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RANDOM WALKS ON FUSION ALGEBRAS

# w54 (TOMOHIRO HAYASHi)

WAL RFRF BB R A B

AR [H] OWEICHT 52 £ T

A % II;-factor, C % finite index A-A bimodule D7 3 tensor category & 3§ %
(irreducible decomposition, direct sum, relative tensor product, unitary equivalence,
conjugation TH LU TWA &9 5%). C IZJET 5 irreducible bimodule @ unitary
equivalence class &% S &5 & HEMA C[S] & A-relative tensor product (2
L DHEMNEZF D fusion algebra ([HI]) # % 9. ARFEHTIZ I D X 9 % bimodule D% .
7§ tensor category %5 T & % fusion algebra 1CT® random walk (& DWW TEET
. iEDOHELWERICOWTIE [H] (HY], HI]) 2BRL TTF 3w,
Definition 1. Let C[S] be a fusion algebra with the multiplicative unit I € S.
Take two probability measures u, v on S and fix them. For a function f € [*°(S),

(1) fis (u,v)-harmonicif for s € S,

f(s) = Zu*és x v(t) f(t).

teS
(2) f is left p-harmonic if it is (u, dr)-harmonic.
(3) f is right p-harmonic if it is (&7, u)-harmonic. -
The vector space consisting of all (p,v)-harmonic functions is a closed subspace

of 1*°(S), which is referred to as the (u,v)-harmonic function space. Similarly we
define left or right harmonic function spaces.

Notations.

(1) Let C be a C*-tensor category and C[S] be the associated fusion algebra.
For each X,Y € Object(C), we write :

XY =X@QY,

{g}:IMmOCXL

NY = dim [)}f } = dim Hom(Y, X),

bx = d(X)™h Y Nid(s),.
seS

(2) For a von Neumann algebra M, we denote its center by Z(M).



S L@ probability measure gL, [HY] THW2BBE: %V, & bimodule X
¢2XFL von Neumann algebra Ao (X) KU bimodule Xo, 21E%. T5 & Z(Ax(X))
(Aoo(X) @ center) & left y-harmonic function 25K D PR T—xt—IZxH T 5.

There exists a one to one correspondence between the left p-harmonic function
space and the center of A, (X) such that

Eq,x)(z Zf M as (x)5
SES .

where € Z (Ao (X)) (the center of A (X)) and f is a left u—harmonic function.
(“E” means the trace-preserving conditional expectation.)

L 724% > T left p-harmonic function space Z X 5I21E Z(Ay) OfEEE R
L, |

FT, RO LD,

Proposition 2. Let X be an object in C. If X X* generates the category C, then
the inclusion Ay C Aco(X) is connected, i.e.,

Z(Aoo) N Z(AOO(X)) =C

D & inclusion A C Aoo(X) @ Pimsner-Popa index 23FRTH 5 Z & h
/ﬁi)"@ . #EBAIZ Jones tower

NCMCM,C---C My
ISR Z(N' N Mo) 7% atomic ik diffuse TH 5 2 & 2RT0 L4 FAL HET
TE5. |

Proposition 3. Assume that the tensor category C is finitely generated. Then the
left p-harmonic function space is either atomic or diffuse.

[HY] @ commuting square f§iE% 57220 probability measure (Z35E T 5 &
ETRVPVZ 5,

Proposition 4. The (u,p)-harmonic function space consists of only constant
functions. ' '

ZDTEDPSH FRIRPVR 5.
Corollary 5. If C[S] is commutative, u is always ergodic.

L7228 T C[S] BTNk, HEJHIZ weakly amenable & 7% 5 ([HI)[G] 72“3@)
R Proposition 4 DFELRTH 5. T D%Rik Theorem 7 DFHTLEIZR 5.

Corollary 6. For any left /J,—harmonic functions f and g, we have
lim Lim Y f(s)g(t)u"(s)8s * p () = F(Dg(l).

k—o0 n—00
38 tES

%12 fusion algebra %% amenable DEZEEETH. S. Popa [ JIZBNTRD
ZERIEML .
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Theorem (Popa [P]). Let N C M be an amenable inclusion of II;-factors with
finite index. Then almost ergodicity implies ergodicity.

NCMCM CMyC---C My % Jones tower £§5. LOEHIINCMHP
amenable % 51X Z(N' N My) Z—RIEXZERRTTOVWT NS TH S Z &% Eif
LT3, ZOEEII—MD probability measure p ICHEIRT AT LHTE L. XD
THEPEER/RTH 5.

Theorem 7. Assume that C is amenable. Let u be a symmetric generating prob-
ability measure on S such that I € support(p). Then the left u-harmonic function
space s either trivial or infinite dimensional.

