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Abstract

The classical game of peg solitaire has uncertain oiigins, but was certainlv popular
by the time of Louis XIV, and was described by Leibniz in 1710. One of the classical
problems concerning peg $\mathrm{s}\mathrm{o}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{a}\mathrm{i}\mathrm{l}\cdot \mathrm{e}$ is the feasibility issue. An $\mathrm{e}\mathrm{a}\mathrm{r}1)^{r}$ tool used to show $\mathrm{t}\mathrm{h}\mathrm{c}$

infeasibilitv of various peg games is the $\Gamma’ule$ -of-three [ $\mathrm{S}\mathrm{u}\mathrm{l}\cdot \mathrm{e}\mathrm{m}\mathrm{a}\mathrm{i}\mathrm{n}$ de $\mathrm{I}\mathrm{t}\mathrm{I}\mathrm{i}_{}\mathrm{s}\mathrm{s}\mathrm{e}\mathrm{r}\mathrm{v}$ 1841]. whicA $\mathrm{c}\cdot \mathrm{a}\mathrm{n}$

be slightly generalized bv the lattice $c\uparrow’ iterion$. In the $1960\mathrm{s}$ the descliption of the $solit,aire$

cone [Boardman and Conwav] provides $\mathrm{n}\mathrm{e}\mathrm{c}\mathrm{e}\mathrm{s}\mathrm{s}\mathrm{a}\mathrm{l}\cdot \mathrm{Y}$ conelitions: valid inequalities over this
cone, known as pagoda functions. were used to show the infeasibilitv of various peg games.
In this paper, $\backslash \mathrm{v}\mathrm{e}$ recall these necessary conditions and $\mathrm{g}\mathrm{i}\backslash \cdot \mathrm{e}$ an explicit solution to the $o\mathrm{d}(1$

central square complemcntarv game.

1 Introduction and Basic Definitions

1.1 Introduction

Peg solitaire is a peg game for one plaver which is played on a board containing a llumbel$\cdot$

of holes. The most common modern version uses a cross shaped board with 33 hole,$\mathrm{s}$ - see
Fig. 1 - although a 37 hole board is common in France. Computer versions of the game now
feature a wide varietv of shapes, including rectangles and triangles. Initially the central hole
is empt]” the others contain pegs. If in some row (column respectively) two consecutive pegs
are adjacent to an emptv hole in the same row (column $\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{p}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}1^{r}\mathrm{e}1\}’$). wc mav make a move
bv removing the two pegs and placing one peg in the emptv hole. The objective of the game
is to make moves until onlv one peg $1^{\cdot}\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{i}\mathrm{n}\mathrm{s}$ in the central hole. Variations of the $\mathrm{o}\mathrm{r}\mathrm{i}\mathrm{g}\mathrm{i}_{1}\mathrm{f}\mathrm{f}\mathrm{i}$

game, in addition to being plaved on different $\mathrm{b}\mathrm{o}\mathrm{a}\mathrm{r}\mathrm{d}\mathrm{s}_{\mathrm{t}}$ also consider various alternate starting
and finishing configurations.

Figure 1: A $\mathrm{f}\mathrm{e}\mathrm{a}\epsilon \mathrm{i}\mathrm{b}\mathrm{l}\mathrm{e}$ English $\mathrm{s}\mathrm{o}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{a}\dot{\mathrm{u}}\mathrm{e}$ peg game with possibk first alld last moves
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The game itself has uncertain origins, and different legends attest to its $\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{c}\mathrm{o}1^{r}\mathrm{e}\mathrm{r}\mathrm{y}$ by $\backslash r\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{o}\mathrm{u}\mathrm{s}$

cultures. An authoritative account with a long annotated bibliography can be found in the
comprehensive book of $\mathrm{B}\mathrm{e}\mathrm{a}\mathrm{s}\mathrm{l}\mathrm{e}_{\nu}1^{r}[4]$ . The book mentions an engraving of $\mathrm{B}\mathrm{e}\mathrm{r}\mathrm{e})^{\mathrm{r}}$ , dated 1697, of a
lady with a solitaire board. The book also contains a quotation of Leibniz [7] which was written
for the Berlin Academv in 1710. Apparently the first theoretical $\mathrm{s}\mathrm{t}\iota 1\mathrm{d}\}’$ of the $\mathrm{g}\mathrm{a}\mathrm{I}\mathrm{n}\mathrm{e}$ that was
published was done in 1841 bv Suremain de $\mathrm{h}\mathrm{I}\mathrm{i}\mathrm{s}\mathrm{s}\mathrm{e}\mathrm{r}.\backslash ^{r}$, and was reported in a paper bv $\mathrm{Y}^{\tau}\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{o}\mathrm{t}[9]$ .
The modern mathematical study of the game dates to the $1960\mathrm{s}$ at Cambridge University. The
group was led by Conway who has $\backslash \mathrm{v}\mathrm{r}\mathrm{i}\mathrm{t}\mathrm{t}\mathrm{e}\mathrm{n}$ a chapter in [5] on various mathematical aspects
of the subject. One of the problems studied by the Cambridge group is the following basic
feasibility problem (see Definition 1.1 in the sequel for a formal deiinition):

Peg solitaire feasibility problem. $\mathrm{G}\mathrm{i}\nwarrow^{r}\mathrm{e}\mathrm{n}$ a board $B$ and a pair of configurations $(c, c’)$ on $B$ ,
determine if $(c, c’)$ is feasible, that is, if $\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{l}\cdot \mathrm{e}$ is a legal sequcnce of moves trallsfornling $c$ into $c’$ .

