(1)] means that all social states in Y(1) are indifferent

to each other.

By definition of MJ, MJ(i,%z,x,):=B(,2,x;) for any i€EN and x;€XM!. Thus if MJ satisfies
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Axiom E then there must exist Nash equilibrium under the profile; By definition of 2, the Nash
equlibria belongs to W. If X consists of three actions then W is singleton. This is a contradiction. -
Thus X contains at least four actions. Take ¥, 3EX-{c,B}. The same procedure as in the #bove
specifies > furthermore, and we can show that the Nash equilibria consist only of actions except o,
B,%, and d. By repeating this procedures, we can finally spe;:ify > in which has no Nash equilibrium.

This is the example illustrates the independence of Axiom E.

The examples below show the existence of MJ with the four axioms.

Example 5 For any =€PV, i€N, and x;,€X™!, MIG,2,x):=X -

a1

Example 6 For any Z€PY, i€EN, x,€x™, MJ(G,%,x,):={yEX: (yx;)EPO(Z.,x)}, where

PO(,xyis the set of strong Pareto optimal social states on X(x ;) under 2.

3. Main results and proofs

An action profile x is an approval equilibrium under 2 if x25(j)(y; x.;) for any y,€X, and i, JEN. Let

AP(>) be the set of approval equlibria for 2. Obviously AP(2)=NenNA(Z0m).
Theorem 1 Suppose that MJ satisfies Axioms N and M. Then we have
AP(>)CMC(%) for any €PN

Proof: Let >=*€PN be such that any player is indifferent between all social states. Since MJ is non-

empty valued, we have for any i€N,

1) xEMI(, Z¥ x;) for some x,€X ;

t A VI |
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Applying Axiom N to (1), we have
(2) x€EMLaMI(i, Z*, x;) for any xEXN ;

Take 22EP" and yEAP(X) arbitrary. Comparing X and %*, and applying AxiomM 1o (2), we

have
(3) yElaMIG, % v.).
This together with yEAP(2) implies yEMC(>-)which is the desired result. [J

Any deviation of a player from an approval equilibrium is not supported by anyone as well as the
player himself. Is seems to be very natural that any approval equilibrium is a morally consistent
equilibrium since moral judgements we defined are done by conmsidering the interest in all

individuals. However it is quite obvious that approval equilibria do not necessarily exist.

It is difficult to prove that any MCE is a Nash equilibrium, which is the most important result in
the paper.  The proof proceeds with a mathematical induction on the number of players and actions.
Lemmas 1 and 2 complete the proof of the case with two players and two actions. This proof is

relatively simple, thus it is sufficient for the readers who has few time to read untill the two lemmas.

Lemma 1 Assume that there are two players with two actions. Suppose that MJ satisfies Axiom A,

N, and E. Then we have
[(xi %) > (D)% )&, X )< G) (Y% )~ {%,yi} =MI(i, 2Z,x] for any i, JEN, x;, y;, and x ,€X.
Proof: Let N=(1, 2} and X={a, B}. We will show

(1) (o, 0> (DB, &0, 0) < (2)(B,0) ~{a,B}=MI(L, %, o).
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By Axioms A and N, this completes the proof of Lemma 2. Suppose that {o}=MJ(1, ,’>:" ).

Let >-'&P" be such that

(25 (B.B)> (1XB)&(B,B)<'(2)(eP)

Comparing 2 and %', and applying Axioﬁ N, we have
@) B=MJIQ, 24 B

Let Z%€P" be such that

@ (E,a)>2(1)(a,a)&((3,a);2(2)(a,a).

Comparing > and 2%, and applying Axiom N, we have
) BI=MJIQ, 22 o).

Let 2*€P™ be such that
(4) @B)*(DB,B)&(e,B)<*(2)B,B).
Comparing ! and -3, and applying Axiom N, we have

() {d=MJI(, 22, B).

