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On the cohomology of Coxeter groups

TR FERFE GBI 5ER
RIR Eh (Tetsuya Hosaka)
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( (s,t) =mf(t,s) for all s,t € S,

(2) m(s,s) =1forall s € S,
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W= (S]|(st)™t) =1 for s,t € S),
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% B Coxeter group @ cohomology (ZB3 2 AKX ZH R L, Coxeter group D
cohomology (DWW TEET D,

§2 Davis DEHE
T, WS ONDOERZEZ D,

Definition. Let (W, S) be a Coxeter system. For a subset T C S, Wr is defined
as the subgroup of W generated by T, and called a parabolic subgroup. It is known
that the pair (Wy, T) is also a Coxeter system ([B]). If T' is the empty set, then
Wr is the trivial group. '

Let 8/ (W, S) be the family of subsets T" of S such that Wr is finite. We note that
the empty set is a member of S/(W,S). We define a simplicial complex L(W,S)

by the following conditions:

(1) the vertex set of L(W,S) is S, and
(2) for each nonempty subset T of S, 1" spans a simplex of L(W, S) if and only if
T € SI(W,S).

For each nonempty subset T of S, L(Wy, T) is a subcomplex of L(W,S).

Remark. If (W1,5:) and (W, S;) are Coxeter systems, then (W1 x Wa, 51U S)
and (Wy * Wa, S1 U S,) are also Coxeter system. Indeed, if '

Wi = (S;| (st)™H =1 for s,t € S;)

for each i = 1,2, then we define m, m’ : S; US; — N U {00} as

my(s,t) if s,t €5 my(s,t) ifs,t€S;
m(s,t) := { my(s,t) ifs,t €Sy  m(s,t):=q ma(s,t) ifs,teS,
2 otherwise, o0 otherwise.

Then we have
Wy x Wa = (S1 US| (st)™) =1 for s,t € S1 U Sy),
W1 * W2 = (Sl U SQ ’ (St)m’(s’t) =1 for S,t € Sl U SQ)
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By the definition of L(W,S), we also have
L(Wy x Wa, 81 U Sy) = L(Wi, Sy) % L(Wa, S,)  (simplicial join)
L(Wl * WQ, Sl U SQ) = L(Wl, Sl) U L(Wg, Sg) (disjoint union).

AL T, Coxeter system (W, S) I22WTC, S IIEIZHAREETHDI DL
T5. 2%, BEORD |

5 = SIW, )
L:=L(W,S)
Ly == L(Wr, T)

EHbT LT D,

Definition. Let (W, S) be a Coxeter system. We define K as the simplicial cone
over the barycentric subdivision sd L of L = L(W, S). For each s € S, the closed
star of s in sd L is denoted by K. The closed star K is a subcomplex of K. For

each nonempty subset T of S, we set

KT .= U K.

seT

We note that K7 has the same homotopy type as L.

Definition. For each w € W, we define a subset S(w) of S as
S(w) :={s € S| l(ws) < £(w)},
where ¢(w) is the minimum length of word in S which represents w. For each

subset T of S, we define a subset W7 of W as
W :={weWw|Sw) =T}

EEROEEDOS L, M. W. Davis (2L > TROEENFER Sz,

Theorem 1 (Davis [D3]). Let (W, S) be a Cozeter system and let T be a torsion-
free subgroup of finite index in W. Then there exists the following isomorphism:

HTZD) = P (Z(WT) ®' H*(K, KS\T)) ,
TeSf

where Z(WT) is the free abelian group on W7,



Remark. It is known that there exists a torsion-free subgroup I' of finite index in
a Coxeter group W, and H*(W;ZW) = H*(I'; ZT') (cf. [D1}, [D3]).

WE, K 1T contractible T, H*(KS\T) & H*(Lg\r) WERAE L2570, £ED
FHIIRO LD ICESBRA DI LB TED,

H (D20 = @ (ZWT) @ B (Lsvr))
Tesf

where H* denotes the reduced cohomology.

ZORMOLNB LI, H(ZD) B (T —~VEEE LTC) ERAERK & R D LE+
HSEMIE, DT eS8 T, WT BERES LY, H Y (Lay) #0 £L725b0
WEETDHZETHD, ,

“o ko, WT OROERE, HI(D;ZD) BARRER & 725 D ERAR & 72
BENICED IR THDOEN, EEPLLDND X, EECEERDLZ L
ERETH D, =T, H (Ley) BEHBATRVEGI, WT OTOEER LD &
SR BONEHR, LTk~ Davis DEEE L VBBICTHZ L EE XD,

§3 WTIZDWL\T

WOREMNE Y SLD, ZOFMEDOF D ‘only if’ {2V TIX, [D3] OH T Davis (Z
FoTHERENTWES, FOHD 4f OESIZONTD, BRRERIC KL > TEEHA
THIENTED,

Lemma 2 (cf. [D3, Lemma 1.10]).  Suppose that T € S'. Then W7 is a singleton
if and only if W decomposes as the direct product: W = Wg\r x Wr.

