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Hyperplane integrals of BLD and monotone BLD functions

ILERBEFSE  KHFEIA (Yoshihiro Mizuta)
AT ESRE THE (Tetsu Shimomura)

1 Introduction
Let D denote the half space
D={z=(7,z,) e R"!'xR!: 2, > 0}
and set
H =0D;

we sometimes identify ' € R with (z’,0) € H. We define the gth hyperplane integral

Hy(u) over H by
Hy(u) = ( /H ]u(:r')l"dx’) v

for a measurable function u on H.
Our main aim in this note is to study the existence of limits of H,(U,) at r = 0,

where
m~1 k

Un(') = u(@,r) = Y £ [(8/0wa)*ul e/, 0)

k=0
for quasicontinuous Sobolev functions u on D, where the vertical limits

(0/0zn)Fu(z’,0) = zl,iglo (8/0z.) u(’, z,)

exist for almost all ' = (2/,0) € Hand 0 £ k £ m — 1 (see [15, Theorem 2.4]). More
precisely, we show (in Theorem 3.1 below) that

liné r™H,(U;) =0

for some w > 0.
Consider the Dirichlet problem for polyharmonic operator

AM™u(z) = 0
with the boundary conditions

(B/Oxn)ku(m'; 0) = fil") (k=0,1,.., m—~ 1).
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We show (in Corollary 3.1 below) that if 1 < p £ ¢ < 00, n/p—(n—1)/g < 1 and
u € W™P(D) is a solution of the Dirichlet problem with fi(z') = (0/0z,)Fu(z’,0) for
05 k<m-—1, then

| lim p/P-(D/amm g (U) =0,

r—0

m—1

where U,(z') = u(z',r) — Z %fk(m’).
k=0

To prove our results, we apply the integral representation in [12, 15]. For this pur-
pose, we are concerned with K-potentials Uk f defined by

U f(z) = / K(z - y)f()dy

for functions f on R™ satisfying the weighted L” condition :
/ If@)Plyal® dy <00, -1<B<p-—1.

In connection with our integral representation, K (z) is of the form z*|z|™" for a multi-
index A with length m. Our basic fact is stated as follows (see Theorem 2.1 below):

lir% r"/”'(”'l)/q_qu(ur) = (),
T

m—1
where u,(z') = Ux f(&', 1) = 5 %[(a/azn)kUK ().
k=0
In Section 4, we give growth estimates of higher differences of Sobolev functions.
In the final section, we study the existence of limits of hyperplane integrals for

monotone BLD functions u on D satisfying
(1.1) / |Vu(z)]Pz? dz <00, p>n-—1,
D

where V denotes the gradient, 1 < p < oo and —1 < 3 < p — 1; see Section 5 for
the definition of monotone functions. We here note that harmonic functions are mono-
tone, A-harmonic functions and hence coordinate functions of quasiregular mappings are
monotone (see [4] and [20]), and thus the class of monotone functions is considerably
wide.

For related results, see Gardiner [2], Stoll [24, 25, 26], the first author [11, 12, 16]
and the authors {17, 18].

2 Hyperplane integrals of potentials

For a multi-index A and £ > 0, set
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We define the K-potential Ug f by

Uf(@) = [ K@~ )iy

for a measurable function f on R™ satisfying

(2.1 | @y < oo
and
2.2) | Sy < 0,y = (a1, )

In particular, K is the Riesz a-kernel when A = 0 and £ = n—a. In this case, Uk f is
written as U, f with a = |A\| — £+ n. Note here that (2.1) is equivalent to the condition
that '

(2.3) Ua|f| # o0.

Throughout this paper, let M denote various constants independent of the variables
in question.
For a nonnegative integer m, consider

m

. |
Kn(z,y) = K(z = y) = 3 -((8/0z.)"K](a' ~ y),
k=0

where z = (z',z,) € R"™' X R; we sometimes identify z’ with (z’,0).