Let a permutation 7 on N be such that n(1)=2 and 5(2)=1. With this 7, let us define profiles >

and > corresponding to % and ° respectively. By Axiom A we have

(6) (o, B)>*(2)(0,00) &(at, B)<*(1)(e, )& {B}=MJ (2, X

S~

M @ ) QBHEB, )< DEB& {o)=MIQ, %™



Let > *€PN be such that
ZHD): (oa), (B,8), (Byr), (auB)
Z*2): B,m), (o), (.0, (B,8).

Applying Axiom N, we have {8}=MJ(1, % *, B)(by the comparison of >=! and >=*), {B}=MJ(2, =*,

o) (by the comparison of = and >*). {a}=MJ(2, Z* B) (by the comparison of >** and > *).,
B U{a}=MJ(1, =* &) (by the comparison of > and >=*) . However theses contradict Axiom E. If
{B}=MJ(1, -, o), then the same procedure leads us o a contradiction. Hence we must recognize {a.

B}=MJ(1, Z, @) . This completes the proof of (1). [J

Lemma2 Assume that there are two players with two actions. Suppose that MJ satisfies Axiom A,
N, M, and E. Then we have
MC(Z)CNAC(Y) for any »€PN

Proof: Let N={1, 2} and X={a, B}. Take (c,0)EMC(). Suppose (o,)<(1)(B,o). By Lemmal

and Axioms N and M, we have BEMJ(1,%,cr) no matter what preference player 2 have. However

this contradicts (o,)€MC(2).  Thus we have (o,0)2(1)(B,w). Similarly we have

(0,0)Z(2)(ct, B). These complete (a,a)€NA(>) which is the desired result.[]

Lemma 3 Assume that there are two actions. Suppose that MJ satisfies Axioms A, N,M, and E.
Then we have |

MC()CNAC(Y) for any =PV,

Proof: We use an ivndu'ction argument on the number of piayers. Lemma 2 shows that it is true for the
case of n=2. Assumi.ng that Lemma 3 is true for n-1, we consider the case of n. Let X={a.

B}. Suppose that
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(1) xEMC().

Without loss of generality, let x=(B,B,....8). By letting y=(c.,B,...,8), and by noting Axioms A and N,
it is sufficient to show

@ iy

Let X*={yeX™ y,=p}. Consider a game G™=(N-{n},X™?). For V&P™!, we define 2;"€P" such
that

(3)  xZM()yexo0)ZN(i)(no) for any iEN—{n}, x, yeX™;

4  (xo)~"(i)(x,p) for any iEN, x€X™; and

(5)  ENNX*xX*=(mNX*xX*.

>N is uniquely determined. A moral judgement rule MJ N1 of game G™is given by

(6) ?or any i€EN-{n}, ZV€PM, and x ;,,EX™?,

MIM(, 5“, X.gap)=MI(i, ZN, x.), where X.=(X.(in), B)-

It is obvious that MJ™! satisfies Axioms A, N, and M.

Let us show that MJ™! satisfies Axiom E. Take =N&PN-'be arbitrary. Since MJ satisfies Axiom E, _
there is some YEXV such that yEILiey MI(i, X%, y.). Letting z=(y..,B), (4) and Axiom N imply
ZEMLMI(i, 2V, y.). This with (6) implies 2., Eien (oyMIN(i, 2™, ¥.giny), Which is the desired
result. Let >N1€PN! be such that | |
(7) Foranyi, JEN-{n}, andz, wEX(x;), where x=(8,8,...8),

2, ()W ezZz(Dw.

By definition, >-MEP" is given by

(S) ZNHNX(x )xX(x ) =Z DN X(x;)xX(x j)for any I€EN, JEN-{n}, where x=(B,8,...8)-
By Axiom N, (1), and (8),vwe have xEIT;eMI (i, ,{'f‘f, x;). Thus by (6),

9) %Sl MV, £, X i)

Now we show



185

(10) For any i€N-{n}, (o X(n)>" " ()Xa we have a@MJ(1,>=N! X)) » Where ais i-
component
‘We have (at, X.(0),B)>"({)(X.0,B)- | By (1) and (8), we have a@MJ(, =N ,x,). This with (6) means
(10). |

