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Abstract

We investigate criteria for the uniqueness of (mild) periodic solutions to peri-
odic linear functional differential equations with finite delay in Banach spaces. Its
arguments are carried out by materializing the theory of seni-Fredholm operators
$\mathrm{a}\dot{\mathrm{n}}\mathrm{d}$ by using the standard way. In particular, two sufficient conditions ensuring the
uniqueness of periodic solutions are obtained : they are independent of each other.

1 Introduction and preliminaries
Let $R$ be a real line and $E$ a Banach space with a norm $|\cdot|$ . Let $r$ be a given positive
number. If $x$ : $Rarrow E$ , then a function $x_{t}$ : $[-r,\mathrm{O}]arrow E,t\in R$ , is defined by $x_{t}(\theta)=$

$x(t+\theta),$ $\theta\in[-r, 0]$ . We deal with the linear functional differential equation with finite
delay in the Banach space $E$ of the form

$\frac{dx(t)}{dt}=Ax(t)+L(t, X_{t})+f(t)$ . (L)

Denote by $C:=C([-r, 0], E)$ the set of all continuous functions from $[-r, 0]$ to $E$ with the
suppremum norm. We assume that Eq.(L) always satisfies the following hypothesis(H) :

(i) $A:D(A)\subset Earrow E$ is the infinitesimal generator of a $C_{0}$-semigroup $T(t),t\geq 0$ , on
$E$ , with the inequality $||T(t)||\leq M_{w}e^{-wt},t\geq 0$ , where $M_{w}\geq 1$ and $w>0$ ;

(ii) $L:R\cross Carrow E$ is continuous and $L(t, \cdot)$ : $Carrow E$ is linear ;
(iii) $f:Rarrow E$ is continuous.

If $L(t, \psi)$ and $f(t)$ in Eq.(L) are periodic functions with a period $\omega>0$ , we de-
note Eq.(L) by $\mathrm{E}\mathrm{q}.(\mathrm{P}_{\omega}\mathrm{L})$ . If $f(t)\equiv 0$ , we denote Eq.(L) and $\mathrm{E}\mathrm{q}.(\mathrm{P}_{\omega}\mathrm{L})$ by $\mathrm{E}\mathrm{q}.(\mathrm{L}_{0})$ and
$\mathrm{E}\mathrm{q}.(\mathrm{P}_{\omega}\mathrm{L}\mathrm{o})$ , respectively.

The purpose of this paper is to investigate criteria for the uniqueness of (mild) periodic
solutions to $\mathrm{E}\mathrm{q}.(\mathrm{P}_{\omega}\mathrm{L})$ in the relation between the delay $r$ and the period $\omega$ by materializing
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the theory of semi-Fredholm operators, which is used in [9], and by using the standard
way.

In 1974, Chow and Hale [1] gave the following fixed point theorem for linear affine
maps to show the existence of periodic solutions to $\mathrm{E}\mathrm{q}.(\mathrm{P}_{\omega}\mathrm{L})$ with $A=0$ and $E=R^{n}$ .
Let $X$ be a Banach space and $T$ a bounded linear affine map defined by $Tx:=Sx+z$ for
$x\in X$ , where $S$ is a bounded linear operator on $X$ and $z\in X$ is fixed.

Theorem 1.1 If the range $R(I-S),$ I being the identity, is dosed and if there is an
$x^{0}\in X$ such that $\{x^{0},\tau x^{0},T^{20}X, \cdots\}$ is bounded in $X_{f}$ then $T$ has a fixed point in $X$ .

For the uniqueness of fixed points, the following result holds true.

Theorem 1.2 If $1\in\rho(S)$ ( $the$ resolvent set of $S$), then $T$ has a unique fixed point in $X$ .

More recently, Shin and Naito [9] studied the existence and the umiqueness of periodic
solutions to $\mathrm{E}\mathrm{q}.(\mathrm{P}_{\omega}\mathrm{L})$ with infinite delay, in which the semi-Kedholm operator theory
plays an important role.