LEMMA 2.1 ([19, Lemma 2.1]). Let m be a nonnegative integer such that |\ — £ <
m+ 1.

(1) If|a' —y| 2 %,/2 >0 and |z — y| 2 £,/2 > 0, then

| Kn(z,y)| £ fo“lw’ _ y||,\|—£-—m.~1.
(2) If |z — y| < 2a/2, then |Kp(z,y)| £ M(zh' ™" + |z — y[M-5).
(3) If |2’ — yl| < z,/2, then |Kpn(z,y)| £ M(zh'™ + am|z! — y|PI=t-m),

For a point z € R™ and r > 0, we denote by B(z,r) the open ball with center at z
and radius r.

LEMMA 2.2 (cf. [16, Lemma 3.2]). Let 3> —1,¢> 0 and |A|=€+mn/qg>0. Let m
be a nonnegative integer such that

m<w-—z+1‘-’;-'~ﬁ-<m+1.
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Then

1/q
(/IKm(m,y)l"wnlﬂdy) < Mzlhi-tHnthlle

for all z = (z',z,) € D.
Proor. For fixed z € D, consider the sets
E; = B(z,2./2), Ey = B(x',2,/2), E; =D — (E1 U Ey).

Since |A| — £+ (n+ ()/q—m —1 < 0, applying the polar coordinates about z’, we have
by Lemma 2.1(1)

1/q 1/q
( [ Knta y>|q|yn|ﬂdy) < Mx',r“( [ Ix’—yl“*“”"”‘”"lynlﬂdy>
3 3

l/q
szz—l—l (/oo r(lAl-E——m-—l)q—!—ﬂrn—ldT)
Tn/2

M=)/

HA

Similarly, since |A\| — £+ n/q > 0, we have by Lemma 2.1(2)
1/q 1/q
([ ntontan) s arse ([ hie o= l-tyan)
Ey Ey
= MgPl-trnte)a,
Finally, since |A\| — £+ (n+ 8)/q — m > 0, we obtain by Lemma 2.1(3)

1/q 1/q
(E |Km<x,y>xqwnxﬁdy) < M( /E (mlf?‘"e+$2’l$'—yl'A'"‘”m)"lynlﬁdy>
2 2

Tn/2
< M-y g, /
0

= M-t

1/q
T(Ikl—l—m)quﬁrn—ldr)

The required inequality now follows.

LEMMA 2.3 (cf. [16, Lemma 3.4]). Let ¢ > 0 and m be a nonnegative integer such
that

-1
m<|)\|—€+z—l—;l——<m+l.

Ifz = (z',zn) € D and y = (¥, yn) € R, then

1/q _
(/ | Km(z, y)‘qd$'> < M2 (x, + |yn|)|"|”e*m*1+(n—1)/q.
R’n-—l
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PROOF. Let z = (2',z,) € D and y = (¥,y.) € R™ If |yu| = 2z,, then, since
|JA| =€ ~m—1+ (n—1)/q <0, we have by Lemma 2.1(1)

1/q 1/q
( / le<m,y>wd:c') < Mo ( / Ix’—yl"’*"é""‘”"dx’)
R_'n.—l Rn_l

e%e} 1/‘1
— szp-f—l (/ (7‘2 +ynz)(|A1—£—m—l)q/2rn——2d,,.)
. 0 )

szwl lyn||)\|—£—m—1+(n—-l)/q.

If lyn| < 2z, then we have as in the proof of Lemma 2.1

A

1/q 1/q

( [ K, y)l"dw’) <M ( / (@ 4 | yl'*"‘)qd:c’)

Rn—1 {a":(z',xn)EF1 }

1/q
+M (/ (mif"”e + |z’ — y]"\'“e'm)qu’)
{z":(2’ xn)E B2}
1/q
+M-Tnm+1 (/ |:z:’ _ yl(lf\l—lf—m—l)qu')
{z':(z’\zn)EE3}

1/q
Mx',;\"”("“l)/q +M (/ lx' _ y'|(l>\l—f)qu')‘
B(y',xn/2)

l/q
+Mz (/ |z’ — y']("\l“z"’m)qu’>
B(y'xn/2)

/q
#Ma (e b
Rr-1

Mg=¢+m=1/a,

Therefore the required inequality now follows.

