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A version of “semi-classical approximation” is known for the
laplacian on riemannian manifolds by Duistermaat and Weinstein,
which says that the ener gy levels of certain lagrangean submani-
folds in the cotangent bundle give approki.mate eigenvalues of the
laplacian aymptotically. Th e condition that those lagrangean sub-
manifolds must satisfy is called Maslov ’s quantization condition.
If a manifold has integrable geodesic flow, then the cotangent bun-
dle contains many such lagrangean submanifolds. So, one might

- expect that approximations were obtained in such way for almost
all eigenval ues of the laplacian in this case.

In this note we consider a class of surfaces whose geodesic flow
s are integrable (Liouville surfaces defined over 2-shpere), and
show the two results: One is the absence of the correspohding
lagrangean sub manfiolds for certain eigenvalues; and the other
is the existence of new a pporoximate values, which are asymp-
totically finer along a certain direction even where the classical

approximations exist.



36

B &

1 Usic 2
2 UmDJ« JVEE "‘ 4
3 EHEDT NIV 6
4 %ﬁ%ﬁ%ﬁt7573>§l~b—ai 8
5 VA|k| ERL (p,q) DIEETOEM 10
1 EU®IC

TURI N ) Y BRED ST T YT Y OEAMBISET B [k
HEE (HBVIEvAT 7 DEFLEME) & LTROFEFHLNTY
Bo THUEI KTV 2L —5 1 ¥ H—FRAIT S WKB & (U774
Voo 7)) — V) OBRTME R EEHLDTH S,

M%ZasnRzs )= VERE.2E:T"M - RER3D2FE LS
AAEBE L. LE T MWOIYNRINETT T VT 2GS RET

1L.LIERS—EDIANy P VEPLRA

2. L 3R AR L RRER TR

3. % T*"M F® canonical 1-form, my, € HY(L,Z) # L DY AT 7
BLyres, EEOMEI#R yC L2V T

1 1
o A{Ot - ZmL([’Y]) €Z.



R BITODEEL Do (IREARIC [ LIREHAR 7T |, &1
5:&K150%Lﬁ%ﬁ%#%ﬁtfkﬁéa\tLu>0)®%®9
75V atbn SRk TRROBE ZHO b OOL2KIE, 5 primitive
% Lo B3%H > T Ly = (bk+1)Lo (k=0,1,2,...) Dk b, (b DEE
1,2,4 DENDPT, my THREL,)

2E|L, = (= (bk +1)%ey) = €
brneEEE
TEIE (Weinstein [W)). M D575 7 ¥ OEEFEDF { lambday} T
V= er + 0(k™)
255 DHFLET B, | |

En I bDTHD, RAZZOEEERD L S RS 50 BB,
BaMEWs LIS L CHAGRNE 28], 3777 27 ¥ OEFED
1 DODEBMEE 52 %, (EBOBELOE Y FIZ EED X ) IC#HENZ D
DTH5HH,) |

RKAOHWRIIINZHAAL TTHRSUHIT RO Y — < Y SRED
B (EROXIRT T Ty I aBMAEREMNRILS 2D 1E00),
57 5T v OFRTOEAEDOEIMER ZRIZL o THLNEVHE
WHZ LIZH b,

B4k FRALERSNS) VT4 VHEORBAICERIIZDOI L
BHS. —HEEN LR LB LTREE B, AR TREOZ L
owfﬁ&%o&ﬁ\T%%ﬁ%ﬁ%~i%f%%Uﬁﬁ4»%EKﬁ

3

37



LCEHIEPZR-72b DI [KMS] (DE2E) ¥d 5, Fifif%sd
DIX, T T TOFEELERK, [01], [02] 1> TWROT, T 5E52°
Sos, FEOTETHLAHOL I BRRE L —FADBVTEES

B2\

2 Uoo«)VHEE

COHTIR 2 RITEEICEM A ) T T 4 VHEICOWTLELRER
FLewb, U T AVHEE R, ZOWBTEIEREEH L2 KkATH
BEIRE-RBAEHO2RTY) —~ Y EREOI L TH ) EHMIFEIK
meEHEE FOMRMEILTHLDTHLH, T TIIHERMIZZDE
FEBARD, (UTICHERS DO LCHEODDTH S, L I
K1), [K2] 2RI N2v,)

E A Nl

R = (R/12) x (RlayZ) = {(21,22)}

REZROWE LD 200 1 BB fi(z), fi(zs) (fi € C¥(R/wiZ))
THET 5.

o 1> fi(z1) > a> falw) >0 (a€(0,1) 1THEEINAE),
o fi(zi) ¥ 2 =0,0:/4 2B 5 XHT even.