Denote by $\mathcal{F}_{T}$ the set of the fixed points of the affine map $T$ on $X$ given in the above
theorem. Then $\mathcal{F}_{T}=y+N(I-S)$ for some $y\in \mathcal{F}_{T}$ : it is an affine space, where $N(B)$

stands for the nffil space of linear operator $B$ . The dimension of the affine space $\mathcal{F}_{T}$ is
defined as the dimension of the null space of $I-S$ ; that is, $\dim \mathcal{F}_{T}=\dim N(I-S)$ .
Denote by $\Phi_{+}(X)$ the family of semi-Redholm operators on $X$ ; that is, the falnily of
linear bounded operators $B$ such that $\dim N(B)$ is finite and the range $R(B)$ is closed.
Using such semi-Fredholm operators, Theorem 1.1 is refined as follows, see [9].

Theorem 1.3 Assume that there is an $x^{0}\in X$ such that $\{x^{0}, Tx^{0}, \tau^{2}x^{\mathrm{o}}, \cdots\}$ is bounded
in X. If $I-S\in\Phi_{+}(X)$ , then $\mathcal{F}_{T}\neq\emptyset$ and $\dim \mathcal{F}_{T}$ is finite.

Remark Let $S$ be a bounded linear operator on $X$ . Then the following statements
hold true.

1) If $S$ is an $\alpha$-contration operator on $X$ , then $r_{e}(S)<1$ .
2) If $r_{e}(S)<1$ , then 1 is a normal point of $S$ .
3) If 1 is a normal point of $S$ , then $I-S\in\Phi_{+}(X)$ .
4) If $I-S\in\Phi_{+}(X)$ , then $R(I-S)$ is closed.

In order to apply the above result to $\mathrm{E}\mathrm{q}.(\mathrm{P}_{\omega}\mathrm{L})$ , the perturbation theory of semi-
Redholm operators is needed, $\mathrm{c}\mathrm{f}.[3],$ $[7],$ [$9$ , Proposition 7.3]. Let $F,$ $K$ : $Xarrow X$ be
boumded linear operators.

Theorem 1.4 Assume that $F\in\Phi_{+}(X)$ (; and hence, $\dim N(F)=nand|[x]|\leq c|F_{X}|f_{or}$

$x\in X$ and for some $c>0$ , where $|[x]|= \inf\{|X+y| : y\in N(F)\})$ . $If||K||\leq 1/2c(1+\sqrt{n})$ ,
then $F+K\in\Phi_{+}(X)$ , and din $N(F+K)\leq n$ .

To inverstigate criteria for the uniqueness of periodic solutions to $\mathrm{E}\mathrm{q}.(\mathrm{P}_{\omega}\mathrm{L})$ , we will
employ two manners. The ffist manner $(\mathrm{P}\mathrm{r}\mathrm{o}\mathrm{p}0\mathrm{s}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}3.3)$ is concerned with the following
result, which is the case where $n=0$ in the above theorem.
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Proposition 1.5 Assume that $1\in\rho(F)$ (; and hence, $|x|\leq c|(I-F)x|forx\in X$ andfor
some $c>0$) . $If||K||\leq 1/2c$ , then $I-F+K$ belongs to $\Phi_{+}(X)$ , and $\dim N(I-F+K)=0$ .

The second mamer$(\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{m}4.4)$ is based on the following result, which is an imme-
diate consequence of Theorem 1.2.

Proposition 1.6 Assume that $1\in\rho(F)$ . If $1\in\rho((I-F)-1K)_{;}$ then $1\in\rho(F+K)$ .

We here emphasize that in general, our results (Proposition 3.3 and Theorem 4.4) on
the uniqueness of periodic solutions to $\mathrm{E}\mathrm{q}.(\mathrm{P}_{\omega}\mathrm{L})$ are independent of each other.