LEMMA 2.4 (cf. [1, Theorem 13.5], [15, Section 6.5]). Let a = |A| = £ +n, ap > 1,
ap > 1+ and =1 < 8 <p—1. If f is a measurable function on R" satisfying (2.2)
and (2.3), then Uk f has the (ACL) property; in particular, Uk f(z', z,)) is absolutely
continuous on R for almost every ' € R"}. Moreover, in case m is a positive integer
such that (¢ —m)p>1and (a-m)p>1+p,

(8/02,)" Ui f (&, ) = / (8/02,)" K (z — 1) (4) dy

is absolutely continuous on R for almost every ' € R"1.

THEOREM 2.1 (cf. [11, Theorem 2.1] and (16, Theorem 2.1]). Let o = [A\|—£+n
satisfym+1/p<a<m+n. Let 1<p<g<oo, f<p—1 and

n— ap n—1
pln—a) " qn—a+m)

Whenn——a>0.
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Further suppose m < w < m+ 1, where w = (n—1)/g— (n —ap+ B)/p. If f is a
nonnegative measurable function on R™ satisfying (2.2) and (2.3), then

lim r™“Hy(u,) =0,

r—0

where u,(z') = Uk f(2',7) i%(a/axn Uk f](',0).
k=0

ProOF. Under the assumptions on p, a, 3, ¢ and m in Theorem 2.1, we can take
(6,7) such that

(2.4) B<y<pln—a+m+1)6+8—pn—1)/q,

(25) pn—a+m+1+(a—m—-1p—n<y<pn-—a+m)d+(a—m)p-—n,

(2.6) B<y<p—1, 0<86<1,
(2.7 Sp(n—a) >n—ap
and
n—1 n—1
.8 b < —m— .
(28) q(n——a+m+1)< <q(n—a+m)

Set a = (1 — &)p’ and b = —yp'/p. Then, by (2.6) and (2.7),
b> -1 and a—n+—g>0.

Further, (2.5) implies

b
m<a—n+2—z—<m—|—1.

We first note from Lemma 2.4 that

m

U, (') = Uxf(z) - Z [(a/axn)kUKme 0)

=/K (z,y)f(y)

Using Holder’s inequality and Lemma 2.2, we have

) 2 (f ateobnta) (a7l rar)

1/p
Mx%a——n)(l—é)—f—n/p’_'ﬂp (/ IKm(:I:,y)Ié”f(y)”lynde> .

HA



In view of Minkowski’s inequality for integral we have

Hy(uz,) £ Mglom™=8+n/p'=y/p

x { ([ 1t y)|5"dx’)p/qf(y)”lynde}

Here, noting (2.8), we have by Lemma 2.3

i/p

p/q
([ Fntaieae) ™ < Mla o + palromtsto-iogp
Rn-—-l

Consequently

Hy(u,) £ Mrem0=0+n/p'—y/p(m+1)s

) , 1/p
x { [+ |yn|>“-"-m-l+<"~1>/5q16p|ynrf-ﬂf(ymynlﬁdy} .

Consider the function

k(r,yn) = rPln=eptB)/p—(n=1)/al pl(a=n)(1=8)-+n/p—y/p+(m+1)s]
(1 + gn]) o 5,

Then

rYHy(u,) S M { / k(r, yn) £ (0)1ynl® dy}l/p,

where w = (n —1)/q¢ — (n — ap + B)/p. 1t follows from (2.4) that
pr@plamm)(1=8tn/p'~y/pHm+1)s _ L(n—atm+1)6+(B-1)/p—(n-1)/g _, g
asr — 0. If r < |y,|, then
k(r,yn) S M(r/|ys|)(-otm+Dop+(B=n-p(n=1/a < pr.

if |ya| £ 7, then
k(ryyn) £ M(lyal/r)" £ M.