(9) and (10) mean x,€MC(ZN"). By the hypothesis of the mathematical induction, x, is a Nash
equilibrium of game G™. Thus we have
A %2 (1), X 1)-
By (3) and (11), we have (x.,,0)ZN(1)(c, X.3.0p,@). This with (4) means (x.,,8)2N(1)(0t, X.(1.0),B),

i.e., x22N(1)y. Moreover (8) means x>-(1)y, which is the desired result.(]

Lemma4 Suppose that MJ satisfies Axioms N and M. Then we have the following,
Let =€PV, ieN, x, yE€X, vand x;EX™! be given.
IE(i)(%i x)>(G)(Yox2) forany JEN,  and (ii) yEMI(I, Z, X,;), then we have x€MI(i, =, x,).
Proof: Let =€P" be such that
(1) (x x5)>()(¥wx.) for any JEN and;
(2) yEMIG, Z, x,).
Let »-*&P" be such that
3) (% >-(_i)~*(j)(yi, x;) for any jEN; and
@) (@ XSO x3)<> (@ %) 70 x5 for any ZEX-{x} and JEN.
It follows from (1), (2), (3), (4), and Axiom M that
(5) YEMIG, X*x.)

Let permutations p,,...,p, on X be such that

(6)  P1s<sPi1sPis1s-s Py are identities, and py(x)=yin Pi(Y)=X;, p(z)=z; for any zp=x;, ;.

Let >'€PM be such that
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(7) For any x, yEX", JEN, xX*(f)y«>pox’ ()poy.
By (5), (7), and Axiom N, we have

(8) xEMIG, Z'.x.).

Since (3) menas >'=*, we have

©) xEMIG, Z*xy).

Comparing > and =*, applying (9) to Axiom N, we have x,EMI(i, »x,). O

Theorem 2 Suppose that MJ satisfies Axioms A, N, M, and E. Then we have

MC(-)CNA(Y) for any €PN

Proof: We use an induction argument on the number of actions. Lemma 3 shows that this is true for
the case with two actions. Assuming that Theorem 2 is true for the case with n-1 actions, we

consider the case with n actions. Suppose

1 xeMC(Z).
Take aE€X arbitrary, and fix it hereafter. Let permutations p;,...,p, on X be given by

pi(x;)=c if X=0t, pi(xi)zxi otherwise, for any i€EN, where x;is i-component of x in (1).
Let PPN bg given by

(2) xz(@)y<>poxZP(i)poy for any iEN, and x, yEX".

Applying Axiom N to (1), we have

(3) poxEMC(Z?).



Now partition XN into n+1nonempty sub_setsY“, YL...,Y" as follows. : Y*(Osksn) is the set of all

actions profiles yEX™ for which k components satisfy y=c. A subset P* of preferences profiles is

defined by

(4) x*€P*< (i) x>*(j)y for any xEY"', yEY* (Osksm), and JEN; (i) x~*(j)x’ for any x,

x'€Y* (1sks<m), and jEN.

Consider a game G°=(N,(Y")"). We denote generic preferences profile in the game by >, and the

set of the profiles P° respectively. For any >°€P°, we define >**€P" by
(5) Z°*€P*; and
(6) Z*HNY’NY’=2°(i) for any iEN.

By (5) and (6), 2-°* is uniquely determined. A moral judgement rule MJ° of the game is defined by

(7) Forany Z°€P%, iEN, x €Y, MI%G, > x;):=MI(i, =%, x;)~{a}.