L] fl(O) = da, fl(a1/4:) =1 ’(‘\Z—D l/) ~ Cﬂ’tﬁ)@,‘ﬁ\'@ fl Gi—#igﬂﬁ\ E
Z OB TR E RN,

38



L] fz(O) = 0, fz(&z/‘l) =a ‘(:‘ﬁ) D ) C?}’L%@}.}—if‘ fz u:gpig'ﬂ.’n if:
7 ORI BRI E AN,

f:%) DI f2 ] Tg = 012/4: 'F@ﬁéﬁﬂ@f"f ?"‘Eﬁ?ﬁa:ﬁﬁ?z}o

2EHOEEDL f TEIEAM /2 2RI b5,
"} —% 2 R % involution

Q2

(1131; 132) = (—‘5171, —Q_ - $2)

TE-7-bD% S &35, S F2RLHKEIFEMETHY ., BEHRR —
S 13 4 B THIET A branched double covering & % 5, sk, Bl 213
(0,@2/4) @ﬁ{%’(“

(- 1e-2)

DEME B s P EEERE T5 L 910 S ICTMAHESAY . WES
Li Ohe 7%&0: tc'%o
g = (fi(w1) — fa(ws)) (daf + daj) fg (1)

g (e (&) s (2))

EBLE (7270 FAOREIAFHRT Y VEE), Thbidfas Loy —
v VEIREE TS (ER) OFHED C section ZE#EL. F 1T (BR
2 T*S EORKEALZLT) ZOREICLZ S OB OE—FES L
he SHLIZZOK, 42003 1 >OMIMIRE C LiZH ), C I
BT 280K L o 1 S O well-defined 7% isometry T. F %R,

39



3 [EBEEDS NIVAT

o F OEETHHBEEMSMEAZOBEL LALbDZ —O LELC L,
ZhiE S Lk well-defined % 2 BEOWOMEARZERL. SDOFTIV7T
A LT#THY, F72 self-adjoint TH S, HE-o THFEABEELZ
ABIENTED, $72, FHVEL o B A, O LTREDT, ZRICH
THEFHIRABICEZLZENTEL, S OB uE -7 X LI
b EF Cu(eg,z) EELZ LT B E,

WE BEEENTApeR, e=+11IxLT
Au=du, Ou=pu, ou=ey

BT u=u(ey,z9) DEHFEFEA LRILTHY | v = ui(z1)uz(z2) D
BELTBY, 2ICHEND 1 EHEH u € C¥(R/oZ) 3 s =p/X &
T, AR
ui(e1) = =A(fi(21) — a — K)us(a1) (2)
uz(2) = —Aa + & — fa(z2))ui(z1) (3)
i L. REHT

Qg

ur(—z1) = euy(ay), Ug (~—2— — x2> = euy(z2) (4)

CEFEO. I
C DFEFEA B v = ui(z1)uz(zy) ITDWVT

#{o<am <] we)=0}=p 0

#{2_2_<$2<.Za2 u2(x2):0}=q (®

4

40



41

TEROM (p,q) PEZT D, BERLERTROZLHFD 5, Zyo
TOULOBEHEROESERT I LITLT,

TR EED (p,g,€) € Zyox Zo x {1} I LT(L) 25 (5) &l
72 u € C°(R/euZ) (i = 1,2) BHEET D X HIT A As S—BEHITWR
$ 50 2 LT u=w(o)us(zs) B S _EO well-defined % Bl % F o 16
CZOMIET S DIFT 737 vORFEOEEKE (EETLH0E20
FIETEZT) Zsox Zsox {£1} & 1411 OxHEADH 5,6 0

EFEOHIBIZEY | (p,g,€) € Zoox Zoox {£1} IZHIET 5 A, k KA

Ap,g,€), £(p,q,¢)

LB T B, 7272l p=q=0,e=1 DB A=0 Tk 3EH
Sz,
B ZIEEHE 1 OFREOB AT

(p+9)(p+q+1) if e=1,
AMp,q,€) = '