FOBEY AT, ROBEELTRT 2 LICHRD Lz, SIS % 2 M E R
WLRDHI0, T2 CREEHITER L CGERAOGEIZ DV TORET,

Lemma 3. Suppose that T € Sf. If WT is finite and not a singleton, then Lg\p

18 contractible.
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Idea. We give an idea of the proof. Suppose that W7 is finite and not a singleton.
Then W does not decompose as the direct product of Wg\r and Wr by Lemma 2.
Hence there exist sp € S\ T and t, € T such that m(sg,ty) # 2. Then we show

that Lo\z = s * Lg\({so}ur)- B

ZOWENS, HY(Lo\r) BEETRVERICE, W Z—E0nbR 380,
HUSITERERS L RDBT EDDLMND, RIZ, THED LI RBEIC WT B—K
EELRDONIONTERD, TOEFL LT, EEEZEZD,

Definition. A Coxeter system (W, S) is said to be irreducible if, for any nonempty
and proper subset T' of S, W does not decompose into the direct product of Wy
and Wg\r.

Let (W,S) be a Coxeter system. Then there exists a unique decomposition
{S1,...,5:} of S such that W is the direct product of the parabolic subgroups
Ws,,...,Ws, and each Coxeter system (Ws,, S;) is irreducible (cf. [B], [H, p.30]).
Here we enumerate {S;} so that Si,...,5, € & and S,41,...,5, ¢ ST, Let
T:=UL,S;and S := S\ T. We say that W is the essential parabolic subgroup
in W. We note that Wy is finite and W is the direct product of Wz and Wi.

Remark. The essential parabolic subgroup Wz has a finite index in W. Hence a
torsion-free subgroup I' of finite index in Wz has a finite index in W as well, and
H*(W,ZW) = H*(T'; ZT") & H*(W5; ZW5).

If W is finite, then T = S and S is empty, hence the essential parabolic subgroup

is the trivial subgroup.

CITEBEINE T HRO LY REEEE D,

Lemma 4. LetT be a subset of S. If T\T is nonempty, then Ls\f 1s contractible.

Proof. Suppose that T \ T is nonempty. By definition, W is the direct product of
Wz and W;. Hence

WS\T = WS’\T X WT\T and
Lo\t = La\p * Lingp-
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Since Wy is finite, Wy\7 is finite. Hence Lpp is a simplex. Thus Lg\r is con-
tractible. W

Lemma 3 & Lemma 4 # W5 Z &1{Z , WOWEEZEATHZ LB TE D,
ORI L o T HY(Ls\1) 75@%*@@»\&;%\@ WT DIEDOBEBESRE SN D,

Lemma 5. Suppose that T € 87 and Lg\r is not contractible. Then WT is finite
if and only of T = T.

Proof. Since W is the direct product of Wg 4 and Wy, wT is a singleton by
Lemma 2. Thus W7 is finite if 7' = T. |
Suppose that W7 is finite and Lg\z is not contractible. Since Lg\7 is not
contractible, T \ T is empty by Lemma 4. Hence T ¢ T. Since W7 is finite and
Lg\r is not contractible, W7T is a singleton by Lemma 3. Hence W is the direct

product of Wg\y and Wr by Lemma 2. Then
W = WS\T X Wp = WS\T X WT'

Since W is finite and T € T, we have T = T by the definition of T.n

§4 Coxeter group @ cohomology [ZDULVT

Lemma 5 ZAWAZ &12L Y, Theorem 1 ITRD LS ICEEWMZ L LB TE D,

Theorem 6. Let (W,S) be a Cozeter system and I' a torsion-free subgroup of
finite index in W. Then

H*(0;ZD) = H (L) @ ( e b LS\T)

T;Tesf Y/
=i e @ GF (),
9£TeSf Z

where S is the subset of S such that Wy is the essential parabolic subgroup in W,
T=8\5, L=LW;35) and & =8/ (W3 85) =8 n&S.
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Proof. We note that W is a singleton by Lemma 2. By Theorem 1 and Lemma 5,

we have that
H*(F, ZF) = ﬁ*—l(l/s\jv) D ( @ @f{*_l(LS\T)) .
T#Tesf Z .
IfT ¢ T (ie., T\ T is nonempty), then Lg\r is contractible by Lemma 4. Hence,