2 Estimates of $||K(t)||$

We denote by $u(t, \sigma, \phi)$ and $u(t, \sigma, \phi, f)$ , respectively, the mild solutions of $\mathrm{E}\mathrm{q}.(\mathrm{L}_{0})$ and
Eq.(L) through $(\sigma, \phi)\in R\cross C$ . Define the solution operator $U(t, \sigma),$ $t\geq\sigma$ , on $C$ for
$\mathrm{E}\mathrm{q}.(\mathrm{L}_{0})$ by $U(t, \sigma)\phi=u_{t}(\sigma, \phi):=u(t+\cdot, \sigma, \phi)$ . Put

$z(t, \sigma, \phi)\Leftarrow\{\int_{0}^{t},\sigma$
s$T(t-s)L$( , u $(\sigma,$ $\phi)$ ) $d_{S},$

$t\geq\sigma\sigma-r\leq t\leq\sigma$

.

Then $z(t, \sigma, \phi)$ is continuous for $t\geq\sigma-r$ . For $t\geq\sigma$ define an operator $K(t, \sigma)$ by
$K(t, \sigma)\phi=z_{t}(\sigma, \phi)$ for $\phi\in C$ . Then it is a boumded linear operator on $C$ , and $U(t, \sigma)$ is
decomposed as

$U(t, \sigma)=\hat{\tau}(t-\sigma)+K(t, \sigma)$ , (1)

where
$(\hat{T}(t)\phi)(\theta)=\{$

$T(t+\theta)\phi(\mathrm{O})$ for $t+\theta\geq 0$

$\phi(t+\theta)$ for $t+\theta\leq 0$ .

Set $K(t)=K(t, 0)$ and assume that $||L||_{\infty}:= \sup\{||L(t)|| : t\geq 0\}<\infty$ , where
$||L(t)||:=||L(t, \cdot)||$ .

Now we have the following estimates on $\hat{T}(t)$ and $K(t)$ .

Proposition 2.1 Let $||T(t)||\leq M_{w}e^{-wt},$ $w>0$ , for $t\geq 0$ . Then

$||\hat{T}(t)||\leq\{$

$M_{w}e^{-w()}t-r$ for $t>r$
$M_{w}$ for $t\leq r$ . (2)

Lemma 2.2 Let a, $r$ and $w$ be positive constant8, and let $f,$ $u:[0, \infty)arrow R$ be nonnegative
continuous functions. Suppose that $f(t)$ is a $nondec\Gamma ea\mathit{8}ing$ function in $t$ and that $u(t)$

satisfies the inequality

$u(t) \leq a\sup_{0\max\{,t-r\}\leq \mathcal{T}\leq t}\int_{0}^{\mathcal{T}}e^{-w(-s)}u(S)\tau ds+f(t)$.

Then the following inequality holds :

$u(t)\leq wf(t)/(w-a)$ if $w>a$ and $t\geq 0$ .
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Proposition 2.3 The following estimate holds true for $||K(t)||$ .

$||K(t)||\leq M_{w}^{2}||L||_{\infty}(1-e^{-})wt/(w-M_{w}||L||_{\infty}):=k(t)$

if $w>M_{u\prime}||L||_{\infty}$ and $t\geq 0$ .

Proof. Set $a=M_{w}||L||_{\infty}$ . Using the decomposition (1) of the solution operator for
$\mathrm{E}\mathrm{q}.(\mathrm{L})$ , we have

$|K(t)\phi|$ $\leq$ $M_{w} \sup_{-\max\{\}}0,tr\leq\tau\leq t\int_{0}^{\tau}e-w(\mathcal{T}-s)|L(S, U(S, \mathrm{o})\phi)|d_{S}$

$\leq$ $a \sup_{-\max\{\}\tau\leq}0,tr\leq t\{\int^{\tau}0e^{-w(_{\mathcal{T}-}}|s)K(s)\phi|d_{S}+I^{\tau}\mathrm{o}|e^{-w}-)|\hat{T}(S)\phi d(\tau s\}S$.