(p+q+1)(p+q+2) if e=-—L.
Tééomwﬁﬁaﬁiéﬁ\*%ﬁ%ﬁ%ﬁ@ﬁ%h(w&Wlaﬁ
B

ME LR L EENRERIC L VRO LT DD, EED (p,q,¢) 1T

DWW

—a< ’i(pa(b 6) <l-a (7)
A(p, g, €)

Ci < e 2 8

1 = rtq = 2 (8)

TITC,C i p qIlEbWEEKTHA,

7



4 BEERHGzEzRETIISCTa2b-FR

(2E,F) TEHBEINIBEHR T*S— {0} - R EF/2E #1—a,0,—a D
B regular TH Y (F/2FE OESIL [~a,1 —a] ThH D), EDLED 1K
DHBI2O0DF 7TV a - b—F AD disjoint union THb, ZhbH
3 —14ETBYE) . F/2E =1—a, —a DEIHEIE 2 DOMD disjoint
union TH Y, F/2E =0 OWfid transver sal IZXH 5 220D —FAD
union TH 5,

DB EZHEIZT2720I10K0 5 9128 (,

o1/4

Ay(k) = Vi(z)—a—kdx (9)

1,0
2,0

Ay(k) = i Va+k— folz)dz

T Tl 6 >0 DR 0 <20 < /4 T fi(mio) —a=r, BDH
THY, k<0 DFIE 0 Thbo F72 220 12 >0 DIFIE n/4 TH DY,

k<0 @H?j:‘éi 0< To0 < a2/4 Ta— fg(&l’g’o) = —K &é,ﬁ:ﬁﬁ)éo

®E (1) 28 =\, F/2E = 6y >0 25 b — 7 AFRERMAEL M
T2 D5MI

VAfAi(ky) = g' <P+ %) s VA Aa(ry) = g“q (10)

%% p,q€ Zso PHEETHIETH A,
(2)2E = A_, FI2E =k_ <0 %25} — 7 APERGHE 27200
SR

i) = Tp A A = (q+ ;) (11)

8

42



5 p,q € ZZO ﬁfﬁﬁ?él&f‘ﬁ)éo a

kK LT As(k) HFBD . A(x) HEFENTH 20T, HEOD
(1) & (2) DHEITEA |

A(0) _p+3
W Zo” 7 @ X <7+

BRIALTHZEICEERELL I,

DTLIELL  e=1 DBHEEHR) o LOREK (12) D, FIZIT (1) %
W72 (p,g) W2 L. BIOK (10) T Ay, ky PD—BWIZETA)S, Fh
5% A =A(p, g, 1), by = 64(p,q,1) EELZEICT R L,

(12)

EEE i@% &E%ﬁ Cl, Cg fﬁ&)’) 'C‘

A (0)  p+1/2
, +¢>C

A p,q ITHL,

“/X~\/K]§ ( =

rr(l—a—ry)lp+q+1/2)

72720, A=Xp,q,1) TH 5, 0

CCTHED N =A% 2k+11EL72b DI B L, FHIET 5 (p,q)
i3
(2kp +p + k,2kq + q) (k=0,1,2,...)
Kb B DT,

Ao = A2kp+p+k,2kg+q,1), e =A.(2kp+p+k,2kq+q,1)

ELTLEICEIE LR BA BN, A1(0)/4:(0) < p/(q+1/2) & 5

(p,q) ICDWTH A 2F-> THRBOTHE2EL, 2B, ZOEHIT 3

9

43



OB FHER(2), 3) ICHENL WKB il (ZARKE 7 Bz
FHId0) *BHLTELNSL, TNIZDWTIE [01] BRI NV,
R, RO2OOMERPHAL P Ro7, 1DHIE
q+p1/2 = 228; = p+q1/2
7 BEREBICE T B (p,q) 122V TL Mp, ¢, 1) BT 2. BHSEM
Rii7zs 575072 b=FAPFELEVEVIFEETH), 208
Z ky (HBWIEk) P critical value (FF12 0 ZRIEICT 5) ISEfH7:
BRGELDORENEL 22 LV I BRTH S,