The complexitv of the feasibilitv problem for the game plaved on a $r7$ bc $n$ board was
shown bv Uehara and $\mathrm{I}\backslash \backslash ’ \mathrm{a}\mathrm{t}\mathrm{a}[8]$ to be $\mathrm{N}\mathrm{P}$-complete, so easils checked necessarv and sufficient
$\mathrm{e}\cdot \mathrm{o}\mathrm{n}\mathrm{d}\mathrm{i}\mathrm{t}_{}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{s}$ for fcasibilitv are unlikG$11^{\tau}.$ to exist. In this paper, wc $1^{\cdot}\mathrm{e}\mathrm{c}\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}1^{\cdot}11\mathrm{t}^{\mathrm{Y}}1$ions usccl to
prove the infeasibilitv of some pair $(c, c’)$ : the $r\uparrow xle$-of-three in Section 2.1, the $solito\dot{\uparrow}re$ conc in
Section 2.2, the $lat_{}ticecriter\cdot ion$ in Section 2.3: and give an explicit solul ion to thi odd $cent_{}rol$

square $soli,taire$ game in Section 3.

1.2 Basic definitions

In this section we introduce some terminoIogy used throughout this paper. The board of a
peg solitaire game is a finite $\mathrm{s}\iota 1\mathrm{b}\mathrm{s}\mathrm{e}\mathrm{t}_{1}B\subset \mathbb{Z}^{2}$ . $\mathrm{T}\mathrm{h}\mathrm{u}_{\llcorner}\mathrm{s}$ . $B$ stands for the set of locations $(i, .j)$

of holes of the board on which the game is plaved. For example. the classical 33-board is:
$B=\{(i, j) : -1\leq i\leq 1, -3\leq j\leq 3\}\cup\{(i, j) : -3\leq\dot{\uparrow}\leq 3, -1\leq j\leq 1\}$ . A $confi_{}gvrationc$

on the board is an integer vector $c\in \mathbb{Z}^{B}\subset \mathrm{F}\{^{B}$ . It can be interpreted as a configuration of pegs
on the board: in the usual game, all configurations $c$ lie in $\{0,1\}^{B},$ $\backslash \backslash \gamma \mathrm{i}\mathrm{t}\mathrm{h}$ the interpretation
that hole $(i, j)\in B$ contains a peg if $c_{i_{\rangle}j}=1$ and is empty if $c_{i_{j}},\cdot=0$ ; extending this, we
allow any integer (possibly negative) number $c_{i,j}$ of pegs to occupy $\mathrm{a}\mathrm{n}_{3^{\tau}}$ hole $(i, j)\in B$ . The
complement of a $\{0,1\}$ -configuration $c\in\{0,1\}^{B}$ is defined to be the configuration $\overline{c}:=\mathrm{I}-c$

where Il $=(1,1\ldots..1)\in l\mathrm{R}^{B}$ is the all-ones configuration. A move or a jump $\mu$ is a $1^{r}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{o}\mathrm{r}$

in IR$B$ which has 3 non-zero entries: two entries of-l in the positions from which pegs are
$\mathrm{r}\mathrm{e}\mathrm{m}\mathrm{o}\mathrm{t}^{r}\mathrm{e}\mathrm{d}$ alud one $\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{r}_{v}\backslash ^{r}$ of 1 for the hole $\mathrm{r}\mathrm{e}\mathrm{c}\mathrm{e}\mathrm{i}\backslash ^{r}\mathrm{i}\mathrm{n}\mathrm{g}$ the new peg. We can $11\mathrm{O}\backslash \backslash \cdot$ make the peg
$\mathrm{s}\mathrm{o}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{a}\dot{\mathrm{u}}’ \mathrm{e}$ feasibilitv problem precise.

Definition 1.1 Given a board $B$ and an associated set of moves $\vee^{\vee 1}$

’ a pair $(c.c’)$ of configu-
rations is feasible if there is a sequence $\mu^{1},$

$\ldots,$
$\mu^{k}\in\nu l4$ of $\mathrm{m}\mathrm{o}\backslash ^{r}\mathrm{e}\mathrm{s}$ on $B$ such that

$d-c= \sum_{i=1}^{k}\mu^{i}$ and $c+ \sum_{j=1}^{i}\mu^{j}\in\{0.1\}^{B}$ for $i=1\ldots..k$

For instance. the English 33-board admits 76 $\mathrm{m}\mathrm{o}\backslash ^{\gamma}\mathrm{e}\mathrm{s}$ (none $0\backslash \cdot \mathrm{e}\mathrm{r}$ the 8 corners. 24 moves $0\backslash \cdot \mathrm{e}\mathrm{r}$

the 12 holes next to a corner and 52 moves over the 13 $\mathrm{r}\mathrm{e}\mathrm{l}\mathrm{n}\mathrm{a}\mathrm{i}\mathrm{l}\dot{\mathrm{u}}\mathrm{n}\mathrm{g}$ holes); see Fig. 1 for possible
first aed last moves in some sequence of $\mathrm{m}\mathrm{o}\backslash \cdot \mathrm{e}\mathrm{s}$ transforming the initial configuration $c_{0}$ to its
complementarv $c_{0}’$ .
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2 Necessary Conditions

2.1 The $\mathrm{r}\mathrm{u}\mathrm{l}\mathrm{e}-\mathrm{o}\mathrm{f}$-three

In this section we recall the so-called rule-of-three (cf. [4, 5]), a classical construction used to
test $\mathrm{s}\mathrm{o}\mathrm{l}\mathrm{i}\mathrm{t}_{l}\mathrm{a}\mathrm{i}\mathrm{r}\mathrm{e}$ game feasibilit}. The rule-of-thrce can be used, for example. to show that on the
cross shaped English 33-board, starting with the initial $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{f}\mathrm{i}\mathrm{g}\iota \mathrm{l}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}c_{0}$ of Fig. 1, the onlv
reachable final configurations with exactly one peg are $c_{0}’$ (given in Fig. 1), $c_{1}’,$ $c_{2}’,$ $c_{3}’$ and $c_{4}’$

with, $\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{p}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}\backslash ^{\tau}\mathrm{e}1_{3^{\gamma}}$, a final peg in position $(0,0),$ $(-3,0),$ $(0,3),$ $(3,0)$ and $(0, -3)$ .
Let $\mathbb{Z}_{2}:=\{a, b, c, e\}$ be the Abelian group with identity $e$ and addition table

$a+a=b+b=c+c=e$ , $a+b=c,$ $a+c=b,$ $b+c=\mathit{0}$ .