Hence Lebesgue’s dominated convergence theorem implies that |
l% T Hy(uy) = 0.‘

Now the proof of Theorem 2.1 is completed.

57
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3 Sobolev functions

For an open set G C R™, we denote by BLy,(L?,

loc

BLn (L2 (G)) = {u € IE(G) : D*u € L2, (G) (|A] =m)}

loc loc loc

(G)) the Beppo Levi space

(see [15]). In view of [15], each u € BLp (L7,

loc

(D)) satisfying
(3.1) / IV tu(z) Pz dz < oo
D

has an (m, p)-quasicontinuous representative &, where |Vpu(z)| = (35 ),=m | D u(2) |2)1/2,
1<p<ooand —1< B <p- 1. Moreover, % is given by

() = Z a,\/ f(,\,m(x,y)D’\'ﬂ(y) dy + P(z),

|A|l=m

where T is an extention of u to R®, P(z) is a polynomial of degree at most m — 1,
Kx(z) = z*|z|™ and

_ Kk(m"y)a yEB(Ovl),
KA,m(x’y) =

Kx(z = 9) = Ljygm1 51((0/02)Kil(=), y € R" - B(0,1).

ur

Note further from Lemma 2.4 that for each k with 0 £ k £ m —1 and for almost every
= Rn—l’

(8/0,)" / Rom(, y)Du(y) dy = / (8/022) Ram(z, ) DY) dy

holds for z,, € R, where z = (2/, z,).
m—1 5

Since Q(z) — }: %[(8/3%)’“@]@') = for any polynomial @ of degree at most
k=0
m — 1, we have

m—1

Ue) = )3 %(8/8%)’“'&@')
k=0 ) )
= Y o [ Kanlnn)Dal) dy = (o) - Plo
|Al=m
m—1 z k
for q.e. z € D, where K n(z,y) = Ka(z —y) — Z —fr[(@/amn)kl(,\](a:' — ).
k=0

Theorem 2.1 now gives the following result.

THEOREM 3.1 (cf. [19, Theorem 3.1]). Let 1 <p £ ¢q < o0,

M<l whenn—-m >0
pln—-m) ¢
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and
n—p+0 1< n+ g

< - <t
pin—1) "¢ p(n-1)
If u € BLn(L},,(D)) satisfying (3.1) for —1 < 8 < p — 1 is (m, p)-quasicontinuous on
D, then
lim 7(r—mp+B)/p—(n~1)/q Hq(Ur) =0,

r—0

m—1 4

where U,(z') = u(z,r) — Z —7];—![(8/8%)%](:6', 0).

k=0
Consider the Dirichlet problem for polyharmonic operator :
A™u(z) =0
with the boundary conditions
(8/0z.)*u(2’,0) = fu(z')  (k=0,1,..,m—1).
We denote by W™?(G) the Sobolev space
Wm?(G) = {u € LP(G) : D*u € LP(G) (|]A| £ m)}

(see Stein [23, Chapter 6]). If u € W™P(D) is a solution of the Dirichlet problem,
then the vertical limit (9/0x,)*u(z’,0) exists for almost every =’ = (z’,0) € D and
05 kSm—1 (see [12], [14)).

We also see that every function in W™P(D) can be extended to a function in
W™P(R"™) (see Stein [23]). Hence Theorem 3.1 gives the following result.

COROLLARY 3.1 . Let 1 <p £ ¢ < o0 and

n n-—1

(0<) P

<1l

Ifu € W™?(D) is a solution of the Dirichlet problem with fi(z') = (8/0xy)*u(z', 0) for
0= k< m-—1, then : ‘
lim p"/P-(n-1)/q-m H,(U,) =0,

r—0.

m-1

where Up(') = u(z',r) = 3 TIET Fol@).
k=0

4 Higher differences
For r > 0 and a function u, we define the first difference

Asult) = Alu(t) = u(t +r) — u(t)
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and the m-th difference
AMu(t) = A (Au()) (B).
It is easy to see that
m “ m— m
AT'u(t) = ; (-1) k ( I > u(t + kr).

