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Univalency of certain analytic functions

SHIGEYOSHI OWA, NICOLAE N. PASCU,
and VIRGIL PESCAR

Abstract. The object of the present paper is to derive some sufficient conditions for univalency of
certain analytic functions in the open unit disk. The univalency of certain integral operators of analytic
functions is also considered.

1 Introduction

Let A denote the class of functions f(z) normalized by f(0) = f'(0) — 1 = 0 that are
analytic in the open unit disk U = {z € C : |z| < 1}. We denote by S the subclass of A
consisting of functions which are univalent in U.

In this paper, we shall use the following result due to Pommerenke ([4], [5]).

Lemma 1. Let ro be a real number, 0 < 1y < 1, U,, = {z € C: |z] < 1o} and let
f(z,t) = a1(t)z + aa(t)2®+- -, a1 # 0,be regular in U,,, for all t 2 0 and locally absolutely
continuous in I=[0, ), locally uniformly with respect to U,,. Suppose that for almost all
t €1, f(z,t) satisfies the equation

1) Zaféi, t)

for z € U,, , where p(z,t) is regular in U,, and Rep(z,t) > 0, for allt € I. If |a,(t)| =
o for t—o0 and if f(z,t)/ai(t) forms a normaly family in U,,, for allt € I, f(2,1) is a
reqular and univalent extension to the whole disk U.

Ozaki and Nunokawa ([2]) have shown
Lemma 2. Let f(z) € A satisfy

f(z)?
then f(z) is univalent in U,

= (92020,

—1l<1 (z €U),
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The next lemma was given by Becker ([1]).

Lemma 3. If f(z) belonging to A satisfies
th'(z)

—

71(2) <1

(3) (1~ [2f)

for all z € U, then f(z) is univalent in U.

Furthermore, for the integral operator of analytic functions, we need the following
lemma due to Pascu ([3]).

Lemma 4. Let a be a complez number with Re(a) > 0 and f(z) be in the class A. It
f(z) saisfies

<1 (z€l),

1 — lzl2R£(a)

(4) Re(a) s

f'(z) |

then the integral operator

1

(5) R = {a /0 e f'(u)dz;}“

s in the class S.

2 Sufficient conditions for univalency

Our first theorem for sufficient conditions for univalency is contained in

Theorem 1. Let f(z) € A, c be a complez number with |c| = 1, ¢ # —1. And let s=a+ib,
o=a+ i3 be complex numbers with a > 0, a > 0. If

(6) le+1- K| < |K]|
and
—{s+o)t _ o~ (st+o)ty —st Zf,,(enstz) - K
@ e +{1-e e f'(e=st2) +1 < |K|

forallz € U, t € I =[0,00), where K = (s+0)/2a, then the function f(z) is in the clas
S.



108

Proof. Because the function f(z) is regular in U, it results that the function L(z,t) defined
by

( | -—st)zf( —st )

(8) L(z,t) = f(e™'2) + 5o

is regular in U, for all £ > 0 and, hence, L(z,t) = a;(t)z+- ,where

C st 1 o
1+c. " 1+c

9) a(t) =

Let’s us prove that a;(t) # 0 for all £ > 0. We observe that if a;(t) = 0 then from (9) it
results that ¢ = —e(**9)* and |c¢| > 1. Because from hypothesis that |c| < 1 and ¢ # -1,

it results that ay(¢) # 0, for all t > 0 and
(10) lim; o0 |a1(t)| = 00

It is easy to prove that, if rg € (0,1), then L(z,t)/a:(t) is a normal family in U,,.
Since f(ze™*) is regular in U, we have

OL(z,t) 1
(11) 0t  l+4c

Because the functions f(z), f'(z), f"(z) are regular in U, it results that, for all o €(0,1],
there exist numbers P, ¢}, R which depend upon r¢ such that

(12) lfAl<pP, @RI If"()I<R

for all z €U,,.
Let T > 0 be a fixed real number. Then, from (11) and (12), we have that

(_cse—st + o.ea't)zfl(e—-stz) _ se—st(eat _ e—st)z2fll(e——stz)'

(13) (cs +0e’T)Q + s(eT + )R

O0L(z, t)
ot - 1 +c

for all z € U,, and t € [0,T].
It follows that a constant M > 0 exists satisfying

OL(z,t)

Bt lgM

(14)

for all z € U,, and ¢t >0. We see, from (10), that the function L(z,t) is locally absolutely
continuous in I, and locally uniform with respect to U. Let us define the function p(z,t)
by :

