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Hlawka type inequalities in Banach spaces
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Theorem 1. Let X be a real (or complex) Banach space and s, 7=1. Then
1

L L
(§x+yﬂs+|y+zﬂs+iz+xr)ss2“%3%(|x|'+|y"’+||z|]'+ﬂx+y+zﬂr)r



holds for all x,y,zE€X.
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Theorem 2. Let H be a real Hilbert space. Then

1
T

[

W

6) C(s,r;H)=21'% for 25s<oo,:v—f—lsr<oo and dimH=1.
(if) C(s,r:Hy=2"7-3"% for 1ss<2=<r<o and dmH=3.
Gii) Cs.r; H)=2-3%3"+3)" for 1sssrs2and dimHz=1.
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THHFER D ##H ZIbHATS. 774 Vidx=y=a(=0),z=-a DEETH D,
(i) (2,2) - Clarkson BIARZER, HEZEM EOL, -/ VADp TR DHRAELN
G BB T D, 754 Vi x=e,+e,—e, y=e;+e,—e,,72=¢,+e,—e; DEET
HB. 1HL {e,, e, &} IFHVWIZERTHEMRT b,
(iii) Figiel-Iwaniec-Pelczynski DFER [3). HERZM ED L, -/ NV ADp iZBTHH
TRV ##) ZISATD. TT7AViZx=y=2=a(=0) DLETH D, il
BT (i) PIEBEHEBIZOWTIRROERE X S,
Theorem 3. C(s, 7, R) < C(s,r; R’) for 1 <s<2 and r>iogg( 2+ 2is).

BEAE. Let1s<s,7=<o, and set
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Then we have A=DB, C(s,r; X) = D:Im(B)—*F()QH— sup =~ and
x €Im(B) ﬂxu

x=0

1
Im (B) = (Ker B‘)l = % , where Im(B) denotes the image of B : £4(X) —> {4(X) . On the
-1
L\
other hand, if 1 sr<, then x . =0ax Ix I | I (2 uxjur) s4ﬂxL for all
sjs4 j=1
X
x= 2 € X*. Then we have
X4

Ci,r; X)<C(s,»; X) < 4%C(s, r;X) (1sr<w) and lim C(s, r; X) = C(s, ©; X) .
In what follows, we consider the case of X = R. Then we have

22) CGs, R =|D: Im (B)-—»F(R)l omax |De].

Also since Im (B) is a hyper plane of ¢;(R), it follows that an extreme point of
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B,(Im (B)) is on the straight line segment combined with two extreme points of B,(Y4(R))

(cf. [1]). Then we have extB,(Im (B)) & o E, C B,(Im (B)), where E, denotes the set of

£
all :
2

@) max, |ae+1-2s

€

+(1=2) : |€R* such that

&y

=1,

() Me+ e +&-8)+(1-A)(g+6+6-6)=0,

(iii) ==1, g=21(j=1,--,4),

m%?%

By considering the suitable cases, we can conclude that

C(s, °°;R)=max(2, 2%, ;-3%) =2 for 1<ss<.

£

2

] incase of 0<A <1.

3

On the other hand, solve the inequality 2 < 2'"*-3%% (1s5<2, r=1) for 7. Thenwe

log 4 =
obtain that 7> l—o—g—g(— 2+ 2‘1 s) . Therefore we obtain the desired result. AE#&

LOULERS, EOFEBIZONWT Cs, 1 R)<C(s, 1, R) < C(s, 1, R?) THHNE S
PIEAHTH D,

RIZ min (s, sf 1) >r %iﬁfc?#ﬁ‘#ﬁﬁfﬁczomfﬁgﬂ‘%o U. Haagerup I,

C2,r;H) = 2177 for 1srs I, (=1.84742 ---) (where 7, is the unique solution of the
equation : ]-(_r__j-z__l_) = 1'(%), 1<r<2)THDHZ LZRL. EIZ CQ2,r; H) for

rosr<2 BFH UV <BRIZL > TREINDIDIEHRIZ L > TMAONDZ LERL
7z (cf. [4]). L LT OREEBBERNE SPARPTH D, HHIX (6], [7], [8), [9), [10]
LOXMESBEIND LRV, YU EOXSIZZ ORBHEEIIRRELEZRET DD
RS EBRTH D05, —RIZROENE X D, .

Theorem 4. If 1s7r<ss<®, then C(s,7; R)=C(s, r; H) for all non-trivial real Hilbert
space H .

EBADF S+ 4eF Minkowski RER KR N2 OHFAZERAFIA LT, XIiZBET 5
cotype I & AR DWIEE 22 L D X-iE Bochner R BIB D> 555 L, 2B
B89 Scotype EEIIZEDL LW L &AL L. WRIT W[4 72 Hilbert Z2f#]i |
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L(R) (p=1) IZEIEBRAEZIRMIAEND LT 5 FE (cf. 3, p. 123) ZHWTRHER
#2185, A

iz r=1 OBPEITERBRRERERET DI LBTE, ROMRERD.

Theorem 5. If 1 <5<, then C(s, 1; H) = 27" for all non-trivial real Hilbert space
H.

BRAE. Preserve the notations in the proof of Theorem 3. Note first that the extreme points

of the unit ball of /:(R) are

i+

OO

0
7ioai
1

0

SO~ O
e lole)]

Since an extreme point of the unit ball of Im (B) is on the straight line segment combined
with two extreme points of the unit ball of Z4(R) , it follows from an easy computation that

the extreme points of the unit ball of Im (B) belong to the set of the following vectors :

% % % 0 0 0
+-%’+ 0 ’+o,+%,+%—,+o
0 0 % 0 |3

Hence we have

C(s, I:R) = ﬂD - Im (B) — F:;(R)|= «/ (%)+ (%-) — bt
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