Furthermore, it follows from the estimate (2) of $\hat{T}(t)$ that

$I_{0}^{\tau}e^{-w}-s|( \tau)\hat{\tau}(S)\phi|d_{S}\leq\int_{0}^{\tau}e^{-w(S}M_{w}|\phi|d_{S\leq}Mw(1-\mathcal{T}-)e-w\tau)|\phi|/w$ .

If we set $u(t)=|K(t)\phi|$ , then

$u(t) \leq a\sup_{0\max\{,t-r\}\leq\tau\leq t}\int_{0}\mathcal{T})e-w(\tau-S)u(sds+aM_{w}(1-e^{-})wt|\phi|/w$ .

Using Lemma 2.2, we have the estimate described in the proposition.

3 The uniqueness of periodic solutions (I)
To state criteria for the umiqueness of $\omega$-periodic solutions for $\mathrm{E}\mathrm{q}.(\mathrm{P}_{\omega}\mathrm{L})$ , a result on the
boulldedness of solutions of $\mathrm{E}\mathrm{q}.(\mathrm{P}_{\omega}\mathrm{L})$ is needed, $\mathrm{c}\mathrm{f}.$ [$9$ , Proposition 8.1, Theorem 8.2].

Lemma 3.1 If $M_{w}||L||_{\infty}<w$ , then every solution of $Eq.(\mathrm{P}_{\omega}\mathrm{L})$ is bounded and every
$\omega$-periodic $\mathit{8}olutionv(t)$ of $Eq.(\mathrm{P}_{\omega}\mathrm{L})$ is $e\mathit{8}u_{ma}ted$ as

$||v||_{\infty} \leq\frac{M_{w}}{w-M_{w}||L||_{\infty}}||f||_{\infty:}$ (3)

where $||f||_{\infty}= \sup\{|f(t)| : t\geq 0\}$ .

Theorem 3.2 Let $c>0$ be the constant such that $|\phi|\leq c|(I-\hat{T}(\omega))\phi|$ for all $\phi\in C$ . If
$2ck(\omega)<1$ and $w>M_{w}||L||_{\infty}$ ,

then $Eq.(\mathrm{P}_{\omega}\mathrm{L})$ has a unique $\omega$-periodic solution, where $k(t)$ is as in Proposition 2.3.
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Proof. The existence of the constant $c$ in the theorem follows from Theorem 4.8 in
[9]. To show the existence of $\omega$-periodic solutions of $\mathrm{E}\mathrm{q}.(\mathrm{P}_{\omega}\mathrm{L})$ , we will estimate $||K(\omega)||$ .
From Proposition 2.3 and the conditions in this theorem, we have

$||K( \omega)||\leq k(\omega)<\frac{1}{2c}$ .

Proposition 1.5 implies that $\mathrm{E}\mathrm{q}.(\mathrm{P}_{\omega}\mathrm{L})$ has a unique $\omega$-periodic solution. For the remainder
see [9, Theorem 8.2]; and hence the proof is complete.

Proposition 3.3 Let $\mathrm{p}$ be a positive integer such that $(p-1)\omega<r\leq p\omega$ . Assume that
$w\omega>\log M_{w}$ . If

$\frac{2(p+M_{w})k(\omega)}{1-M_{w}e^{-w\omega}}<1$ and $w>M_{w}||L||_{\infty}$ , (4)

then $Eq.(\mathrm{P}_{\omega}\mathrm{L})$ has a unique $\omega$-periodic solubion.

