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0 Introduction

We consider the behavior of blow-up solutions for (KS)

%:V-(VU—XUV'U) inf, t>0
T-—EZA'U—')/’U-I-CYU in), t>0

(&ks) { "t
u Ov
»-8_-‘);—.(-9—7;_0 on 0, t>0

u(+,0) = ug,v(-,0) =vo on Q

Here  is a bounded domain in R? with smooth boundary 8§, and
7,X,7, and o are positive constants, and ug, vy are nonnegative, nontrivial,

smooth functions on .

In what follows we denote || - ||Ls¢y=I| - llp, M =|| uo {|1,
][ fdz = I_S_ll—I/ fdz, D :={z € R? || z |< 1}, and let T be the maximal
Q Q

existance time of solution (u,v).

Theoreml.1 in [1] states:
If M < %, then the solution (u,v) ezists globally in time and globally
bounded. ,
IfFQ={zcR?| z|< L} and (uo,vo) is radial in z, and M < _8_71" then
the solution (u,v) ezists globally in time and globally bounded. >

Then what happens if ir <M< 8
ax ax

metric? For simplicity, we put a =y =x =1, and Q = D.

and (ug, vo) is non radially sym-

Theorem?2 in [7] and Lemma9 in (7] states:
Lett =0, Q=D, and M < 87. If T < oo, then there exists xy € 0D
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satisfying

liminf/ u(z,t)dz > 47 for any € > 0.
t=T  JDAB(zo,e)

In this paper, we consider to extend this result to 7 > 0. A main result is

following.

Theorem Let 7> 0, Q= D, and M < 87. If T < oo, then there exists
a continuous map p(t) : [0,T) — 0D satisfying

limsup/ u(z,t)dz > 2% for any € > 0.
=T  JDNB(p(t),€)

1 Fundamental Lemmas for Theorem
Following Lemmas are known.

Lemmal The following holds:

l u(8) [l1=] uo I,

and
o(,8) lh=e"7 || vo [ls + [l uo [} (1 — e~ %).

Lemma2 Put
W) :/ ulogu — uv + %(I Vo [2 +v?)dz.
Q
Then we have
W+ 7'/ vfdx+/ | V(logu - v) |2 de = 0,

and 1t follows that

d

d—VtV(t) <0, and W(t) < W(0).

Lemma3 Let M =|| uq ||;. The following holds:

a/ uvdz S/ ulog ude + Mlog—l—/ e®dz for any a > 0.
Q a M Jq .
Lemma4 (Corollary of Proposition[3]-2.3)

Let Q = D. There exists Cp such that

1 1
w 2 - 112
/ne de < Cnexp(-—-sﬂ_ | Vw3 +I ] [} w “1) forany 0 <we Wh3(Q).



Proposition[4]-8.1 Let F be a set of w(-,t)(0 < ¢t < T) such that
t > w(-,t) € HY(D) is continuous and sup || w(:,?) ||L1(p)< 00, then ei-
’ 0<tkT

ther one of the following holds:
(1) There ezists {tx} /' T such that wy = w(-,tx) € F satisfying the follow-

ing.
For any €, there exzists C, such that

1 .
log(][Dew"da:) < 12-7:/1) | Vuy, |2 dz + C.

(2) There exists a continuous map t +— g(t) € 0D such that

JoaB(a(),e XP(w(z;1)) Pu(z)dz

liminf > L for any e >0

t—T Jp exp(w(z,t)) Pu(z)dz =2 v ’
where Py () = 8
A+ e P

Brézis-Merle Type Inequality for Parabolic Equations of Sec-
ond Order
We consider the following problem:

Ou 2 Ou )
E‘-VAU-F;bj(w,t)E-{'C(m,t)u-—f in @ x (0,T)
Ou

-(%—0 on 00 x (0,T)
u(z,0) = up(z) in

Letb;,c € H*%(Q x [O,T]) and q € OQ,where o is a real number with 0 <
a < 1 and h belongs to H*%(Q x [0,T)) if

| h(z,t) = h(y,8) |< Const.(| &~y |* + |t — 5 |%)

for any (z,t),(y,s) € @ x [0,T]. Given 0 < 7 < T and 0 < ¢ < 27y,
there exist: positive constants no with mo € (0, %) and C > 0 depending on
76,0 € (0,m0), || wo llz:(ny, and || f llzrax(ory) such that n € (0,n0) and

sup || FT(t) lLr@nB(g,3n) < 27 — € imply ’
0<1<T

/ @y < C for T<t< T,
B(g:n)
where u denote the solution of the above problem.

Propositionl The following holds:

(DT < oo implies lim [ uvdz = co.
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M4+vVM? -4 M

(2)T < oo implies t]Ln%L e*dz = oo for any a > i

(3)T < oo implies lim/ | Vv |2 dz = 0.
T 0
2 Proof of Propositionl

Before proving Propositionl, we remark that T' < oo implies M > 4x
by the controposition of Theorem1.1 in [1], so in the root sign M? — 47 M

is not negative.

Proof of Propositionl
Theoreml in [5] shows that T' < 0o implies

. =i av =1 2: . — )
i {l wo fh= lig || e [li= lim || Vo |3 Jim || ulogw [|;= oo for any a > 1

So we prove only (2). From Lemma3 and Lemma4 with w — av, we have

2
a/uvdzﬁ/uloguda:+Ma /[Vv [* dz + C for any a > 0. (2.1)
Q y) 87 Jq

From Lemma2,
1
/ ulogu—uv+ (| Vo P 40)ds <W(0).  (22)
Y]

Ma2'
4z

(a—- 1\2:2) Luvdm < (1 - Ma?