~ ~ )

By (S) and Lemma 4, MJ° is well defined. It is obvious that MJ° satisfies Axioms A, N, and M. Let
us show that MJ° satisfies Axiom E. Take 7-°E€P° arbitrary. Corresponding to the >°, there is a

unique'?;o*EPN , and moreover there is some xEXN with xEMgMJ (i, >2°*,x;) since MJ satisfies

Axiom E. If X€Y* (k=0), then (5) and Lemma 4 imply that there is some y<'€Y*! with y*

IEMewMI (i, Z-°*,y.). Repeating the same procedure by k times, we can find some zEY® with zEIl

Y~ s

~ )

wMI(i, -°%z.). This shows that MJ° satisfies Axiom E.
Corresponding to >°€P" of (2), let >-°E€P* be such that
(8) ZPHNY xY’=2° ()N YOx YO

By (3), (7), and Axiom M, we have
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(9) poxEIlienMI°(i, Z°,(pox).)-

On the other hand, (3), (7), and (8) implies

(10) ((pox);, (pox)_;)?:,o(i) (¥» (pox).;) for any yiEMJ‘_’(i, >%,(pox),;) and iEN.

By (9) and (10), we have

(11) poxEMC(Z’).

Therefore pox is a MCE of game G°. By the hypothesis of the induction, we have
(12) ((P?X)h (pox).) (i) (¥ (pox).) for any y,€X—{a} and iEN.

This with (8) implies

(13j ((Pox);» (POx).)Z°(D) (¥ (pox)s) for any y,€X-{a} and iEN.

| By (2), we ‘hav;

(14) (x, %)) (0} (), ) for any y€X~ ({0} and iEN.

Thus (x;, x)2(30) (vs x.) for any y€X-{a} is true for any i€EN. Taking BEX which is different

from o, the same argument leads is to (x;, x;)25(i) (¥ x.;) for any yEX~{B}a} is true for any iEN.

Thus we have xENA(>), which is the desired result. []

Theorem 2 does not hold if at least one of the four axioms is not satisfied. This fact is easily
identified by the examples 1 to 4. In the case of example 4, consider the preferences profile 2 in
the following: The preference of each player is a linear ordering; Players 2, . . .,n have the

completely opposite orderings to that of player 1. (Hence players 2, . . .,n have the same linear



orderings.)

Note that the reverse of Theorem 2 does not necessarily hold as example 6 shows. Comparing
example 5 with example 6, the set of morally cons.istent equilibria changes according to MJ. It is
equal to the set of Nash equilibria in example 5, énd is less than that in example 6. What we show
in the paper is that it includes the set of all approval equilibria and is included in that of Nash
equilibria. 'There remains to be an open question about complete characterization of the set of
equilibria with respect to each a?ld every MJ. When we strengthen the neutrality axioxﬂ to the strict

one, we have the following characterization.
Theorem 3  Suppose that MJ satisfies Axioms SN and M. Then we have
MC()=NA(%) for any €PN,

Proof : By repeating the same procedure as in Theorem 1, we have D. Let us show C. Suppose on

the contrary that xEMC(,t)&x%NA(?;), then we have

(1) there is some 1EN and y;&X such that (x,x;)<(i) (y,%;)& y,EMI(, x;,2).
By Lemma 4, let >5*€P" be such that

(2) (xux5)<() (yx,) for any JEN; and

() Z*@)=x0).

? ~

By (3), x€EMC(Z), and Axiom SN, we have xEMC(*), i.e., ;€MI(i, x;, 2-*). Applying Lemma 4
to this and (2) , we have y;EMI(, x;, =*). However this contradicts xEMC(?:,*), (1), and (3). This

1~

completes the proof. []
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. Theorem 3 does not hold if either Axiom SN or M is lacked. Example 2 illustrates that Axiom SN

is necessary for Theorem 3. The example below shows that Axiom M is also necessary.

Example 7

For any Z-€P", i€N, and x;€X™!, MJ(, 2, x.1):={aEX: (%) 3()(B,x;) for any BEX}.

Theorem 2 is interpreted in the following three aspects. First, Theorem 2 demonstrates that the
morally consistent action is a best response strategy in the limited set of possible actions so long as
the qther players select in the same way. | In this sense the morally consistent actions are regarded lo
be incentive compatiblAe. This is the most important interpretation of our theorem since most
economists and game theorists seem commonly to hold the intuitive idea that the deviation from the
morally preferable actions is a best response strategy. This intuition does not hold whenever
the above four axioms are imposed on MdJ. Thus the result is drastic 50 as to revolutionize our
ideas and provides a new viewpoint. |

Seéond, morals, especially welfaristic morals, are not necessarily effective as a norm to induce
socially desirable actions. At least the following three reasons should be discussed. At least three
reasons should be discussed.