B2 2 B )0 (@ @ (La))
T;Tesf Z

The parabolic subgroup W3 has a finite index in W, and Wy is the essential
parabolic subgroup in the Coxeter system (W3, S). Therefore,

ww = a-he ( @ F (L)
0ATe8f Z

by Theorem 1 and Lemma 5. B

Z® Theorem 6 (2L Y, EHICROFRZHEDLHZ ENTEX B,

Corollary 7. Let (W,S) be a Cozeter system, I' a torsion-free subgroup of finite
indez in W, S the subset of S such that Wy is the essential parabolic subgroup in
W,andT =S \ S. Then the following statements are equivalent:

(1) HY(T;ZT) is finitely generated;
(2) H(T;ZT) is isomorphic to H"'(Lg);
(3) H '(Ls\r) = 0 for each T ; T eS8’

ZZTHIE—DEZD,

Example. It is known that, for every finite simplicial complex M, there exists a

Coxeter system (W, S) such that L(W, S) is equal to the barycentric subdivision of
M ([D1, Lemma, 11.3]). '

Let (W, S) be a Coxeter system such that L = L(W,S) is the barycentric sub-

division of a triangulation of the projective plane. In [Dr], Dranishnikov showed
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that vedz W = 3 and vedq W = 2, where vedg W is the virtual cohomological
dimension of W over R. Now, using Theorem 6, we calculate the cohomology of a
torsion-free subgroup I' of finite index in W.

Since L is the projective plane,
= Zy, i=2
13 s ? I
rm={" %,

Since L = Lg\p is not contractible and W is a singleton, T is the empty set (i.e.,
W = Wy is the essential parabolic subgroup) by Lemma 5. For each T' € S\ {0},
Lg\r has the same homotopy type as a circle. Hence,

rT% ~ Z: 7’=17
H{(Lsr) = {0, i # L

Therefore, by Theorem 6, we have

HY(D;ZD) = HY(L) & (@ @ H LS\T)

$#£TeSf Z
Zs, =3,
g{ZGDZ@-n, 1= 2,
0, otherwise.

Fomi»s HbB LS5, Coxeter group W T, HY(T;ZD) ITAMRAERKL 72
v, HI(T;ZD) ERAER L 2D DD (1 # j) BHEET D, B, & i1X20T
Hi(; ZT) BERER & 72 5B OV T, Theorem 6 DR & LTRBRFLN
Do

Corollary 8. Let (W, S) be a Cozeter system, I' a torsion-free subgroup of finite
indez in W, and S the subset of S such that W is the essential parabolic subgroup

in W. Then the following statements are equivalent:
(1) HY(T; ZT) is finitely generated for each i.

(2) Hi(T;ZT) is isomorphic to H™Y(Lg) for each i.
(3) T is a Poincaré duality group.



Coxeter system (2%t LT, ZE] ¥ BDRO L IZERIND,

Definition. Let (W, S) be a Coxeter system and let WS/ be the set of all cosets
of the form wWy, with w € W and T € 8. The set WS/ is partially ordered
by inclusion. The contractible simplicial complex ¥ is defined as the geometric
realization of the partially ordered set WS/ ([D3, §3], [D1]). If W is infinite, then

3} is noncompact.

EERROESREEE LS LML TN S,

Remark. It is known that X can be cellulated so that the link of each vertex is
L ([D2, §9, §10], [M]). In [M], G. Moussong proved that a natural metric on ¥
satisfies the CAT(0) condition. Hence, if W is infinite, ¥ can be compactified by
adding its ideal boundary 0% ([D2, §4]). It is known that

H*(T;Z0) = H*(W;ZW) = H(X) = H*1(9%),

where T is a torsion-free subgroup of finite index in W. Here H} and H* denote the

compactly supported cohomology and the Cech reduced cohomology, respectively.

FEEE, Davis (&> THEEH S 7z Theorem 1 1%, Z®D T @ cohomology H ()
AHET LI LI Lo THELR TS,
+£® Remark & Corollary 8 22HEBIZREHF S,

Corollary 9. Let W be a Cozeter group.

(1) H{(W;ZW) is finitely generated for each i if and only if W is a virtual

Poincaré duality group.

(2) Suppose that W is infinite. Then H*(OX) is finitely generated for each i if
and only if the Cech cohomology of O is isomorphic to the cohomology of an

n-sphere for some n.
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