Define the $\mathrm{f}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{o}$ }$\backslash ^{\gamma}\mathrm{i}_{1\mathrm{l}}\mathrm{g}\mathrm{t}\backslash \backslash ’ 0$ maps $g_{1},$ $g_{2}$ : $\mathbb{Z}^{2}arrow \mathbb{Z}_{2}$ , which $\mathrm{s}\mathrm{i}_{111}\mathrm{p}1.\backslash ^{\tau}$ color the integer latti $(\mathrm{e}\mathbb{Z}^{2}$

$\mathrm{b}\backslash \cdot$ diagonals of $0$ . $b$ and $c$ in either directioll: see Fig. 2:

$g_{1}(\prime i.j):=\{$

$a$ if $(i+j)\equiv 0$ (mod 3)
$b$ if $(i+j)\equiv 1$ (mod 3)
$c$ if $(i+j)\equiv 2$ (mod 3)

$g_{2}(i.j):=\{$

$0$ if $(i-j)\equiv 0$ (hod 3)
$b$ if $(i-j)\equiv 1$ (mod 3)
$c$ if $(i-j)\equiv 2$ (lnod 3)

For each $(i.j)\in B\subset \mathbb{Z}^{2}$ let $e_{i,j}$ be the $($ ” $j)\mathrm{t}\mathrm{h}$ unit $\mathrm{t}^{r}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{o}\mathrm{r}$ in IR $B$

, and define the score map
to be the $\mathbb{Z}$-module homomorphism $\phi$ : $\mathbb{Z}^{B}arrow \mathbb{Z}_{2}^{2}\backslash \mathrm{v}\mathrm{i}\mathrm{t}\mathrm{h}\phi(e_{?.j}.):=(g_{1}(\uparrow, .\mathfrak{j}),$ $.q_{2}(\dot{\uparrow}.j))$ . $\mathrm{T}\mathrm{h}\mathrm{u}\mathrm{s}_{\mathrm{t}}$

the score of a configuration $c\in \mathbb{Z}^{B}$ is given by

$\phi(c)$ $=$
$\sum_{(\uparrow,j)\in B}c_{i,j}\cdot(g_{1}(i, j),$

$g_{2}(i.j))$

Since the board $B$ under discussion $\backslash \backslash V\mathrm{i}\mathrm{l}1$ alwa.vs be clear from the context. we use the notation
$\phi$ for any board. For instance, the score of fhe configuration $c_{0}’$ of one peg in the (enter of
the English 33-board is $\phi(c_{0}’)=(a.a)$ . as is als $\mathit{0}$ the score of its complement $c_{0}$ : see Fig. 2.
Tlle score of the board $B$ (all $\mathrm{h}o$les filled) is defined to be $\phi(B)=\phi(\mathrm{I})$ . It is easy to $\backslash \cdot \mathrm{e}\mathrm{r}\mathrm{i}\mathrm{f}\backslash \cdot$

that $\mathrm{a}11\backslash$
’ feasible move $\mu$ on $\mathrm{a}\mathrm{n}_{3^{r}}$ board $B$ has the identity $\mathrm{s}\mathrm{c}\mathrm{o}\mathrm{l}\cdot \mathrm{e}\phi(\mu)=(e.e).$ This gives $\mathrm{t}\mathrm{h}\mathrm{c}\mathrm{l}$

$\mathrm{f}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{o}\backslash \iota^{\gamma}\mathrm{i}\mathrm{n}\mathrm{g}$ proposition.

Proposition 2.1 [The $\mathrm{r}\mathrm{u}\mathrm{l}\mathrm{e}- \mathrm{o}\mathrm{f}-\mathrm{t}\mathrm{h}\mathrm{r}\mathrm{e}\mathrm{e}$ ]
A necessary condition for a $pai_{7}$ of confi(f$ura$fion ( $c.c’\dot{)}$ to be feosible is that $\phi(c’-c)=(e.e)$ .
namely, $c’-c\in Ker(\phi)$ .

Using Proposition 2.1, we $\mathfrak{c}\cdot \mathrm{a}\mathrm{n}$ show that, besidcs the configuration $c_{0}’\mathrm{g}\mathrm{i}\backslash ^{r}\mathrm{e}\mathrm{n}$ in Fig. 1. the offiy
final $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{f}\mathrm{i}\mathrm{g}\mathrm{u}\mathrm{l}\cdot \mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}c’$ with $\mathrm{e}\mathrm{x}\mathrm{a}\mathrm{c}\mathrm{t}\mathrm{l}\backslash$ ’ one non-zero entrv $c_{jj}’=1$ forming a fcasible pair $(c_{0}. c’)$

are the 4 configurations $c_{1}’,$ $c_{2}’.c_{3}’$ and $c_{4}’$ . Fig. 2 shows that $\phi(c’)=(\mathit{0}.0)=\phi(c_{0})$ if $c’$ is olle of
$c_{0}’,$ $c_{1}’\ldots c_{4}’$ . whereas $\phi(c’)\neq(a, a)$ otherwise.
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$\phi(\mathrm{c}_{0})=(\mathrm{a},\mathrm{a})$ $\phi(\mathrm{c}_{2}’)=(\mathrm{a},\mathrm{a})$

Figure 2: The score of a final configuration with only one peg $\mathrm{r}\mathrm{e}\mathrm{l}\mathrm{n}\mathrm{a}\mathrm{i}\mathrm{n}\mathrm{i}_{1\mathrm{l}}\mathrm{g}$