RERHIE R Y [HY] OBBEZ M T 5. A DFEHIE subfactor DA IZHIBRL
Td Popa DFNEIZELELR D, FIEEHICZ o TW 5,

PLT Z D BOREH OB % 8% . € (C[S]) #* amenable TH 5 & L dimZ(As)
<00 % HIE Z(Ax) =C ZRER L. Z(Ay) @ minimal projection (2L 5 I @
partition % {p;}7%, &L & p; IZxE$ % left y-harmonic function % f; & #5<.
15 kT(pz‘) = fz(I) Rl TW5.,

Definition 8. For each X € Object(C), we define ng x ng matrices as follows:
M(X)(,j) = d(AonipiXooijoopj)a
A(X) () = [AwpiPiXooPi 4 p, 17
L(X)(Z)j) = dim AoopipiXoopjv
R(X)(Z)J) = dimpiXooijoopja
where d(-) denotes the quantum dimension (the square root of the minimal index),

[ - ] means Jones index, and “dim” is the coupling constant. Here we recall that
the Jones index [X] of an A-B bimodule X is given by

L(X) BRDBEL T 5.
Lemma 9. For cach X € Object(C),
e im0 fi(s) fi(O)u" (5)8s # dx- (1)

7(pi) s,t€S

matrix M(X), A(X), L(X), R(X) 3ZDEENPOROWEE AT LN
HLiZhbhb. |
Lemma 10. For each X,Y € Object(C), the follow‘z'ng statements hold:

(1) M(XaY)=MX)+ M(Y).

L(X)(4) =

M(X*) = *M(X).
(XY)(i,5) 2 (A(X)A(Y))(Z, 7).
(X)(i, 5) > M(X) (3, 5). 1
(X)(2,5) = (L(X) (2, ) R(X)(2,5))2 .
(X) (@ 5) = L(X*)(5,9)-

erron-Frobenius DEH#% W5 L XHW 2 5.
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Lemma 11. For each X € Object(C) such that X X* is a generator, the following
inequality holds: ,

ILxx- |l < [IMXX™)] < [JAXX)]] < d(X)?

where Lx x+ is the left regular representation of X X* on I12(S) (see the definition
of amenability of fusion algebras in [HY, Definition 2.1]), i.e.,

Lxx+0s =Y Ny,
tesS

W amenability Z/REL TWAHDT ||Lyxx«|
L& LOREDP S RDBHED .

Corollary 12. For each X € Object(C), we have

=d(X)2 PEIZL TS, ZDZ

A(X) = M(X).

L7zd%o T

[P

]

L% A, THUE inclusion Aggp; C End(piXooijocpj) A extremal IZR BT 2 E
BRLU KRBT 5.

Lemma 13. The number

d(AoopipiXooijmpJ—) = [AoopipiXOOij

coPj

R(X)(i,4)
L(X)(i,4)
does not depend on the choice of X whenever L(X)(i,7) # 0 and satisfies

Q5 =

o -1
a"’;.? : a]:k - a%k’ O5’11,]

= ajy":'

% B |ILxx:

Lemma 14.

| = d(X)? # V5 ERD DD,

(1) The family of matrices {A(X)}xcobject(c) has a common Perron-Frobenius
etgenvector

Y=V Yno)

(7: > 0) such that
A(X)y = d(X).

(2) For each X € Object(C),

1A = d(X).
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Theorem 7 D FEBH. We have only to prove that, if the left p-harmonic function
space is finite dimensional, it is one-dimensional. We continue to use the notations
as above. Recall that p; € Z(A) corresponds to a left p-harmonic function f;.
For each probability measure v on S, define an ng X ng matrix L, by

v(s) .
) = —=L(s)(%, ).
=3 Ko

Although the notation is not explicit, we remark that L(s)(7, ) depends on p. By
Lemma 9, we get

Ly(i, ) = lim ) @M)(M%m*ﬂ)
T(p ) meo s,t,ueS
T(pi) lim tZE:S £ (@) fi(u)u™ (8) 8¢ * v(u).

This expression, together with the relation L x = (L,)¥, enables us to show that

Ly (i,5) = Ly (i, 9)

1
= ) o t%s Fi @) Fi(wu" (000 x ()
— 7(p;)

as k — oo. (Here we use Corollary 6.) For each probability measure v on S, define

v(s)

> A )

Au(’i,j) =

Then we compute

k
8bi6) = 3 i A0

Zﬂ%) ()i, g) = o, LE (i),

sES

Thus Aﬁ(i,j) tends to a T(pj) as k — o0o. On the other hand, by the definition
of a; j, we have
oiy = lim Lol _ 700
M koo LEG, ) (p;)

and hence

Ak (i, 5) = (r(pi)T(p;)) 7.



This implies that the common Perron-Frobenius eigenvector v obtained in Lemma
. . 1 1
14 is proportional to (7(p1)2,- -+ ,7(Pn,)? ). Therefore, for each s € 3,

ZA 8) (6, 5)T(ps)?

to]r-t

d(s)r

=Z(T(”f))>%{d(s> > 505 ()™ (0)5, * 3, (u)}(p;)

fi(s*)
=d 1
NETE

and we have 7(p;) = fi(s*). This is equivalent to the relation f;(I) = f;(s*). Since
s is arbitrary, each f; must be a constant function, showing that u is ergodic. [J

Remark.

(1) #EDHA, left y-harmonic function space (£ amenability & (X BEBILRIZH 12
trivial 1 & diffuse & 7% % (2L K] TREH SN TW A, A D JEETHIGE
#5252 L5 TE5. H 28). L LD bimodule 2°5H T & 5 fusion
algebra DA, 2 KITIZ 7% 5 H04% U. Haagerup 12 & DL T3 ([Ha)).
bHAHAZ @Hr_r (¥ non-amenable TH 5.

(2) left p-harmonic function space (F#12 Z(N' N My,)) 23 #ERRRTTA D atomic
ThbIILEVRHLPE (FEEOMAPEY) T2 o TR,

(3) fusion algebra ®HZIE bimodule 726 %W F AT DBDLHET S, 2D
X 9 7 fusion algebra (Z13\ F FTOEMILMZ V.
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