5 V&l PERE (p,q) DFEETOELL

FlEfiZx e=1 LT 5,
(o) = g (j57) + gover (5 i) + 5 (wean () = )
EBL, BHIHMPALIIC
D(-a) = —D(a)

Thbo a~0 DL FIEIEPIEHTH Y 72 Stirli ng DA
I a—-o00 DEEER D(a)— ~7/8 Thb, EHOFTLRDD, RD
RZABLTB

VoAs(re) + D (Q}a?) =7 <p+ i) (13)
\Ahww—p(%%%>=g@+i) (14)

10

44



45

7275y co= f1(0) Th B,

THE HBEERC, (1HK). Cy Co Cs (F590) 7d>ThE
e O I |

p+¢2Ci (15)

A,(0) (p + i) — 44(0) (q + i)] < Cylog (p +q+ -;—) (16)

Zbid

1. /X0 |ko| < C3, B2 kD (13), (14) 72T X 91T Ao, ko HT1ED
WEE 5,

2. \/.|h:| < Cs, |

< Cylp+q+1/2)7%.

ZZT )\ = Ap,q,1), k = k(p,q,1) TH 5, 0
EHRLHRL T2 DORMWGEE/HHo k>0 DEE
Ai(K) + Az(k) = ap + a6+ O (KJ2)
DI B
F1 a£00LE. FEOREEHT (p,q) L.
1

/oY

VA=V 2

(p+ q+ 1/2)1/2

11



b, 2T C RHLERR. Ay WHIICERLELETH 5, B
%\EHmMmﬁO«p+q+U%4”)®TT\Vﬁ:@%ﬁﬁ’JX@ﬁ
BMEE LCEARES 20 ) 2810k b, SOBRIES B 5 ABRMIBN
7> Weinstein DR EFETHHDTIE RV, 2F ) pg FHEHOFER
WY o 7o WE R 2R DME 2 BB 5 & & EROHHNE D) LEbUE
BRLD, EVITETHD, bokidoE N WA, pg FHETHEE A
Ay(0)/A(0) & B ZEMIILTHS T (16) DRTHEENLHTLE 9,
EWHZEThb,

2 a=00tE, EHOKREZMT (p,q) IZxF L.

C

Vqﬁ_§@+q+%) .
S Grar 1

A;(0) + A5(0)
2L, CRIPLERTHA. 0

Z OBAIIFEIE (16) 1B T 5 (p,q) W23 L. A(p, g, 1) OIEPMEASEH %
T explicit ICETTLF ) o Bl ITEMFBIRIMOG AT A(r)+Az(k) H°
FHEDOT, COBRIBETHY, €9 TrWEED (1XILOD constraint
B EXWDT) bbAASAD S, v

FEHOIHIE 3 HOMAFRER (2), (3) KBVT W eber DHWALE
HafFo W aiT) T 8ICE b, THIZDOWTIE [02] 124K 2> T b,

Z % X WK

[D] J. J. Duistermaat, Oscillatory integrals, Lagrang e immersions, and
unfoldings of singularities, Comm. Pure Appl. Math., 27 (1 974),

207-281.

12

46



(W] A. Weinstein, On Maslov’s quantization condition, Lect. Notes Math.,

459 (1975), 341-372.

[KMS] D.V. Kosygin, A.A. Minasov, and Ya.G. Sinai, S tatistical prop-
erties of Laplace-Beltrami operators on Liouville surfaces, Uspekhi
Mat. Nauk 48 (1993), 3-130 (English transl. Russian Math. Surveys

48 (1993), 1-142) .

[K1] K. Kiyohara, Compact Liouville surfaces, J. Math. Soc. Japan, 43

(1991), 555-591.

[K2] K. Kiyohara, Two classes of Riemannian manifolds whose geodesic

flows are integrable, Memoirs of AMS, 130/619 (1997).

[O1] F. W. J. Olver, Asymptotics and special. functio ns, Academic Press

(1974).

[02] F. W. J. Olver, Second order linear differentia I equations with two
turning points, Philos. trans. Royal Soc. London, Ser. A,'278 (1975),-

137-174.

Title: Semi-classical approximations on Liouville surfaces
Kazuyoshi Kiyohara

Department of Mathematics, Faculty of Science,
Hokkaido University
Sapporo, 060-0810, Japan

E-mail: kiyohara@math.sci.hokudai.ac.jp

13

47