' 2 L!zt!
(15) p(2,t) = 57— GO

ot
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Then, in order to prove that the function p(z,t) is regular and has a positive real part in
U, it is sufficient to show that the function w(z,t) given by

p(z,t) -1
16 ’t _—
(16) w(z1) p(z,t) +1
is regular and
(17) lw(z,t)] < 1

for all 2 € U and ¢ € I. A simple calculation yields

_ _ o eSSty il e 5t 5
(18) w(a 1) = LNV (A - T g

(1 - 5)(cemle)t 4 (1 — ety Ll

If H(z,t) is the function defined by

etz f"(e*tz)

— pp—(st+0)t _ o—(sto)t
(19) H(z,t) = ce +(1-e ) 7 (et3)
and

(20) X = ReH(z,t), Y =ImH(z,1),

then from (18) we obtain

(148X +iY)+(1-0)
(21) vt = X ) T (o)

The inequality (17) is equivalent to the inequality
(14+a)X -0Y +1—0a)?+ ((1 +a)Y +bX — 3)?

@) e = X W s T (a7 5K f <
if

(23) X2+Y2—a;aX—ﬁ:bY—%<0

or

(24) Xtiv+1-2Fo) st

2a 2a
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We conclude that the inequality (24) has the form
" —st
(25) ce™FN 4 (1~ emM)e '“mzf,((_st ’;) +1- K| <|K|
for all z € U,t > 0, which is identical to the inequality (7).
For ¢ = 0, the inequality (25) has the form
(26) le+1- K| < |K|

and is identical with the inequality (6). Because the inequality (7) holds true for all z € U
and t > 0 from the hypothesis, we conclude that |w(z,t)| < 1forall z € U and t € LIf the
function w(z,t) has a singular point 29 € U, then z; ia a pole for the function w(z,t), and
hence lim,_,., |w(z,t)| = oo, which is in contradiction with the inequality |w(z,t)| < 1. It
follows that the function w(z,t) is regular in U for all t > 0.

Finally, by means of Lemma 1, we prove that L(z,t) is univalent in U for all ¢ > 0, and
for t = 0 L(z,0) = f(z), which shows f(z) is in the class S. '
' O

3 Integral operators

For integral operators of analytic functions, we derive

Theorem 2. Let f(z) € A satisfy the inequality (2) of Lemma 2, and let a be a complex
number with || < 1. If f(2) satisfies |f(2)] < 1 for all z € U, then the integral operator

27) Fu(z) = /0 | (f%))adu

belongs to S.
Proof. Note that F,(z) is analytic in U and satisfies

22

i =a (1) 1)

and
(28) (1= o) |22

F(2)

Zf’(Z)

= la|
Using (28) and Schwarz lemma, we see that

(1=l Z;"(())

1|11

< lof[TE)

(L= |=*) +lef (1 = |2P)
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2£(2) el L
= ol [Z7 Z1F@IA= 1aP) + a0 - 1)
2f()
(29 <Jal | FEE -1l @ = 1)+ 2lal 0 - )
Since f(z) satisfies (2), it follows from (29) that
(30 o) | | < 3lal 1 - 4P) < 8Jal <1

for all z € U, and for |of < . Therefore, applying Lemma, 3, we complete the proof of

the theorem.
O

Finally we prove

Theorem 3. Let g(z) € A satisfy the inequality (2), and let o be a complex number with
Re(a) > 3. If g(z) satisfies |g(z)| < 1 for all z € U, then the integral operator

(31) | Galz) = {a fo ) ua-l(i%"—))du}%

belongs to S.

Proof. Let us consider the function f(z) given by

(32) 16)= [ ya,

Then the function f(z) is analytic in U and satisfies

fl(z) — _-g_@ f"(z) — zg’(z) - g(z)

) 52 3
and
L= [ 2f"(2) | _ 1= [ | zg/(s) '
(33) Re(@ | F() |~ Rel@ |9l
This implies that
1= PR 28 | 1= 2™ |2g/(2)] | 1= [
(34 Re(@) | () | = Re(@) | 90 | Re(@
for all 2 € U. Thus we have
l_lzI2Re(oz) zf”(z) 1_|Z'2Re(a) 1 zzg;(z) 1__|2I2Re(a)
B R@ T | Re@ | 907 | O T Re@




112

for all z € U. Since Schwarz lemma leads (35) to

(2| 1= P (129) 3
7 | = Re(@) (gw ll”)ﬁﬂe(a)ﬁl

for all z € U and for Re(a) > 3.Consequently, noting that f'(z) = ﬂzﬂ, and applying
Lemma 4, we complete the proof.

1 — lz|2Re(a)

(36) Re(a)

O
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