With $\overline{c}=\mathrm{I}-c$ the complelnent of $c$ , the $\mathrm{r}\mathrm{u}\mathrm{l}\mathrm{e}- \mathrm{o}\mathrm{f}- \mathrm{t}\mathrm{h}\mathrm{r}\xi^{1}\mathrm{e}$ implies that $(c,\overline{c})$ is feasible onlv if
$\phi(\overline{c})=\phi(c)$ , which is $\mathrm{e}\mathrm{q}\mathrm{u}\mathrm{i}\backslash ^{\gamma}\mathrm{a}\mathrm{l}\mathrm{e}\mathrm{n}\mathrm{t}$ to $\phi(B)=\phi(c)+\phi(\overline{c})=\phi(c)+\phi(c)=(e, e)$ . In other $11^{\forall}\mathrm{o}\mathrm{r}(1\mathrm{s}$ .
a necessa.rv condition for tlle configurations pair $(c.\overline{c})$ to be fcasiblc is that the board $\mathrm{s}\mathrm{c}\cdot o\mathrm{r}\mathrm{e}$ is
$\phi(B)=(e, e)$ . $\mathrm{S}\mathrm{u}(-\mathrm{h}$ a board is called a null-class board in [4]. For example. the score of the
English 33-board is $\varphi’(B)=d(c_{0})+\emptyset(c_{0}’)=(\mathit{0}, a)+(\mathit{0}.a)=(e.e)$ .

2.2 Solitaire cone and pagoda functions

A first relaxation of the feasibility $\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{b}\mathrm{l}\mathrm{e}\ln$ is to allow an] integer (positive or negative) number
of pegs to $\mathrm{o}\mathrm{c}\mathrm{c}\mathrm{u}\mathrm{p}_{\mathrm{L}}\backslash ^{Y}$ aia hole for anv int $(^{\mathit{2}}rmediate$ configurations. We call this game the $int,eger$

game, and call the $\mathrm{o}\mathrm{i}^{\backslash }\mathrm{i}\mathrm{g}\mathrm{i}\mathrm{n}\mathrm{a}1$ game the 0-1 game. Note that in a 0-1 game we $\mathrm{r}\mathrm{e}\mathrm{q}\iota\dot{\mathrm{u}}\mathrm{r}\mathrm{e}$ that for
each intermediate configuration of the game a hole is either empty or contains a single peg.
$\mathrm{C}\mathrm{l}\mathrm{e}\mathrm{a}1^{\cdot}1\backslash ^{r}.$ :

$\mathrm{c}’.\mathrm{c}$ is ?.nteger
$\mathrm{f}\mathrm{e}\mathrm{a}\mathrm{s}\mathrm{i}\mathrm{b}\mathrm{l}\mathrm{e}|\Leftrightarrow c’-c\in IC_{B}=\{\sum_{\mu\in,\vee}\lambda_{\mu}\mu$

: $\lambda_{\mu}\in$ ]$\mathrm{N}\}$

$\backslash \backslash ’ 1_{1}\mathrm{e}\mathrm{r}\mathrm{e}$ the $int_{\vee}eger$ solitaire cone $IC_{B}$ is the set of all non-negafive $inte.qe\gamma$ linear conlbinations
of $\mathrm{m}o\backslash ’ \mathrm{e}\mathrm{s}$ . $\mathrm{U}_{1}\mathrm{f}\mathrm{o}\mathrm{r}\mathrm{t}\mathrm{u}\mathrm{n}\mathrm{a}\mathrm{t}\mathrm{e}1\backslash ^{r}$ deciding if $c’-c$ can be $\exp_{1}\cdot \mathrm{e}\mathrm{s}\mathrm{s}\mathrm{e}\mathrm{d}$ as the sum of $\mathrm{m}\mathrm{o}\backslash 7\mathrm{e}$ seems to be a
hard computational $\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{b}\mathrm{l}\mathrm{e}\mathrm{l}\mathrm{n}$ . $\backslash 1^{\tau}\mathrm{e}$ get the following neoessarv criterion:

Proposition 2.2 [The integer cone criterion]
A necessary condition for $\mathit{0}$ pair of $conf\iota^{7}gurations(c, c’)$ to be feasible is that $c’-c\in IC_{B}’$ .

A further] elaxation of the game leads to a more tractable condition. In the $fract\prime io^{l}nolga7ne$

we ailorv anr fractional ( $\mathrm{p}\mathrm{o}\mathrm{s}\mathrm{i}\mathrm{t}\mathrm{i}\}^{r}\mathrm{e}$ or negative) number of pegs to occupy anv hole for any inter-
mediate \v{c}onfigurations. A $frac\mathrm{f}_{}ionol$ move is obtained by $\mathrm{l}\mathrm{n}\mathrm{u}\mathrm{l}\mathrm{t}\mathrm{i}\mathrm{p}1_{\mathrm{J}’}\mathrm{i}\mathrm{n}\mathrm{g}$ a move bv any positive
scalar and is defined to correspond to the process of adding a $\mathrm{n}\overline{\mathrm{l}}0\backslash \cdot \mathrm{e}$ to a given $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{f}\mathrm{i}\mathrm{g}\iota \mathrm{l}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$.
For $\mathrm{e}\mathrm{x}\mathrm{a}\mathrm{m}\mathrm{p}_{1}^{1}\mathrm{e}$ , let $c=_{\mathrm{L}}\lceil 1$ ] $1$ ]. $c’=[101]$ . Then $c’-c=[0- 10]= \frac{1}{2}$ [-] $- 11]+ \frac{1}{2}$ [ 1 $- 1- 1^{\rceil}\lrcorner$ is a
feasible fractional game and can be expressed as the sum of two $\mathrm{f}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a}11\mathrm{n}\mathrm{o}1^{r}\mathrm{e}\mathrm{s}$. but is not
feasible as a 0-1 or integer game. $\mathrm{C}\mathrm{l}\mathrm{e}\mathrm{a}\mathrm{r}1_{1^{V}}$ :

$\mathrm{c},\mathrm{c}$ is fractional $\mathrm{f}\mathrm{e}\mathrm{a}\mathrm{s}\mathrm{i}\mathrm{b}\mathrm{l}\mathrm{e}\Leftrightarrow c’-c\in C_{B}=\{\sum_{\mu\in.\mathrm{W}}\lambda_{\mu}\mu$
: $\lambda_{l^{\chi}}\in 1\Gamma\^{+}\}$

where the solitaire cone $C_{B}$ is thc set of all non-negative linear $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{l}\mathrm{b}\mathrm{i}\mathrm{n}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}11_{\iota}\mathrm{b}$ of lno\ $\cdot$e$\mathrm{s}$ . We
get Che weaker. bul useful. following necessarv $\mathrm{c}\mathrm{r}\mathrm{i}\mathrm{t}\mathfrak{t}^{1}\mathrm{r}\mathrm{i}\mathrm{o}11$ :