Proof. Since $w\omega>\log M_{w}$ , we have $||T(\omega)||\leq M_{w}e^{-w\omega}<1$, and hence,

$||(I-T(\omega))^{-1}||\leq 1/(1-||T(\omega)||)\leq 1/(1-M_{w}e^{-w\omega})$ . (5)

To compute the value of the constant $c$ in Theorem 3.2, we define an operator $V$ :
$D(V)\subset Carrow C$ by

$[V \psi](\theta)=\sum_{j=0}\psi(\theta+j\omega)+\tau(\theta+k\omega)(I-\tau(\omega))k-1-1\psi(\mathrm{o})$ , $\theta\in I_{k}$ ,

for $k=1,2,$ $\cdots,p$ , where $I_{k}=[-k\omega,$ $-(k-1)\omega),$ $I_{\mathrm{P}}=[-r,$ $-(p-1)\omega)$ , and $[V\psi](\mathrm{o})=$

$(I-T(\omega))-1\psi(0)$ . Notice that $D(V)=\{\psi\in C : \psi(0)\in R(I-T(\omega))\}$ . If there exists a
positive constant $c$ such that

$|V\psi|\leq c|\psi|$ for all $\psi\in D(V)$ ,

then $|\phi|\leq c|(I-\hat{T}(\omega))\phi|$ for $\phi\in C$ (for details [9], [12]). Suppose that $\psi\in D(V)$ . Then,
for $\theta\in I_{k},$ $k=1,2,$ $\cdots$ , $p$ ,

$|V \psi(\theta)|\leq k|\psi|+\sup_{\omega\leq\iota\leq}|0|\tau(t)||||(I-\tau(\omega))-1|||\psi(0)|\leq(p+M_{w}||(I-\tau(\omega))-1||)|\psi|$ .

This implies that $|V\psi|\leq(p+M_{w}||(I-\tau(\omega))-1||)|\psi|$ . Hence, using (5) we get

$c\leq p+M_{w}||(I-T(\omega))^{-1}||$

$\leq p+M_{w}/(1-M_{w}e^{-w\omega})$

$\leq$ $(p+M_{w})/(1-M_{w}e^{-w\omega})$ .

Therefore it follows from the assumption that all conditons of Theorem 3.2 are satisfied,
and the proof is complete.

Remark Let $M_{w}=1$ in the Proposition 3.3. Then (4) becomes

$\frac{2(p+1)||L||_{\infty}}{w-||L||_{\infty}}<1$ and $w>||L||_{\infty}$ .
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4 The uniqueness of periodic solutions (II)
In this section we consider criteria for the umiqueness of periodic solutions to $\mathrm{E}\mathrm{q}.(\mathrm{P}_{\omega}\mathrm{L})$

by using Proposition 1.6.

Theorem 4.1 $As\mathit{8}ume$ that $1\in\rho(T(\omega))$ . If
$1\in\rho((I-\hat{T}(\omega))^{-}1K(\omega))$ , (6)

then $Eq.(\mathrm{P}_{\omega}\mathrm{L})$ has a unique $\omega- pe7\dot{\mathrm{B}}odiC$ solution.

Proof. It is not difficult to see that if $1\in\rho(T(\omega))$ , then $1\in\rho(\hat{T}(\omega))$ . For the solution
operator $U(t, 0)$ of $Eq.(\mathrm{P}_{\omega}\mathrm{L}\mathrm{o})$ , the periodic map $U(\omega, 0)$ is decomposed as $U(\omega, 0)=$

$\hat{T}(\omega)+K(\omega)$ . We here note that $1\in\rho(U(\omega, 0))$ if and only if $1\in\rho((I-\hat{T}(\omega))-1K(\omega))$ .
Therefore, applying Proposition 1.6 to our situation, we can obtain the proof of the
theorem.

We now get a sufficient condition for the condition (6) in the above theorem.

Lemma 4.2 Assume that $||\hat{T}(\omega)||<1$ . If
$||K(\omega)||<1-||\hat{\tau}(\omega)||$ , (7)

then the condition (6) holds.