(1) MJ in Theorem 2 is essentially the same as that in exampie 5* It is amoral since any individual
can do any action as right in any circumstance. As long as MJ satisfies the four axioms in Theorem 2,
it is nonsense as a system of mor‘als. As lqng as MJ satisfies the four axioms in Theorem 2, it is
nonsense as a system of morals. The justification of this critics depends on that of the éxioms, which
must be sufficiently remarked. Tn{ particular, Axiom N (peutrality) is confronted with a loi of

criticism. What result raises by relaxing Axiom N to Axiom I (independence) is an open question.

4 For the sake of avoiding misunderstandings, MJ satisfying the four axioms is said not to be necessarily
equivalent to MJ in cxample 5. We only say that the set of MCEs derived from M satisfying the axioms



It is clear from the definition of MCE that the information used in MJ is not the cardinal but the

ordinal preferences of individuals. There might be no doubt about the possibility that the deficiency

of informational basis makes it ineffective (as is well known in the discussion of independence
axioms in the theory of social éhoice). The properties of MCE under the assumption of cardinal
preferences as an informational basis must be scrutinized in the future. This line of research is also
critical to the study of justification of modern utilitarianism a la Harsanyi (1955) and Hare (1981).
(2) Theorem 2 also gives a necessary coﬁdition for existence of MCE. Given a preferences profile,
MCE exists if and only if (pure) Nash equilibrium exists. Since the set of (pure) Nash equilibria
may-be empty when the set of strategies is finite, some limitation might be imposed on MJ.
Nonexisle.nce of MCE will occur when MJ givels amoral judgement so that each player's naive
rationality is accepted.

One of the escaping routes to overcome this impossibility isvto restrict the domain of MJ, i.e., the
set of admissible preferences profiles. More concretely, we may construct the domain by gathering
proﬁles under which Nash equilibrium exists. This idea is based on the idea lhét not moral
judgement but rational decision-making of each player is to blame in the situation where Nash
equilibrium does not exist. Since the assumpﬁon of unrestricted domain has been used thorougt;]y
in Theorem 2, this direction of research is of great wortli.

(3) Theorem 2 also shows that it is possible for MJ to resolve the prisoners' dilemma in which
Nash equilibrium is not Pareto optimal. We will refer to repeated games for the resolution. It is well
known that the dilémma is resolved in the repeated games if the players take strategies such as
trigger or tit for tat against others' belrayal in the long run. ﬁe§e strategies may be interpreted as the

process in which tacit morals emerge spontaneously to self-constrain the actions®. One suggested

is equal to that from MJ in example 5.

® According to the Folk Theorem (see, for example, Fudenberg and Maskin (1986)), any individually
rational payoff vector appears in equilibrium. This shows that any action deviating voluntarily from the
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direction of research is that the spontaneous morals should be examined by our normative approach®.

Second, Theorem 2 accomplishes a normative juSlification of Nash equilibrium. Furthermore
Theorem 3 gives an axiomatization of Nash equilibﬁum’T The notion of Nash equilibrium has been
sustained from prescriptive point of view, which explains the justification of Nash equilibrium by the
rationality aspect in deciding the actions®. On the other hand, as the result shows, Nash equilibrium
is also justified fro:ﬁ the normative and ethical point of view with respect to moral judgement on

actions.

initial payoff vector never occur, i. e., such morals corresponding to the payoffs emerge spontancously.

® We bave a conjecture that this problem can not be resolved. The basic idea underlying the axioms
except for effectiveness sheds light on some symmetry between the two situations, and requires the
consistent application of MJ in the symmetric situations. Even though any symmetry does not hold in
each stage of the whole game, some symmetry can be found in the sequence of (infinite or finitely many)
games.