Proposition 2.3 [The cone criterion]
A necessary $cond\dot{\uparrow,}tion$ ]$orupa\dot{\eta}\gamma$ of configurations $(c, c’)$ to be $feas\uparrow ble$ is that $c’-c\in C_{B}$ .
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The condition $c’-C\in C_{B}$ provides a certificate for the infeasibility of certain games. The

certificate of infeasibility is any inequality $\backslash \gamma \mathrm{a}\mathrm{l}\mathrm{i}\mathrm{d}$ for $C_{B}$ which is violated by $c’-c$ . According
to [4], page 71, these inequalities ‘.were developed by $\mathrm{J}.\mathrm{H}$ . Conway and J. $\mathrm{h}\mathrm{I}$ . Boardman in 1961,

and were called pagoda functions by Conway...”. They are also known as resource counts, and
are discussed in some detail in Conway [ $51\lrcorner$ . The strongest such inequalities are $\mathrm{i}\mathrm{n}\mathrm{d}\mathrm{u}\mathrm{c}\cdot \mathrm{e}\mathrm{d}$ by the

facets of $C_{B}$ . For example, the facet (given bv Beasley) of Fig. 4 induces an inequality $\mathit{0}\cdot x\leq 0$

that is violated by $c’-c\backslash \mathrm{v}\mathrm{i}\mathrm{t}\mathrm{h}(c, c’)$ given in Fig. 3: $(c’-c)\cdot a=2>0$ . This implies that this
game is not feasible even as a fractional galne and, therefore, not feasible as an integer game
or classical 0-1 game $\mathrm{e}\mathrm{i}\mathrm{t}_{!}\mathrm{h}\mathrm{e}\mathrm{r}$ .

$\mathrm{S}\mathrm{l}\mathrm{a}\mathrm{l}\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{g}$ Final

Figure 3: An infeasible classical solitaire peg game

Figure 4: A facet of the English solitaire cone

2.3 The lattice criterion

For the fracfional galne, we relaxed the integrality while keeping the non-negativitv condition.
Another relaxation of the integer game is to drop the $\mathrm{n}\mathrm{o}\mathrm{n}- \mathrm{n}\mathrm{e}\mathrm{g}\mathrm{a}\mathrm{t}\mathrm{i}\backslash ^{r}$itv while keeping the inte-
grality. It amounts, besides allowing any integer (positive or $\mathrm{n}\mathrm{e}\mathrm{g}\mathrm{a}\mathrm{t}\mathrm{i}1^{r}\mathrm{e}$) number of pegs for anv
intermediate configurations, to allow additive moves. The configuration of an $\mathrm{a}\mathrm{d}\mathrm{d}\mathrm{i}\mathrm{t}\mathrm{i}\backslash \cdot \mathrm{e}$ move $\mu^{+}$

(jumping over an emptv hole and $\mathrm{p}\iota \mathrm{l}\mathrm{t}\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{g}$ a peg in) is $c_{\mu}^{+}=-c_{l^{\mathit{1}}}$ where $c_{\mu}$ is the $\mathrm{c}\mathrm{o}*\mathrm{g}\mathrm{u}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$

of an ordinarv (subtractive) move $\mu$ . tie call this game the lattice game. $\mathrm{C}\mathrm{l}\mathrm{e}\mathrm{a}\mathrm{r}\mathrm{l}\backslash \cdot$ :

$\mathrm{c}’,\mathrm{c}$ is $latt \uparrow ce\mathrm{f}e\mathrm{a}\mathrm{s}\mathrm{i}\mathrm{b}\mathrm{l}\mathrm{e}\Leftrightarrow c’-c\in L_{B}=\{\sum_{\mu\in.\vee 1}\lambda_{\mu}\mu$
: $\lambda_{\mu}\in \mathbb{Z}\}$

100



where the solitoire lattice $L_{B}$ is the set of all integer linear combinations of moves. It $\mathrm{g}\mathrm{i}1^{r}\mathrm{e}\mathrm{s}$

the following criterion (weaker than Proposition 2.2):

Proposition 2.4 [The lattice criterion]
A necessary condition for a pair of $configurat\ell,ons(c, c’)$ to be feasible is that $c’-c\in L_{B}$ .

Since the score $\ell$) is a homomorphism of $\mathbb{Z}$-modules which lnaps each lattice generatol$\cdot$

$\mu\in\vee 4l$ to $(e, e)$ , it follows that $\phi(v)=(e_{}.e)$ for any $v\in L_{B;}$ i.e., for any board $B$ and any
pair $(c, c’)$ on $B$ if $c’-c\in L_{B}$ then $c’-c\in \mathrm{K}\mathrm{e}\mathrm{r}(\phi)$ . In other words, as stated in the following
proposition, the lattice criterion is generally stronger than the $\mathrm{r}\mathrm{u}\mathrm{l}\mathrm{e}- \mathrm{o}\mathrm{f}- \mathrm{t}\mathrm{h}\iota\cdot \mathrm{e}\mathrm{e}$.

Proposition 2.5 For any board $B$ , we have $L_{B}\subseteq Ker(\phi)$ .

Fig. 5 provides an example of a null-class board and a game on it whose associated $1$) $\mathrm{a}\mathrm{i}\mathrm{r}(c,\overline{c})$

satisfies $\overline{c}-c\in \mathrm{K}\mathrm{e}\mathrm{r}(\phi)$ but $\overline{c}-c\not\in L_{B}$ . This shows that the lattice criterion $\mathrm{m}\mathrm{a}\backslash \cdot$ be strictlv
stronger $\mathrm{t}\mathrm{h}\mathrm{a}\lambda 1$ the rule-of-three and therefore could be more useful in proving $\mathrm{i}_{11}\mathrm{f}\mathrm{e}\mathrm{a}\mathrm{s}\mathrm{i}\mathrm{b}\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{t}\tau^{\tau}$ .