Proof. Rom the condition (7) we have

$||((I-\hat{T}(\omega))^{-1}K(\omega)||$ $\leq$ $||((I-\hat{T}(\omega))-1||||K(\omega)||$

$\leq$ $\frac{||K(\omega)||}{1-||\hat{T}(\omega)||}<1$ .

Thuis fact implies the condition (6).

Lemma 4.3 Assume that $\omega>r$ and $w(\omega-r)>\log M_{w}$ . Then the inequality (7) in
Lemma 4.2 can be replaced by the following inequality:

$\underline{||K(\omega)||}<1$ .
$1-M_{w}e^{-}w(\omega-r)$

(8)

Proof. Rom assmptions and the estimnate (2) of $\hat{T}(t)$ we have $||\hat{T}(\omega)||\leq M_{w}e^{-w}(\omega-r)<$

$1$ . Hence, the inequality (7) follows ffom the inequality (8). This proves the lemma.

Combining Lemma 4.3 with Proposition 2.3, we can obtain the following result.

Theorem 4.4 Suppose that $\omega>r$ and $w(\omega-r)>\log M_{u},$ . If

$\frac{k(\omega)}{1-M_{w}e^{-w}(\omega-r)}<1$ and $w>M_{w}||L||_{\infty}$ ,

then $Eq.(\mathrm{P}_{\omega}\mathrm{L})$ has a unique $\omega$ -periodic $\mathit{8}olution$.

33



In general, Proposition 3.3 and Theorem 4.4 are independent of each other, whuich will
be shown in Remark of the next section. Hence, summarizing those results, we have the
following result.

Theorem 4.5 Suppose that $\omega>r,$ $w>M_{w}||L||\infty^{e^{w}}r$ and $w(\omega-r)>\log M_{w}$ . If

$\min\{\frac{2(p+M_{w})}{1-M_{w}e^{-w\omega}}, \frac{1}{1-M_{w}e^{-}w(\omega-r)}\}k(\omega)<1$ , (9)

then $Eq.(\mathrm{P}_{\omega}\mathrm{L})$ has a unique $\omega-pe\dot{n}odiC$ solution.

5 An Example

In this section, we shall see, by means of a simple example, how the results of Proposition
3.3 and Theorem 4.4 can be used to prove the lmique existence of a periodic solution of
a partial differential-integral equation.

Denote by $E=C[-\infty, \infty]$ , the space of all continuous real valued $\mathrm{f}\iota \mathrm{m}\mathrm{c}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}\mathrm{s}}u(x)$,
defined on $(-\infty, \infty),$ $\mathrm{s}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{S}\Psi \mathrm{i}\mathrm{n}\mathrm{g}$ the condition that $\lim_{xarrow-\infty^{u}}(X)$ and $\lim_{xarrow+\infty^{u}}(X)$ exist,
and take its norm as $||u||= \sup_{-\infty<x<+\infty}|u(x)|$ . Then $E$ is a Banach space.

We consider the initial value problem for the equation of the form

$\frac{\partial u(t,x)}{\partial t}$ $=$ $\frac{\partial^{2}u(t,x)}{\partial x^{2}}-\alpha u(t, x)+b(t, x).\int t-rdte-c(t-s)u(_{S,X})s$

$+f(t, x)$ , (10)
$u(\theta, x)$ $=$ $\phi(\theta, X),$ $-r\leq\theta\leq 0,$ $\phi\in C$ .