) / ulogudz + C for any a > 0.
T 0

M+VM? -
Put a = + Ai[ M in the above inequality, then

/ ulog udzr <
o)

Using this and Lemma3, we have

(a— M+M?2 —4qxM

2M

By (2.1)+——(2.2),

uvdz + C.

M+\/M2~—47rM/
oM A

)/ uvdeMlogi/ e*dz + C for any a > 0.
Q M Jq
Since ]im/ wvdz = o0,

t—T Q

. avy ¢ S M+/M?2 —4AxM
= a .
Jim ne z = oo for any 57
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Remark » )
1. Proposition3.1 in [6] shows that || v(:,?) |lwwe@n)< C for any ¢ € (1,2).
By using this and Holder’s inequality and Sobolev’s imbedding theorem, we

have
/ uvdz <|| u|lp|| v ||pr< C || u|lp for any p> 1.
Q

So, it follows from Proposition1(1) that 7' < co implies
tlin% [| u(:,t) ||p= oo for any p > 1.

3 Proof of Theorem

Proof of Theorem
Suppose the first alternative (1) of Proposition[4]-8.1 holds, then there exists
{tx} /' T such that v = v(:, ;) satisfy the following: '

1 1+¢
— ’U("thk) < 2
log(ﬂ_ fD e dz) < Ton /D | Vo(z,tx) |* dz+C. for any e > 0. (3.1)
From Lemma2 and Lemma3 with a = 1, we have
l/ | Vo |2 dz < W(0) + M log L/ e’dz (3.2)
2 D M D

By M(3.1) +(3.2),
(1 1+¢

2 16#7
Since M < 8w, We can take € such that

1+e€
167

M)/ | Vo(z,t) |2 dm_<_W(O)—M10gM+Mlog7r+CeM.
D

1
'2' — M > 0.
Then
/ | Vo(z,t) |? de < oo.
D

This contradicts to Propositionl.
Therefore the second alternative (2) of Proposition[4]-8.1 holds. Then there
exists a continuous map ¢ € [0,T) — ¢(t) € 8D such that

lim inf JpaBa,q € Pr(2)de
t—T [p e* Pu(z)dz

> % forany e > 0.  (3.3)

Since P,(z) = (1_+—I§W)_2 z € D implies 2 < P.(z) < 8.

From Propositionl

lim | e'de = oo,
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it follows from (3.3) that

lim e’dz = oo for any € > 0. (3.4)
=T JDnB(4(t),e)

(a)In case that there exists ¢ € 0D such that ¢(t) — ¢ (t — T)).
We suppose for this ¢(t) there exists n; such that

limsup/ udz < 2.
=T JDnB(g(t),m)

Then there exists ¢ > 0 such that

limsup/ ude < 27 — ¢,
t=T JDnB(q(t),m)

and there exists Ty such that Ty < ¢t < T implies

/ udr < 27 — <
DAB(g(t),m) 2

Because of the continuity of ¢(t), for this 7, there exists T} such that ¢ > T}
implies | ¢(t) — ¢ |< 221— Since B(q, %1-) C B(q(t),m),
t > max{Ty, T} =: Tz implies

/ ude < 27 — <
DAB(g, %) 2

That is
/ udz < 27 — < for any 1 € (0,71).
DAB(q,2) 2
By using Brézis-Merle’s inequality, given to € (T3,T) there exists 1y €
(0,min{7m, $}) and C = C(to,€,) > 0(n € (0,70)) such that n € (0, 7o)
implies

/ e’dx < C for any t € [tp,T).
DnB(¢,3)

This contradicts to (3.4). Therefore

t—T
Put p(t) = q(t).
(b)In case that there doesn’t exist ¢ € 8D such that ¢(t) — ¢ (¢t — T').
Put

limsup/ udz > 27 for any n > 0.
DnB(q(t),n) ,

A:={y€8D| foranyTy < Tthereecristst € (Ty,T) suchthat q(t) = v}.

For any v € A, by the definition of A and (3.4), we have

limsup/ e’de = oo forany e > 0.  (3.5)
t—T  JDAB(v,e)



154

We suppose for this v there exists 7; such that

limsup/ udz < 27.
t—=T JDnB(y,m)

Then there exists ¢ > 0 such that

lim sup/ udz < 27 — €,
t—T JDOB(v,m)

and there exists Ty such that Ty < ¢ < T implies

/ udz < 27 — <
DaB(v,m1) 2

That is ,
/ ud:c§27r-—-€— for any 7 € (0,11).
DAB(v.) 2

By using Brézis-Merle’s inequality, given to € (Tp,T) there exists no €
(0,min{ny, $}) and C = C(to,€,m) > 0(n € (0,n0)) such that n € (0,70)
implies

/ e’dz < C for any t € [to,T].

DnB(v,3)

This contradicts to (3.5). Therefore

limsup/ udz > 27 for any n > 0.
t—=T JDnB(v,n)

Put p(t) = 7.

Remark
1. We use Proposition1(2) with a = 1 to prove Theorem. But using

a>M+\/M2—47rM

in Theorem, which is now studying.
2. If M = 4w, then W(t) is bounded from below by puttinga =1, M = 4=
in (2.1). So when this, it follows from [6] that limsup can be changed to

, we can improve the constant 27 to a larger one

liminf in Theorem.
3. Theorem is correct even if Q is a simply connected bounded domain in
R? with smooth boundary.
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