CoIlfigu[ation $\zeta$ $\mathrm{C}\mathrm{o}\mathrm{n}\mathrm{f}\mathrm{i}\mathrm{g}\mathrm{u}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}T$

Figure 5: An infeasible galne $\mathrm{s}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{s}\mathrm{f}\backslash \cdot \mathrm{i}\mathrm{n}\mathrm{g}$ the rule-of-three but not the solitaire $\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{t}\mathrm{i}\mathrm{c}\cdot \mathrm{c}$ criterion

Checking membership in the lattice $L_{B}$ is usuallv easv (once we have a basis) and checking
membership in the cone $C_{B}$ amounts to solve a linear program in polynolnial time. $\mathrm{C}\mathrm{o}\mathrm{n}\mathrm{l}\mathrm{b}\mathrm{i}\mathrm{n}\mathrm{i}_{1)}\mathrm{g}$

these two crileria. that is. chccking membership in $C_{B}\cap L_{B}$ . is usually efficient in proving
infeasibility. For example, while the game in Fig. 3 satisfies $d-c\in L_{B}$ but $c’-c\not\in C_{B}^{\gamma},$ , the
central game (see Fig. 1) plaved on a French board (an English board with 4 additional holes
in positions $(\pm 2_{\}\pm 2))$ satisfies $c’-c\in C_{B}/$ but $c’-c\not\in L_{B}$ . Note that for both the French and
English boards. we have $L_{B}=\mathrm{k}\mathrm{e}\mathrm{r}(\phi)$ ; therefore checking the membership in $L_{B}$ can be easily
done using the rule-of-three. The membership in $C_{B}$ of the central game plaved on a $\mathrm{F}\mathrm{l}\cdot \mathrm{e}\mathrm{n}\mathrm{c}\mathrm{h}$

board can be shown $\mathrm{b}\mathrm{t}\cdot$ lnoving all pegs on the boundarv to the inner part of the board. then
moving one peg in the center and $\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{a}\mathrm{l}1_{v}\backslash \cdot$ remove the other pegs using the $\mathrm{f}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a}11\mathrm{n}\mathrm{o}\lambda^{\tau}\mathrm{e}$ given
after Proposition 2.2. Clearly we have $C_{B}\cap L_{B}\subset IC_{B}$ but this inclusion is strict as illustrated
by Fig. 6. A further step could be to find a relatively small generating set ( $\mathrm{H}\mathrm{i}\mathrm{l}\mathrm{b}\mathrm{e}\mathrm{r}\mathrm{t}$ basis) for
the integer cone $IC_{B}$ of some interesting classes of boards $B$ .

Figure 6: A laftice and flactic}nal feasible but integ$(^{1}\mathrm{r}$ infeaoible game
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” ( $\prime_{ll.1.1\prime\prime}$“ $j(kl/\dot{\prime}\prime^{j\prime)^{\prime r_{k^{(}}u\prime\prime\prime}}l1’$

$\mathrm{t}--\cdot\cdot\mapsto\circ$

$(..= \frac{\mathrm{o}\mathrm{o}}{}$.

$\not\in l\prime\prime j;\iota Jr_{k^{f\int;\dot{f}(\prime\{l}}’./’/’((ml?$

$(=\subset.\Xi\supset$.

$l1f^{)}ll$‘ $Mwlf‘ l\omega Mrsll\prime 7\mathit{1}\forall$
$(\prime\prime(’\Pi’(\mathrm{r}J\prime w\prime Jl(K^{ll\int\prime\int c}$

$\mathrm{c}=..\mapsto$. $(=\mapsto 0\circ\supset$

($..=.\mapsto\circ\cdot$ $\mathrm{C}=00\infty \mathrm{t}$

$(’(‘ r\prime\prime/‘\gamma fl(\prime_{l1\mathrm{t}(}$

$\mathrm{F}\mathrm{i}\mathrm{g}\mathrm{u}\mathrm{l}\cdot \mathrm{e}\overline{(}$ : Thc rule-of-three and the integel$\cdot$ , fractional and lattice $\mathrm{r}\mathrm{C}\mathrm{E}\mathrm{X}\mathrm{a}\mathrm{f}\mathrm{i}\mathrm{o}\mathrm{I}\mathrm{p}$
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3 Odd Central Square Solitaire

In this Section. we consicler the feasibility of the central odd square solitaire game: Givcn odd
$n$ , is it possible, on the $n\cross n$ board, to start with pegs in all $\mathrm{h}\mathrm{o}$ Les but the center and finish with a
single peg in the cent,er? In other words, $\backslash \backslash \cdot \mathrm{i}\mathrm{t}\mathrm{h}n=2k+1$ . $k\in \mathit{1}\mathrm{N},$ $B_{n}=\{(\dot{\uparrow}, j) : -k\leq\prime i, j\leq h\cdot\}$

the cenfrally svlnmetric $\mathrm{b}4(1^{\mathrm{u}\mathrm{a}\mathrm{r}\mathrm{e}n}\cross n$ board and $\overline{c}=e_{0.()}$ the final configuration with exactlt
one peg at the origin, is the pair $\{c,\overline{c}\}$ feasible on $B_{\gamma\uparrow}?$

Figure 8: The odd celltral square solitaire on $B_{9}$

The $\mathrm{c}\mathrm{e}\mathrm{n}\mathrm{t}_{1}\cdot \mathrm{a}1$ odd $\mathrm{s}\mathrm{q}n\mathrm{a}\mathrm{l}\cdot \mathrm{e}$ game is $\mathrm{t}\mathrm{r}\mathrm{i}\backslash ’ \mathrm{i}\mathrm{a}41\grave{}^{r}$ infeasible on the board $B_{3}$ . For $n\geq 5$ , let first
check if $\{c.\overline{c}\}$ satisfies the necessary conditions $\mathrm{g}\mathrm{i}1^{r}\mathrm{e}\mathrm{n}$ in Section 2. Since for alll $n7\cross n$ board
with $m\geq 4$ or $n\geq 4$ , we have $L_{B}=\mathrm{k}\mathrm{e}\mathrm{r}(\phi)$ , checking the melnbership of $\overline{c}-c$ in the laftice
$L_{B}$ can be done using the rule-of-three. It gives tlle necessary condition that $n$ should be a
multiple of 3. For $?7\equiv 1$ mod 2, $n\equiv 0$ mod 3 and $n\geq 5$ . one can easil] check that $\overline{c}-c$ can
be written as a non-negative linear combimtions of moves $\mu_{i}$ ; that is, $\overline{c_{J}}-c\in C_{B_{7l}}$ .