As in Section 2, we consider

A

K($)=W

and define

e = B7US )0 = Y (- () U@ )

k=0

THEOREM 4.1. Let a= |\ —£+n,1<pSg<oo,B<p—1and

- -1
n-—ap _n
p q

(whenn —a >0).

Further suppose 0 < w < m, where w = (n—1)/q— (n—ap+()/p. If f is a nonnegative
measurable function on R" satisfying (2.2) and (2.3), then

lim r™“Hy(u,) =0,

r—0

where u,(z') = AUk f(2',-)(0).

To prove this, we have only to prepare the following two lemmas instead of Lemmas
2.2 and 2.3.

LEMMA 4.1 ([19, Lemma 4.1]). Let 3> —1, ¢ > 0 and |A\| = £+ n/q > 0. Let m be
a positive integer such that

0<|,\|—e+-’?—f;—£<m.

Then

1/q
( / K2 (o, y>|q|yn1ﬁdy) < Mo-t+o/a

for all z = (', z,,) € D, where K},(z,y) = AT K(&' —y/,- —ya)(0) forz = (z',2,) € D
and y= (y',y.) € R™
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LEMMA 4.2 ([19, Lemma 4.2]). Let ¢ > 0 and m be a positive integer such that
n—1
0<|A|——€+—-—q—<m.

Ifz = (z',2,) € D and y = (v, yn) € R", then

1/q
( / IKIn(x,y)lqu') < Mz (T + |yn| )P H=D/a,
Rn—l

THEOREM 4.2 . Let 1 < p £ g < 0o and

< m.

(0<) P

If u € BL,,,(LP(R")) is (m, p)-quasicontinuous on R", then

lim r*/P=(=D/e-mpp (7)) =0,

r—0
where U, (2') = ATu(z’,-)(0) for r > 0.
In fact, since AT*Q = 0 for any polynomial Q of degree at most m — 1, we have
Ua) = AZuE )0 = 3 o [ K@) Dulr)dy,
[Al=m

where K, (z,y) = AT Kx(z' — ¢/, — y»)(0) with K, (z) = z*|z|™.

5 Monotone functions

We say that a continuous function u is monotone in an open set G, in the sense of
Lebesgue ([6]), if both

max u(z) = max u(z) and min u(z) = win u(x)
hold for every relatively compact open set D with the closure D C G.

The class of monotone functions is considerably wide. We give some examples of
monotone functions.

EXAMPLE 1. Let f(r) be a non-increasing (or non-decreasing) continuous function
on (0, 00). If we define

u(z) = f(lz - €])
for z € G and £ € 0G, then u is monotone in G.
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EXAMPLE 2. Harmonic functions on an open set G are monotone in G. More gener-
ally, solutions of elliptic partial differential equations of second order may be monotone
(see Gilbarg-Trudinger [3]).

EXAMPLE 3. Weak solutions for variational problems may be monotone; in partic-
ular, weak solutions of the p-Laplacian are monotone. Moreover, if f is a quasi-regular
mapping on G, then the coordinate functions of f are monotone in G. For these facts,
see Heinonen-Kilpeldinen-Martio [4], Reshetnyak [20], Serrin [21] and Vuorinen [27], [28].

A key result for monotone BLD functions is the following fact.

LEMMA 5.1 (cf. [5, Lemma 7.1], [7, Remark, p.9], [28, Sect. 16]). Let p >n — 1. If
u is a monotone BLD function on B(xg,2r), then

lu(z) — w(y)|P < Mr”'"/ |Vu(z)P dz whenever z, y € B(xo,).
B(zo,2r) .