7 Other axiomatization of Nash equilibrium appeared in the literature. See, for example, Peleg, Potters,
and Tijs(1996), Patrone, Pieri, Tijs and Torre (1998).

® The justifications of Nash equilibrium can mainly be divided into five groups. The first is a
justification by a pre-play communication; If the players have chances to communicate their strategies
with each other and get into an agreement to the future strategies before the actual game starts, then the n-
tuple of strategies must be a Nash equilibrium. See, for example, Binmore (1990), Aumann and
Brandenburger (1996) for more detailed discussion about the notion of Nash equilibrium from the
prescriptive point of view. The second is a self-fulfilling prophecy. If all the players share the theory
to prospect others’ actions, the resulting action from the theory must be a Nash equilibrium (see
Myerson(1991)). The third depends on a focal point. When the players know how to play the game
from the idea of the structure of the game, they come to know how the others play. Such a standard,
called a_focal point, gives rise to a particular combination of strategies in equilibrium (see Schelling
(1960)). The fourth is given by learning. The players often learn an equilibrium in the repeated
situation. When the players learn others’ strategy choices and maximize their payoffs, they are on the
equilibrium (see for example Kalai and Lehrer(1993) and so forth). The fifth is a justification by
evolutionary games. See, for the earlier example, Taylor and Jonker (1978). Irrespective of the
voluntary action of payoff maximization, the strategies giving lower payoffs may be weeded out after a
long period of time, whereas those giving higher payoffs may survive. The outcome of their adjustment

behavior must coincide with Nash cquilibrium derived by their tentative maximizing behavior..



5 Conclusion

It is reasonable that the morals discussed in-this paper should be interpreted as an external and
implicit constraint which governs individual action by its normative appeal 1o the ﬁembers. Note
that our morals are different from the judgements people hold in order to observe the principle of
justice since éll the axioms are imposed not on the standard for judgement of the social outcomes but
on the individual actions. Also note that they could not be interpreted as an implicit or explicit
contract. This is because the contracts generally differ from person to person according to the
personality, capability, information at hand, and so forth, whereas the requirements of morals must
be consistent with each other by their own nature’.

What is the most questionable here is the relationship between our morals and the libertqrian
rights. Intuitively speaidng, rights in general have their bases on the law, and correspond to duties
inthe most cases. The rights are caught in the pérs_peclive of general contract between the state and
the people as well as among lilem. It is obviously understood this perspective goes beyond our
framework. Contrarily limiting the discussion to the narrower description, the morals characterized
by the four axioms might be interpreted as the normative requiremgnts by the society to the
ipdividual aclions with respect to exercising the libertarian rights. In this view, how to judge
among libertarian rights should be determined by the aggregated information on the preferences of
the parties. The similar approach to libertarian rights is well known in the theory of social choice,

and is quite different from ours in the motivation as well as in the formulation of morals'®.

® It is not only fundamental but also the merits of contracts that the contents of contracts differ from
person to person. It is said to be the most beneficial point to the contracts that their contents are
- determined depending on individual matters of affairs in comparison with, for example, the market trades.

- ' There are two different approaches to the theory of libertarian rights in the theory of social choice; The
first is the classical Sen’s theory of rights, and the second the game-form approach to rights by Gaertoer,
Pattanaik, and Suzumura(1992) which intends to overcome the deficits in Sen’s original definition.
Since the right in Sen’s sense is that of rejecting undesirable outcome for the holder to be attained, it can

not be derived from our definition of morally rights actions.
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The traditional .elhics discusses in general the normative justification of individual actions. Even
though each individual action is morally right, the conseﬁuence of the actions in the society méy not
accepted because of unc'erlainiy in their interdependence at least from the view of economics. The
reason is probably that, contrary to-general equilibriu-m theory and game theory in economics, ethics
has no systematic model of i.nleraciions among individuals and of the consequence of their
interdependence. It will be of great pleasure that our analysis would serve to give sbme light on such

trials.
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