$\backslash 1^{\tau}\mathrm{e}\mathrm{n}\mathrm{o}\backslash \backslash \cdot$ show that the odd central square galne is feasible for $n\equiv 1$ mod 2. $n\equiv 0$ mod 3
and $n\geq 5$ bv giving an explicit sequence of $\mathrm{m}\mathrm{o}1^{r}\mathrm{e}\mathrm{s}$ fiiom $\overline{c}$ to (’ on the board $B_{n}$ . The basic
sub-sequcnces or moves are the $\mathrm{f}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{o}\backslash \backslash ^{\mathrm{v}}\mathrm{i}_{1\mathrm{l}}\mathrm{g}\mathrm{t}\backslash 1^{r}op\uparrow\Lambda rges$ : the 3-purge (respe $(.\mathrm{t}\mathrm{i}\backslash ^{r}\mathrm{e}1)’6$-purge) is a
sub-sequence of 3 (respectively 6) moves. See Fig. 9 where. bcsides black ( $\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{p}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}\nwarrow^{r}\mathrm{e}1\tau^{\tau}$ white)
hole $\mathrm{r}\mathrm{e}\mathrm{p}\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{e}\mathrm{n}\mathrm{t}\dot{\mathrm{n}}$ng a peg ( $\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{p}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}\backslash ^{\gamma}\mathrm{e}1\tau^{r}$ an clnpty hole). a pair $\mathrm{o}\mathrm{f}\otimes \mathrm{r}\mathrm{e}_{\mathrm{P}}1^{\cdot}\mathrm{e}\mathrm{s}\mathrm{e}\mathrm{I}\mathrm{l}\mathrm{t}\mathrm{s}$ fwo holes such
that one is empty and the other contains a peg. For $\mathrm{o}\mathrm{f}_{k}\mathrm{h}\mathrm{e}\mathrm{r}_{\mathrm{P}^{\mathrm{U}1}\mathrm{g}\mathrm{e}\mathrm{S}}$ and packages (useful short
sequences of $1\mathrm{n}\mathrm{o}1^{7}\mathrm{e}\mathrm{s}$ ). see [5] where, in $\mathrm{p}\mathrm{a}\mathrm{l}\cdot \mathrm{t}\mathrm{i}\iota\cdot \mathrm{u}\mathrm{l}\mathrm{a}\mathrm{r}$ . an elegant solution to the English central
$\mathrm{c}\mathrm{o}\ln_{1^{)}}1\mathrm{e}\mathrm{l}\mathrm{n}\mathrm{e}11\mathrm{t}\mathrm{a}\mathrm{r}\mathrm{v}$ gaie. see Fig. 1. is $\mathrm{g}\mathrm{i}1^{r}\mathrm{e}\mathrm{n}$ .

$\oplus$ $\oplus$

$\oplus\bullet\copyright$ \copyright O\copyright $\bullet\bullet$ $\mathrm{O}\mathrm{O}$

$\bullet\bullet$

$arrow$
$\mathrm{o}\mathrm{O}$ $\bullet\bullet\copyright\bullet\bulletarrow \mathrm{O}\mathrm{O}\mathrm{O}\mathrm{O}\Theta$

Figurc 9: A 3-purge and a 6-purge

Fig. 10 illustrates fhe sequences of 3- and $6-\mathrm{P}^{11\mathrm{r}}\mathrm{g}\mathrm{e}\mathrm{s}$ nteded to reach $\zeta \mathrm{f}\mathrm{J}\mathrm{o}\mathrm{n}1c\mathrm{o}11\mathrm{t}11\mathrm{G}B_{15}$

board. The 3-ptlrges $(\mathrm{r}\mathrm{e}\mathrm{s}_{1})\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}\backslash ^{r}\mathrm{e}1\backslash ’ 6)$ correapond to light ( $1^{\cdot}\mathrm{e}\mathrm{s}\mathrm{p}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}\backslash ^{\tau}\mathrm{e}\mathrm{l}\mathrm{v}$ clark) $\mathrm{g}\mathrm{r}\mathrm{t}_{\mathrm{c}}^{1}\backslash ^{r}\mathrm{c}\cdot \mathrm{o}\mathrm{l}\mathrm{o}\mathrm{r}\mathrm{c}\mathrm{e}\mathrm{l}$ hole$‘ \mathrm{t},$ .
This solutioll $\mathrm{c}\cdot \mathrm{a}\mathrm{n}$ be $(^{1}\mathrm{a}\mathfrak{Z}\mathrm{i}1_{)^{r}}\mathrm{g}\mathrm{e}\mathrm{n}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{l}\mathrm{i}7_{}\mathrm{e}\mathrm{d}$ to anv $B_{n}\backslash \mathrm{v}\mathrm{i}\mathrm{t}\mathrm{h}n\equiv 1$ nlod 2, $r|\equiv \mathrm{U}\mathrm{m}((13$ and $n\geq 5$ .
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oo
$\mathrm{O}\mathrm{O}\wedge’\wedge$
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$\mathrm{O}\mathrm{C}\wedge\wedge$

oooooooooooooooooooooooooooooooooocolooooooooooooooooooooooooooooooooooooooo
$\ovalbox{\tt\small REJECT}^{\mathrm{O}\mathrm{O}\mathrm{O}\mathrm{O}\mathrm{O}\mathrm{O}\mathrm{O}\mathrm{O}\mathrm{O}\mathrm{O}\mathrm{O}\mathrm{O}\mathrm{O}\mathrm{O}}\mathrm{o}\mathrm{o}\mathrm{o}\mathrm{c}\mathrm{o}\mathrm{o}\mathrm{o}o\mathrm{o}\mathrm{o}o\mathrm{o}\mathrm{o}\mathrm{o}^{\mathrm{O}}\neg_{0}$