This lemma is shown by the application of Sobolev’s inequality on the spherical
surfaces, so that the restriction p > n — 1 is needed; for a proof of Lemma 5.1, see for
example [5, Lemma 7.1] or [15, Theorem 5.2, Chap.8].

6 Hyperplane integrals of monotone functions

We define the gth integral H, n(u) over {z' : |z'| < N} by

1/q
Hovt) = ( | (o)
J{z":|z'|<N}

for a measurable function u on {z’ : |2'| < N}.

THEOREM 6.1 (cf. [17, Theorem 2]). Let u be a monotone function on D satisfying
(1.1. fn—1<p<n+f,p<q<ooand
1 -
1 n-p+s
¢ pn—-1)
then
}E% ,,.(n*p+ﬁ)/z’—(n~‘1)/qHq’N(ur) =0,

where u,(z') = u(a,r) for r > 0.

PROOF. Let u be a monotone function on D satisfying (1.1) with n 1< p<n+p.
If |s — t] £ r < t/2, then Lemma 5.1 yields

1/q
| How () — Hom(w)| < ( / () — (&))" dm')
{zs|lz’|<N}

1/q

a/p
< Myle=mip / (/ |Vu(z)‘pdz) dx’ ,
{2':]z'|<N} B((z't),2r) .
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so that Minkowski’s inequality for integral yields

| Hoy () — Hopo(ur)]| < M=/ () =1/ ( /{ V()P dz) "

2= (2 2n )it —2r <z <t+27}
Let ri =271t =rjand Aj = {2 = (¢, 20) : 1j < 2, < 3r;} for j = 1,2,... Set
w=(n—-p+p)/p—(n-1)/g>0.
Then we find

1/p
|Hon(ue;) — Hon(ur)| S Mri (/A |Vu(z)|P28 dz)

7

fort; —rj <r =y,

l/p
IH(I:N(utj"Tj+1) — Hyn(ur)| £ Mrffz (/ qu(z)f”zZ dz)

Aj

for tj —rji —rjp0 <r Stj—rjp and

1/p
|Hgn(ur) — Hon(u,, )| & M1yl ( /A |Vu(z)[P22 dz)
341

for tj11 <r £t; — rj;1 — rj42. Collecting these results, we have

) ) 1/p
|Hon(uy;) — Hyn(ur)| = Mr;* (/ |Vu(z)P2? dz)

Aj

1/p
+ Mri (/ [Vu(z) P22 dz)
Ajr

for tj11 <r = t;. Hence it follows that

Jj+m ’ ‘ 1/p
| Hooe (1) = Hone(tty, )| S M3 7 ( | e dz) .

=3

Since A; N A;, = 0 when £ 2 k + 2, Hélder’s inequality gives

j+m UP fitm 1/p
(o () — Hyn ()| < M(Zrzw) (Z [ 1vurz dz)
" J A,

{=j l=j

1/p
S Mrj, / |Vu(2)|P2? dz .
{z=(2"20)irj 1 m<zn<8r;} |
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More generally, if 0 < r < t;, then we take m such that ;. <7 < tj+m-1, and establish

1/p
|Hon (uy) — Hon(ur)| & Mr™ ( f [Vu(z)P25 dZ) :
{

z=(2',2n):0<2n <375}

which implies that

1/p
limsup r“Hyn(u,) £ M / |Vu(z)P25 dz
r—Q {z=(2',2n):0<2n <375} .

for all j. Therefore it follows that
liII(l) ™ Hy n(u,) = 0,
as required.

In case 1/g = (n —p+ B)/p(n— 1) > 0, one might expect that Hy y(u,) is bounded.
In fact, we can show that this is true only in case 0 £ 8 < p — 1 without assuming
the monotonicity. We refer the reader to the result by Yamashita [29] who showed
affirmatively the case p = 2 and 8 = 1 for harmonic functions. In the hyperplane case,
we refer to [16, Theorem 2.2]. The case 8 = p — 1 remains open.