It is well known that the linear operators $A$ and $A_{0}$ , defined by

$Au= \frac{(flu}{dx^{2}}-\alpha u$ for $u\in D(A)$ , $A_{0}u= \frac{cPu}{dx^{2}}$ for $u\in D(A_{0})$

and
$D(A)=D(A \mathrm{o})=\{u\in E : \frac{d}{dx}u, \frac{d^{2}}{dx^{2}}u\in E\}$ ,

are infinitesimal generators of $C_{0}$-semigroups $T(t)$ and $T_{0}(t)$ on $E$ , respectively, $\mathrm{c}\mathrm{f}.[2$ ,
Chapter VIII]. Hence,

$||T_{0}(t)||=1,T(t)=e^{-\alpha t}T_{0}(t)$ , and $||T(t)||=e^{-\alpha t}$

for all $t\geq 0$ . Assume that
(C-1) $\alpha>0$ and $c>0$ .
(C-2) $b(t,x)$ and $f(t,x)$ : $R\cross Rarrow R$ are continuous and $\omega$-periodic functions in $t$

such that $b(t, \cdot),$ $f(t, \cdot)\in E,t\in R$.

Put $||b(t)||= \sup_{-\infty<x<\infty}|b(t, X)|,$ $||b||_{\infty}= \sup 0\leq t\leq\omega||b(t)||$ . Similarly, we define $||f(t)||$

and $||f||_{\infty}$ for $f(t,x)$ . Set

$B(t, \phi)(X)=b(t, x)\int_{-r}^{0}e^{c\theta}\phi(\theta,x)d\theta,$ $\phi\in C$ .
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Then we have
$|B(t, \phi)(X)|\leq||b(t)||\int_{-r}^{0}e^{c\theta}|\phi|d\theta\leq\frac{||b(t)||}{c}|\phi|$

and hence, $||B||_{\infty}\leq||b||_{\infty}/c$. Therefore from Proposition 3.3 and the estimate (3) we have
the following result.

Theorem 5.1 $A_{SS\mathit{8}}ume$ that the condibions (C-1) and (C-2) are $sati\mathit{8}fied$. Let $p$ be a
posihve integer such that $(p-1)\omega<r\leq p\omega$ . If

$\frac{2(p+1)||b||_{\infty}}{c\alpha-||b||_{\infty}}<1$ and $c\alpha>||b||_{\infty}$ , (11)

then $Eq.(10)$ has a unique $\omega- pe\dot{n}odi_{C}$ solution $v$ , and

$||v||_{\infty} \leq\frac{c}{c\alpha-||b||_{\infty}}||f||_{\infty}$. (12)

The following theorem follows immediately $\mathrm{h}\mathrm{o}\mathrm{m}$ Theorem 4.4.

Theorem 5.2 $A\mathit{8}S\mathit{8}ume$ that $\omega>r$ and the conditions (C-1) and (C-2) are satisfied. If

$\frac{|\lfloor b||\infty(1-e^{-\alpha})\omega}{(1-e^{-\alpha(}-r)\omega)(C\alpha-||b||_{\infty})}<1$ and $c\alpha>||b||_{\infty}$ , (13)

then $Eq.(10)$ has a unique $\omega$-periodic solution $v$ with the estimate (12).

Remark For simplicity, let $\omega>r,$ $c=1$ and $\alpha=1>||b||_{\infty}$ . Then we compare the
condition (11) in Theorem 5.1 with the condition (13) in Theorem 5.2. Since $\omega>r$ , we
have $p=1$ . Hence, using the condition (9) in Theorem 4.5 we can obtain the following
fact: if

$||b||_{\infty}< \max\{\frac{1}{4+1}, \frac{1}{\frac{1-e^{-\omega}}{1-e^{-(-r)}\omega}+1}\}$ ,

then $\mathrm{E}\mathrm{q}.(10)$ has a unique $\omega$-periodic solution. However, we see that
1) there is a periodic $\omega$ close to the delay $r$ such that

$\frac{1-e^{-\omega}}{1-e^{-(}\omega-r)}>4$ :

2) there is a sufficiently lage periodic $\omega$ such that

$\frac{1-e^{-\omega}}{1-e^{-(}\omega-r)}<4$ .

Those facts show that the condition (11) in Theorem 5.1 and the condition (13) in
Theorem 5.2 are independent of each other.
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