$|\mathrm{o}\mathrm{o}\mathrm{o}\mathrm{o}\mathrm{o}\mathrm{o}\otimes \mathrm{o}\mathrm{o}\mathrm{c}\mathrm{o}\mathrm{o}\mathrm{o}o\mathrm{o}$

$\mathrm{o}\mathrm{o}\mathrm{o}\mathrm{o}\mathrm{o}\mathrm{o}\ovalbox{\tt\small REJECT}\bullet$ ooooooo
$)\mathrm{o}\mathrm{o}$

$)\mathrm{o}\mathrm{o}$

$\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}$

$\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}\otimes$

$\mathrm{o}\mathrm{c}$

$\mathrm{o}\mathrm{c}$

$)\cap\cap\cap\cap\cap$ $\cap\cap$

Figure 10: A soltltioll to the $1_{\iota}\ulcorner$) $\cross 15$ centtal $\mathrm{s}\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{l}\cdot \mathrm{e}$ colnplelnentar\ $\cdot$ game

104



Acknowledgments Research supported by a Japan Society for the Promotion of Sciences
Fellowship for the first author and by in part by a grant from the Israel Science Foundation
(ISF), by a VPR grant at the Technion, and by the Fund for the Promotion of Research at
the Technion for the second author.

References

[1] Avis D. and Deza A.: On the solitaire cone and its relationship to multi-commodity flows.
Preprint CAMS 142 Ecole des Hautes Etudes en Sciences Sociales, Paris, France (1997)

[2] Avis D. and Deza A.: On the boolean solitaire cone. Proc. of the 1st Japanese-Hungarian
$\mathrm{S}_{3^{J}}\cdot \mathrm{m}\mathrm{p}\mathrm{o}\mathrm{s}\mathrm{i}\mathrm{u}\mathrm{m}$ on Discrete Mathematics, Kyoto (1999) 115-122

[3] Avis D., Deza A. alud Onn S.: A combinatorial approach to the solitaire game. Trans.
IEICE (2000) (to appear)

[4] Beasley J. D.: The Ins and Outs of Peg Solit,aire. Oxford $\mathrm{U}\mathrm{n}\mathrm{i})^{\gamma}\mathrm{e}\mathrm{r}\mathrm{s}\mathrm{i}\mathrm{t}_{v}\backslash$
’ Press (1992)

[5] Conway J. H. with Berlekamp E. R. and $\mathrm{G}\tau 1\mathrm{V}$ R. K.: Ptlrging Pegs Properlv. tVinlling
Ways for vour mathematical plavs. 2 Academic Press (1982) 697-734

[6] Deza A. and Onn S.: Solitaire lattices. Research Reports on lIath. and Comput. Stii $(^{1}\mathrm{n}\mathrm{c}\mathrm{c}\mathrm{t}\mathrm{s}$

B-345 $\mathrm{T}\mathrm{o}\mathrm{k}]^{r}\mathrm{O}$ Institute of Technology (1998)
[7] Leibniz G. W.: hIiscellenea Berolinensia ad incrementum scientarium 1 (1710) 22-26
[8] Uehara R. and Iwata S.: Generalized Hi-Q is $\mathrm{N}\mathrm{P}$-complete. Trans. $\mathrm{I}\mathrm{F}\lrcorner \mathrm{I}\mathrm{C}\mathrm{E}$ E73 (1990)

270-273
[9] $\lambda^{\gamma}\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{o}\mathrm{t}$ J.N.: Rapport sur un $\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{Y}^{\Gamma}\mathrm{a}\mathrm{i}\mathrm{l}\mathrm{e}\mathrm{l}\mathrm{e}$ Suremain de $\mathrm{h}\mathrm{I}\mathrm{i}\mathrm{s}\mathrm{s}\mathrm{e}\mathrm{r}\backslash ^{r}$ : Th\’eorie g\’en\’erale du jeu de

solitaire, consid\’er\’e comme probl\‘eme d’allalvse et de situation. Compte-renclu des travaux
de $1^{\cdot}\mathrm{a}\mathrm{c}\mathrm{a}\mathrm{d}\acute{\mathrm{e}}\mathrm{m}\mathrm{i}\mathrm{e}$ des sciences. arts et belles-lettres de Dijon (1841-2) 58-70

ANTOINE $\mathrm{D}\mathrm{F}_{I}\mathrm{Z}\mathrm{A}$ .
$\mathrm{T}\mathrm{o}\mathrm{k}_{3^{\gamma}}\mathrm{o}$ Institute of Technology, Department of LIathematical and Computing Sciences, $\mathrm{O}\mathrm{o}\mathrm{k}\mathrm{a}.\backslash \cdot \mathrm{a}\mathrm{m}\mathrm{a}$,
hIeguro-ku, Tokyo, Japan. Email: deza@is.tif,ech. ac.jp
AND

Ecole des Hautes Etudes en Sciences Sociales. Centre d’Analyse et de CIath\’ematique Sociales,
54 bd Raspail, Paris, France. Email: deza@ehess.fr
$\mathrm{S}\mathrm{H}\iota(1\mathrm{U}\mathrm{E}\mathrm{L}$ ONN.
Technion-Israel Institute of Technologv, Operations Research, $\mathrm{D}\mathrm{a}1^{r}\mathrm{i}\mathrm{c}\mathrm{i}\mathrm{s}\mathrm{o}\mathrm{n}$ facultv of IE &CI,
32000 Haifa, Israel. Email: onn@ie.technion.ac.il

105