For Sobolev functions, we have a weak limit result as follows.

THEOREM 6.2 (cf. [16, Theorem 2.1]). Let -1 < <p—1,1<p=g< o0 and
n—-p—1 1 n-—p+p
—_— <L,
p(n=1) g  pn—1)

Ifu is a (1, p)-quasicontinuous function on D satisfying (1.1), then there exists a number
A such that

hlﬂjglf r("_”+ﬂ)/”'(""1)/qu(ur —A) =0,
where u,(z') = u(e’,r) for r > 0.
By this together with Theorem 6.1, we can prove the follwing result.

COROLLARY 6.1. Let u be a monotone function on D satisfying (1.1). If n -1 <
p<n+f,-1<f<p-1,pSqg<ooand

1_n-p+h
g pn-1)"
then there exists a number A such that

lim r(n—p+ﬁ)/p—(n—l)/qu(ur —A) =0,

r—0

~ where u,.(z') = u(z',7) forr > 0.



65

THEOREM 6.3 (cf. [18, Theorem 1]). Let u be a monotone function on D satisfying

(1.1) withn —1<pS<n+p. Ifp < qg < oo and

1 n—p+p

¢~ pn-1)"
then
lim rr—PtB)/p—(n-1)/q H,(U,) =0,

r—0

where U, (z') = u(z’,r) — u(a’,0) forr > 0.

PROOF. Let u be a monotone function on D satisfying (1.1) withn—1 < p S n+2.

If |s —t| £ r < t/2, then Lemma 5.1 gives

a/p /e
< Mplem/p / ( [ |Vu(z) l”dz) d’ |
Rn-1 “ B((w',t),21‘)

so that Minkowski’s inequality for integral yields

|Hy(us — uz)| £ M'r'(p‘")/l’(gr)(n"l)/q (/
{

z=(2',2n)it—2r<zp<t+2r}

Let rj =271 t;=r;yand Aj = {2 = (¢,2,) : 1 < 2o < 3r;} for j = 1,2, ... .

simplicity, set
w=(n-p+p)/p—(n—1)/g<0.

Then we find

: 1/p
|Ho(u, — u)| S M7, ( /| IVu(z)l”szdz)

for t; — Tiv1 < T é tj,

Aj

1/p
|Sq(ur — ug)| £ Mri (/ IVu(z)}Pz,fdz)

fortj —rjp1 —rjpe <r<sStj—rj, and

1/p
|Sq(us — gy, )| S Mris ( / IVU(Z)I”szdz>

Aj

1/p
|Vu(z)|P dz) :

For



for tj41 < 8 £ t; — rj41 — j42. Collecting these results, we have

1/p
|Hg(ue; —ur)] = Mr;¥ ( /A IVU(Z)I”z,‘idZ)
j

‘ 1/p
+Mri (/ |Vu(z)]”z£dz>
Ajt

. for tjy1 <r £t;. Hence it follows that

j+m 1/p
|Hg(ur — ;)| = MZT[“’ (/ |Vu(z)|”zgdz>

=j Ae
o for tjim <71 St Since A¢ N Ay = 0 for £ = k + 2, Holder’s inequality gives

j+m Yr' sjtm 1/p
| Ho(ur — utyp)l S M(Zr;’“’“) (Z / IW(z)I”Zdez>
t=j j oAl

=3

l/p
< M / Vu(z)|P22dz
{z2=(2',2n):rj4m<2n<37j}

for tjm <1 Stj, where 1/p+1/p' = 1. Now, letting m — oo, we establish

i/p
|Hy(Ur)| S Mr™ ( / |Vu(z)|ﬂz5dz)
{2=(2",2n):0<2n <3r;}

for tj;1 < r £ t;, which implies that

lim r*H,(U,) =0,

r—0

as required.

As to the condition on ¢, compare Theorem 6.3 with Theorem 3.1.
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